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Outline
<latexit sha1_base64="8K4i/orEjBnWB3tudrBnFMvRujQ="></latexit>

Origin: study p-adic Whittaker functions using lattice models.

• Construct first toy lattice model describing Schur polynomials. 

• Define the spherical Whittaker functions we study. 

• Refine to Iwahori Whittaker functions by adding colors to lattice model. 

• Metaplectic covers and Whittaker functions. 

• Iwahori–metaplectic duality.



Why lattice models?

• Powerful toolbox from statistical mechanics to manipulate models 
and prove identities. 

• Building new bridges between widely different mathematical objects. 
(See also Paper 0). 

• Surprisingly effective at describing these representation theoretical 
objects: bijection of data, highly constrained by solvability conditions. 

• Generator of ideas and conjectures.



First toy lattice model
Schur polynomials



First toy lattice model
Construct lattice model describing Schur polynomials 
"Half-way" to Whittaker functions.

Achieved by using an already known combinatorial description.
(This is not the case in our papers – we use solvability of the lattice model)

We will assign data to these edges according to certain rules, and in 
this first example the data is binary: the edge is filled in, or not.

<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

These edges will form paths on the grid, and 
for given boundary conditions there is a finite 
number of configurations called states.

<latexit sha1_base64="1qR2S5aC66kWZLjLEf5wU5upqlc="></latexit>

The lattice model consists of a two-dimensional grid with r rows,
sufficiently many columns, and each vertex has four adjacent edges.

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>



First toy lattice model<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>
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4 3 2 1 0

These edges will form paths on the grid, and 
for given boundary conditions there is a finite 
number of configurations called states.

<latexit sha1_base64="+P5DVFGkZA+CAA6sKvnoHjLLcn8="></latexit>

A state s is assigned a Boltzmann weight β(s) 2 C[z] depending on
parameters z = (z1, z2, . . . , zr) 2 Cr (one for each row).

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>z3

The partition function, given som fixed boundary conditions:
<latexit sha1_base64="mxn27vGMWLF3wK4s0khIFwTNdcM="></latexit>

Z :=
X

state s
with given b.c.

β(s)

<latexit sha1_base64="U3r1eISJvbbhHE2oKEY1P41SqLk="></latexit>

Goal: any Schur polynomial in z = such a partition function.



Schur polynomials

<latexit sha1_base64="cEQ9SsVtCjVGMFRcIezzeeUpYjs="></latexit>

Gsqfmrexsvmep hiwgvmtxmsr ywmrk Wiqm1Wxerhevh ]syrk Xefpiey| sj wleti �

<latexit sha1_base64="jefngw91U8XIRUOEKJ5KGaBkjTI="></latexit>

s�(z) =
X

T 2SSYT(�)

zwt(T )

(#ones, #twos, #threes, ...)<latexit sha1_base64="sice60fXD/CPbe7daE1ADEMM05g="></latexit>

� = (3, 1, 1) SSYT(�) 3 T =
1 1 2
2
5

wt(T ) = (2, 2, 0, 0, 1)

<latexit sha1_base64="MzxZbD2gOxoaHCQviF5gH81jQvA="></latexit>

Let � = (�1, . . . �r) be a partition of r padded with zeroes to length r. We
define the Schur polynomial s� : Cr → C by

s�(z) =
det(z(�+⇢)j

i )ij

det(z⇢j
i )ij

where z = (z1, . . . , zr) and ⇢ = (r − 1, r − 2, . . . , 1, 0).



Lattice paths
<latexit sha1_base64="elqGCt+SI1Sat8XibNOh1s15cBo="></latexit>

SSYT ←→ wsyxl1iewx qszmrk pexxmgi texlw

<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T = 1 3
2
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4 3 2 1 0
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4 3 2 1 0

(certain)

<latexit sha1_base64="nNkYYIavuFCldxangF9PO9fXn8w="></latexit>

Let �(i)(T ) 2 Zi be the shape of T after removing labels larger than i
<latexit sha1_base64="LvGiwM/L2uAD4irWW7wfWQUyUA8="></latexit>

�(3)(T ) = shape
⇣

1 3
2

⌘
= (2, 1, 0)

�(2)(T ) = shape
⇣

1
2

⌘
= (1, 1)

�(1)(T ) = shape
�

1
�

= (1)

These will label which columns are 
filled in for each row.

<latexit sha1_base64="2AzNH4bu/XCGtaazsiJ1IMTCtkk="></latexit>r vs{w

<latexit sha1_base64="v9M5K5r2jmKaQDa7t5yaWeyjhyQ="></latexit>

� ` r
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Lattice paths
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Let �(i)(T ) 2 Zi be the shape of T after removing labels larger than i
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These will label which columns are 
filled in for each row.

Gelfand-Tsetlin pattern

<latexit sha1_base64="kA2YvZXptrHbmaqwdnQoPdzXfHs="></latexit>

To avoid overlapping edges we add ⇢(r) = (r − 1, r − 2, . . . , 1, 0) to
each shape:






�(3)(T ) + ⇢(3)

�(2)(T ) + ⇢(2)

�(1)(T ) + ⇢(1)





=






4 2 0
2 1

1








Lattice paths
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Gelfand-Tsetlin pattern

These will label which columns are 
filled in for each row.
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Lattice paths
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<latexit sha1_base64="5AYBhQSPcB7Sq9fwpYh0Vbl11NA="></latexit>

wt(T ) gsyrxw xli ryqfiv sj Ăppih mr pijx1ihkiw mr iegl vs{

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>z2
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Ksep> getxyvi zwt(T ) ywmrk pexxmgi qship hexe

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

wleti �
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

Ăppih mr xst fsyrhev} ihkiw ex gspyqrw � + ⇢
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SSYT ←→ pexxmgi texlw ywmrk xliwi zivxi| gsrĂkyvexmsrw~

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T 2SSYT(�)

zwt(T )

<latexit sha1_base64="PwRVs5yC+kD5z5vhH6OD2Z50ZMI="></latexit>

Introduce row parameters z1, . . . , zr 2 C
<latexit sha1_base64="XBbQhCn1e5qIlEPgfdVneGGCkXE="></latexit>

and vertex weights at row i



Lattice paths
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wxexi s
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Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

Fspx~qerr {imklx β(s) :=
Y

zivxi|

zivxi| {imklxw
<latexit sha1_base64="brIusb57HD9XtfUKFWr2b+GO6Ng="></latexit>

= zρ · (w0z)wt(T )
<latexit sha1_base64="dlSXJ3RTj1KFwLN/viW/Pq9DPR0="></latexit>

w0(z1, z2, . . . , zr) = (zr, . . . , z2, z1)

<latexit sha1_base64="55g0ioWyWxXhog198zchihe3lHs="></latexit>

Tevxmxmsr jyrgxmsr Z(�, z) :=
X

s {mxl xst �+⇢

�(s)
<latexit sha1_base64="7msN3k3BZ9fF9AXHQOyNQ6AzhnY="></latexit>

= z⇢s�(w0z)
<latexit sha1_base64="zz9Nxhef/FchXTptmpnxMFZelZ4="></latexit>

= z⇢s�(z)
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<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z3
1z2

2z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

Ksep> getxyvi zwt(T ) ywmrk pexxmgi qship hexe
<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>
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X

T 2SSYT(�)

zwt(T )



From 5 to 6 vertex configurations

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1 − v)z 1

flip

Symmetry of vertex configurations using arrow description

Weights are adjusted for solvability (to satisfy Yang–Baxter equation).



From 5 to 6 vertex configurations
<latexit sha1_base64="9jiMMZZ8/quZhpexht7BTwZ5e84="></latexit>

1 z −v z (1 − v)z 1
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Xliwi ri{ {imklxw mrxvshygi e wpmklx hijsvqexmsr sj xli tevxmxmsr jyrgxmsr

<latexit sha1_base64="ldXsc2zFGFAivOKh329WuZpDiGk="></latexit>

Mj v = −1 xlir e ămt tviwivziw xli Fspx~qerr {imklx sj xli wxexi2

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(�; z) = z⇢
Y

i<j

(1 − v zj
zi

)s�(z)

The flip can be used to prove Cauchy identity for Schur polynomials.



Whittaker functions

is a Whittaker function

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(�; z) = z⇢
Y

i<j

(1 − v zj
zi

)s�(z)



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndG
N ( )
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Whittaker function 2 Wψ(π)
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B =




∗ ∗

∗
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N =

 
1 ∗

1

!
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Character
ψ : N → C×

(principal; standard)

<latexit sha1_base64="+kTGymAzWDJCzBZ6GPcPbVBmBLA="></latexit>

G = GLr(F )
<latexit sha1_base64="UR/ue5CdvFHmuwU1vAU3BKLS+8s="></latexit>

Non-archimedean field.
Here F = Qp for simplicity.

<latexit sha1_base64="4CY5pen2B8S9MkhlMVMkhKgcxUk="></latexit>

Image of G-equivariant embedding in {f : G → C | f(ng) = ψ(n)f(g)}

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="kBFTfGHAVMtvAANETP1Nxegs87U="></latexit>

f : G → C induced from B using an unramified character determined by z

We will consider:



Whittaker functions

Whittaker model
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Unramified principal series representation πz given by z 2 (C×)r

The Whittaker model is unique if it exists [Gelfand–Kazhdan 1972, Rodier 1973].
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Wψ(f) : g 7�!
Z

N
f(w0ng)ψ(n)−1dn

long Weyl group element

<latexit sha1_base64="FVrQaTyTGJSmm0gk+pTIU8WqeJw="></latexit>

πz 3 f : G ! C

Embedding given by



Whittaker functions

Whittaker model
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There is a unique spherical vector f�
z in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]
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W (f�
z )(p�) =

Y

i<j

(1 − p�1 zj
zi

)s�(z)
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= z−ρ Z(�; z) with v = p−1
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Right-invariant under K := GLr(Zp)
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The corresponding spherical Whittaker function W (f�
z ) is determined

by its values on g = p� := diag(p�1 , . . . , p�r ) with � 2 Zr as

lattice model partition function



Generalizations
Lattice models for other Whittaker functions



Generalizations
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spherical vector
for G = GLr(Qp)
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Number theory generalization 
[Brubaker–Bump–Chinta– 
Friedberg–Gunnells 2012]

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>

spherical vector
for metaplectic
n-cover G̃ of G

Representation theory refinement 
Papers 1 & 2
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Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="5yYFZYkEWu7v62dqJV0bKJtFP/0="></latexit>

Paper 3
<latexit sha1_base64="rv0kNeJA5c1hFd6uqW3WJM3+m9s="></latexit>

Iwahori fixed vector
for metaplectic
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On the lattice model side this refinement corresponds to 
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Lattice model is solvable, i.e. satisfies Yang–Baxter 
equations from underlying quantum group, which gives:
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Same relations as for Whittaker functions in [Brubaker–Bump–Licata 2015] (non-metaplectic) 

Paper 3 (metaplectic)

[Chinta–Gunnells–Puskás 2017, Patnaik–Puskás 2017] (metaplectic) 
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the σ-average is considered.
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T̃ /max abelian ⇠= Λ/nΛ ⇠= (Z/nZ)r
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Whittaker module no longer unique; project to component σ 2 (Z/nZ)r.
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The principal series representation πz with z 2 (C×)r is
constructed similarly, but is now vector-valued of dimension nr.

See for example [Savin 04, McNamara 16]
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T̃ := proj−1(T ) not abelian
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Includes the others as subcases



Metaplectic Iwahori lattice model
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Two sets of r paths assigned colors from two different palettes:
<latexit sha1_base64="B+SxbSF2m6xdWi8uOu0Z4ppZ/OI="></latexit>

r colors distinct south-east moving paths
n supercolors south-west moving paths

•  
•  (dotted)

Boltzmann weights with Gauss sums
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Whittaker model
σ 2 (Z/nZ)r
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Iwahori basis
w 2 Sr

Theorem: [Paper 3]
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Z(�, w, �; z) = metaplectic Iwahori Whittaker function
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Bijection: boundary data ←→ Whittaker function data
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group argument g = p�Boundary data:



Metaplectic Iwahori lattice model
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Theorem: [Paper 3]
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Theorem: [Papers 2 & 3]
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Summing over color permutations w ←→ equating colors

Metaplectic spherical Whittaker function obtained by equating all colors after which 
south-east moving paths become superfluous. Gives a reinterpretation of the metaplectic 
spherical lattice models by [Brubaker–Bump–Chinta–Friedberg–Gunnels 2012]

Iwahori
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Iwahori–metaplectic duality

[Paper 4]



Iwahori–metaplectic duality
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Theorem: Their associated lattice models are part of a parametric family 
of lattice models related by so-called Drinfeld twists of the underlying 
quantum group.
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If the parts of σ are identical then φ̃�
σ(z; g) = φ�(zn; g0) :=

X

w2Sr

φw(zn; g0)
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If the parts of σ are distinct then φ̃�
σ(z; g) = (Gauss sums) · φw(zn; g0).

Theorem:

[Paper 4]
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Conjecture: in general φ̃�
σ
(z; g) ≈ (non-metaplectic parahoric Whittaker function)

with more complicated insertions of Gauss sums.



Iwahori–metaplectic duality
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Γ-∆ correspondence

equality for partition 
functions 

(not for individual states)

[Brubaker–Bump–Friedberg 2011,  
Brubaker–Buciumas–Bump 2019]
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Drinfeld twist

equality for states 
(changes Boltzmann 
weights and partition 

function) non-metaplectic 
Iwahori

Idea:

There is also a representation theoretical version using Demazure operators

metaplectic 
spherical
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Metaplectic Iwahori lattice model and R-matrix:

Kazhdan–Patterson 
scattering matrix

intertwining matrix

dual
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q−1 Rr
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intertwiner
Whittaker functional
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Ω(π(g)f) = W(f)(g)
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