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Outline

• First look at 5-vertex and 6-vertex lattice models 

• Refine by adding colors 

• Lattice models for various Whittaker functions 

• Dualities 

• Work in progress

Aim: give an overview of lattice models and p-adic representation theory 

and point to as many of the other talks at this conference as possible.

<latexit sha1_base64="0Y0PzxfiD+YTlTVZGIj65INH2B4="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

5-vertex model (colored) Demazure atoms and characters for GLr(C)

6-vertex model (colored) Iwahori Whittaker function on GLr(F )

6-vertex model (supercolored) Metaplectic spherical Whittaker function on fGLr(F )

6-vertex model (m = r colors Metaplectic Iwahori Whittaker function on fGLr(F )

+ supercolors)



Uncolored vertex models 
Schur polynomials and spherical Whittaker functions



First 5-vertex model

We will assign data to these edges according to certain rules, and in 

this first example the data is binary: the edge is filled in, or not. 

Later we will color the edges.
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

These edges will form paths on the grid, and 

for given boundary conditions there is a finite 

number of configurations called states.

<latexit sha1_base64="1qR2S5aC66kWZLjLEf5wU5upqlc="></latexit>The lattice model consists of a two-dimensional grid with r rows,
sufficiently many columns, and each vertex has four adjacent edges.

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>



<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

These edges will form paths on the grid, and 

for given boundary conditions there is a finite 

number of configurations called states.

<latexit sha1_base64="+P5DVFGkZA+CAA6sKvnoHjLLcn8="></latexit>

A state s is assigned a Boltzmann weight β(s) ∈ C[z] depending on
parameters z = (z1, z2, . . . , zr) ∈ C

r (one for each row).

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

The partition function, given some fixed boundary conditions:

<latexit sha1_base64="mxn27vGMWLF3wK4s0khIFwTNdcM="></latexit>

Z :=
X

state s

with given b.c.

β(s)

<latexit sha1_base64="U3r1eISJvbbhHE2oKEY1P41SqLk="></latexit>

Goal: any Schur polynomial in z = such a partition function.

First 5-vertex model



Schur polynomials

<latexit sha1_base64="jefngw91U8XIRUOEKJ5KGaBkjTI="></latexit>

sλ(z) =
X

T∈SSYT(λ)

z
wt(T )

(#ones, #twos, #threes, ...)
<latexit sha1_base64="sice60fXD/CPbe7daE1ADEMM05g="></latexit>

λ = (3, 1, 1) SSYT(λ) 3 T =
1 1 2

2

5

wt(T ) = (2, 2, 0, 0, 1)

<latexit sha1_base64="jPOD9eoXvapcUWKQQZhc90nLY10="></latexit>

Let λ = (λ1, . . .λr) with λ1 ≥ λ2 ≥ · · · ≥ λr ≥ 0 be an integer partition. We
define the Schur polynomial sλ : Cr → C by

sλ(z) =
det(z

(λ+ρ)j
i )ij

det(z
ρj

i )ij

where z = (z1, . . . , zr) and ρ = (r − 1, r − 2, . . . , 1, 0).

<latexit sha1_base64="yTj87cDpJT+6LbGKBUBGQGJ0bdk="></latexit>

Combinatorial description using Semi-Standard Young Tableaux of shape λ

<latexit sha1_base64="LjEfgrICubheHQmCibx3NwvSuGU="></latexit>

s2(z) = s2,0,0(z) = z
2

1
+ z1z2 + z

2

2
+ z2z3 + z

2

3

<latexit sha1_base64="hPUXJlCEyiXIRJ/D6BdXlCDJ6sY="></latexit>

s1,1,1(z) = z1z2z3

<latexit sha1_base64="j7Ow2M0RnbFwU0nh2aYyKmOyKd4="></latexit>

r = 3 : +z1z3



Gelfand–Tsetlin patterns

<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥ <latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥

<latexit sha1_base64="Nofr83umFhpV37SQnxyLmjHckPE="></latexit>
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<latexit sha1_base64="/L+Jnrg2GodG/1ORNobFZlSKVs0="></latexit>

T =







2 1 0

1 1

1







<latexit sha1_base64="I/ax6vbi4QfTn5KilGkOj70Ubf4="></latexit>
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λ
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λ
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<latexit sha1_base64="GXLEaNWreZkisNZKswqMXCrbxVA="></latexit>

SSYT(λ)
∼

←−−−→ GTP(λ) = {Gelfand–Tsetlin patterns with top row λ}



Gelfand–Tsetlin patterns

<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥ <latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥

<latexit sha1_base64="Nofr83umFhpV37SQnxyLmjHckPE="></latexit>
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<latexit sha1_base64="/L+Jnrg2GodG/1ORNobFZlSKVs0="></latexit>

T =







2 1 0

1 1

1







<latexit sha1_base64="I/ax6vbi4QfTn5KilGkOj70Ubf4="></latexit>
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1
<latexit sha1_base64="fjV/mYDnHf5xKrtx/a0tfIz7jes="></latexit>

= T
<latexit sha1_base64="ehYnTnr4gBas7tCw/r6n6tkMklo="></latexit>

λ)
∼

←−−−→ Gelfand–Tsetlin patterns with top row

<latexit sha1_base64="GXLEaNWreZkisNZKswqMXCrbxVA="></latexit>

SSYT(λ)
∼

←−−−→ GTP(λ) = {Gelfand–Tsetlin patterns with top row λ}

<latexit sha1_base64="u0zWPujMsREfohh7vMsrOw2K1Wc="></latexit>

= wt(T )

<latexit sha1_base64="rZv83boiOInJnA2dCMGozCfVdUM="></latexit>

wt(T) = (row`, row`−1 − row`, . . . , row0 − row1) where rowi =
X

j

aij



Gelfand–Tsetlin patterns

<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>
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<latexit sha1_base64="Nofr83umFhpV37SQnxyLmjHckPE="></latexit>
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Left-strict:
<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥
<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥
<latexit sha1_base64="SLm1f+R5IERc4jnJyZwbmKB3m/I="></latexit>

>

<latexit sha1_base64="NM87u/SR/gNPFY4gBG2HhI8O04M="></latexit> 
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Right-strict:
<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥
<latexit sha1_base64="SLm1f+R5IERc4jnJyZwbmKB3m/I="></latexit>

>

<latexit sha1_base64="NM87u/SR/gNPFY4gBG2HhI8O04M="></latexit> 
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<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥

<latexit sha1_base64="GXLEaNWreZkisNZKswqMXCrbxVA="></latexit>

SSYT(λ)
∼

←−−−→ GTP(λ) = {Gelfand–Tsetlin patterns with top row λ}

<latexit sha1_base64="ZTexjCe8+hpbchbEGANBvlnd0JM="></latexit>

GTPls(λ+ ρ)
∼

←−→ GTP(λ)
∼

←−→ GTPrs(λ+ ρ)

<latexit sha1_base64="duT6ZrvESjDEA5Ez9LOLiIhu1UE="></latexit>

ρrs =







2 1 0

2 1 0

2 1 0







<latexit sha1_base64="qc2vODDdeZYnHBJ9ROp2Yz7VRkI="></latexit>

T+ ρrs

<latexit sha1_base64="dNseo9rUWsQshXCcvePg2L7TJ4w="></latexit>

ρls =







2 1 0

2 1 0

2 1 0







<latexit sha1_base64="LAsyFygYJDHqMCSIj8Ub8fgy8aM="></latexit>

T+ ρls
<latexit sha1_base64="cs57ReMupARsO1u/nGmDAa5TKmw="></latexit>

T



5-vertex model

<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="pGy9qMLoT19vuALKin6DmaVWU4U="></latexit>

GTPls(λ+ ρ)
∼

←−→

⇢

5-vertex model configurations with
top boundary edges at columns λ+ ρ

�

<latexit sha1_base64="4QCYKIflerg/SijOhRPJc865fsE="></latexit>

T+ ρls =







4 2 0

2 1

1







<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

(right-moving)



5-vertex model

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y

<latexit sha1_base64="55g0ioWyWxXhog198zchihe3lHs="></latexit>

Z(λ, z) :=
X

s λ+ρ

β(s)
<latexit sha1_base64="zz9Nxhef/FchXTptmpnxMFZelZ4="></latexit>

= z
ρ
sλ(z)

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="Zhgpb1wxK8qI9c/Ul+Ukp+CH4pM="></latexit>

sλ(z) =
X

T∈SSYT(λ)

z
wt(T ) =

X

T∈GTP(λ)

z
wt(T) = z

−ρ
X

T∈GTPls(λ+ρ)

z
wt(T) = z

−ρ
X

s with top λ+ρ

β(s)

counting row differences = counting left-edges



5-vertex model
<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Satisfies a functional (Yang–Baxter) equation for swapping two rows

Label edges:

<latexit sha1_base64="504Hb8k/VYP71YnJkZlGSZRHqUs="></latexit>

−→ a c

b

d

R-vertex:

<latexit sha1_base64="48UmrDoeZyXLY3YGOXnQkNwMu/I="></latexit>

a

cb

d

NEW

<latexit sha1_base64="AqNXpiP/IHzlEi4jagZwLfB7xSI="></latexit>

X

i,j,k

wt

0

B

B

B

B

B

B

B

B

@

d z1i

az1 e z2j

bz2

f

k

c

1

C

C

C

C

C

C

C

C

A

=

X

l,m,n

wt

0

B

B

B

B

B

B

B

B

@

bz2 m

e z2az1 l

d z1

f

n

c

1

C

C

C

C

C

C

C

C

A

In this case: Schur polynomial is symmetric function.



5-vertex model
Representation theory

<latexit sha1_base64="SSah/SJ91L02kl12ZfUrSS4cNzA="></latexit>

The Schur polynomial sλ(z) is the character χλ

⇣

 

z1

. . .
zr

!

⌘

of the highest

weight representation Vλ of GLr(C).

We can see this by the Weyl character formula:

<latexit sha1_base64="s3tsdU8VLjbbCO9kXRBxmWtkgjc="></latexit>

χ�

⇣

 

z1

. . .
zr

!

⌘

=

P

w∈W (−1)`(w)
z
w(�+⇢)

P

w∈W (−1)`(w)
z
w(⇢)

=
det (z

(�+⇢)j
i )ij

det(z
⇢j

i )ij
= s�(z)

<latexit sha1_base64="rfgCxZPPaqjERRozEsX+p/mkmsI="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character (Schur polynomial)



6-vertex model
<latexit sha1_base64="9jiMMZZ8/quZhpexht7BTwZ5e84="></latexit>

1 z −v z (1− v)z 1

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

For Yang–Baxter equation

<latexit sha1_base64="67sqHvy4XHIBGZwLs8+Mxq8Mdgw="></latexit>

GTPls(λ+ ρ)
∼

←−→

�

5-vertex configurations with top boundary λ+ ρ
 

<latexit sha1_base64="pFp0NzEkJa8NiMkNcdIe/K8vNoQ="></latexit>

GTPs(λ+ ρ)
∼

←−→

�

6-vertex configurations with top boundary λ+ ρ
 

<latexit sha1_base64="UyrFjcFz1jwHiFM6EG+hdhCT0sA="></latexit> ⊃

Strict:
<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥ <latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥

<latexit sha1_base64="SLm1f+R5IERc4jnJyZwbmKB3m/I="></latexit>

>

<latexit sha1_base64="NM87u/SR/gNPFY4gBG2HhI8O04M="></latexit> 
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6-vertex model
<latexit sha1_base64="9jiMMZZ8/quZhpexht7BTwZ5e84="></latexit>

1 z −v z (1− v)z 1

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(λ; z) = z
ρ
Y

i<j

(1− v
zj
zi
)sλ(z)

For Yang–Baxter equation

The partition function in terms of Gelfand–Tsetlin patterns is one side of the 

Tokuyama formula which gives:

<latexit sha1_base64="pFp0NzEkJa8NiMkNcdIe/K8vNoQ="></latexit>

GTPs(λ+ ρ)
∼

←−→

�

6-vertex configurations with top boundary λ+ ρ
 

Strict:
<latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥ <latexit sha1_base64="cNDUhaNNnn77UUbuMTE8hjHAWo8="></latexit>

≥

<latexit sha1_base64="SLm1f+R5IERc4jnJyZwbmKB3m/I="></latexit>

>

<latexit sha1_base64="NM87u/SR/gNPFY4gBG2HhI8O04M="></latexit> 
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6-vertex model

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(λ; z) = z
ρ
Y

i<j

(1− v
zj
zi
)sλ(z)

The partition function in terms of Gelfand–Tsetlin patterns is one side of the 

Tokuyama formula which gives:

<latexit sha1_base64="bmjQWlVlrP+iLeP5yjnyoaxRI3U="></latexit>This is in fact a Whittaker function for a principal series representation πz of
GLr(F ) where F is a non-archimedean field (e.g. p-adic)

<latexit sha1_base64="hRvLBAG+IRwuuUzUDOJYh/RjDtw="></latexit>

Let o be the ring of integers, p = $o the unique prime ideal and v−1
:= |o/p|.

<latexit sha1_base64="0+zHuykh49KzCvEYzookRi/LYYs="></latexit>

n ∈

( 

1 ∗

1

!)

= N

<latexit sha1_base64="GXmlj4TKz2+qTUbjorgVHJYfznQ="></latexit>

$
�
=

 

$
λ1

. . .
$

λr

!

<latexit sha1_base64="+CEKH114U2/TVg809hMCCWIfdgk="></latexit>

⇡z =
n

Φz : GLr(F ) → C such that Φz(n$
λg) = z

λ
Φz(g)

o

(simplified for clarity)



6-vertex model

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="bmjQWlVlrP+iLeP5yjnyoaxRI3U="></latexit>This is in fact a Whittaker function for a principal series representation πz of
GLr(F ) where F is a non-archimedean field (e.g. p-adic)

<latexit sha1_base64="+CEKH114U2/TVg809hMCCWIfdgk="></latexit>

⇡z =
n

Φz : GLr(F ) → C such that Φz(n$
λg) = z

λ
Φz(g)

o

long Weyl group element

<latexit sha1_base64="g8Pl/PpW6nYs0gQfGwg1DucGsB0="></latexit>

character on F trivial on o

<latexit sha1_base64="vb4VohBOGpnDF4kltO0pRKG/g0o="></latexit>

Casselman–Shalika: character on Langlands dual group GLr(C)
See Valentin Buciumas' talk

<latexit sha1_base64="88gU3o9ZPtAF+2ozQzwqhk7rMtk="></latexit>In particular, we are interested in the unique (normalized) spherical vector
Φ

�

z
∈ πz where spherical means that it is invariant under the maximal

compact subgroup K = GLr(o), that is, Φ�

z
(gk) = Φ

�

z
(g) for k ∈ K.

<latexit sha1_base64="IbGpjfkB/lChtnQgUNvze4pyyyo="></latexit>The associated Whittaker function is similar to a Fourier integral:

��(z; g = $�λ) :=

Z
N

Φ
�

z
(w0ng)e(n1,2 + n2,3 + · · ·+ nr�1,r)

�1dn = z
�ρZ(�; z)

<latexit sha1_base64="0+zHuykh49KzCvEYzookRi/LYYs="></latexit>

n ∈

( 

1 ∗

1

!)

= N



6-vertex model

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(λ; z) = z
ρ
Y

i<j

(1− v
zj
zi
)sλ(z)

<latexit sha1_base64="fx7GCi53VkVnHM7mol1ZkJkYSGs="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

<latexit sha1_base64="IbGpjfkB/lChtnQgUNvze4pyyyo="></latexit>The associated Whittaker function is similar to a Fourier integral:

��(z; g = $�λ) :=

Z
N

Φ
�

z
(w0ng)e(n1,2 + n2,3 + · · ·+ nr�1,r)

�1dn = z
�ρZ(�; z)



Spherical → Iwahori-spherical
<latexit sha1_base64="IYjAZyggy3ynNO/HleTJFyM5BZU="></latexit>

Spherical: Φ
�

z
(gk) = Φ

�

z
(g) for k ∈ K = GLr(o).

<latexit sha1_base64="m1y0r2lebLDJ3adz4nxz9rMmWhE="></latexit>In representation theory it is more natural to consider a larger space of
vectors invariant under I ⊂ K called the Iwahori subgroup given by

Bruhat decomposition
<latexit sha1_base64="DHUf4EwRUYXbkZp60S6Sz8tkcIQ="></latexit>

G =

G

w∈W

BwI

Weyl group

<latexit sha1_base64="y57wlS3zN2pLdCangjJN3zu3yWA="></latexit>

Basis {Φw
z
}w∈W of Iwahori-spherical vectors each supported on only one

cell BwI.

<latexit sha1_base64="0aRLUMvMLzhSXkK2bzPuFQ5ZC7Q="></latexit>

Iwahori-spherical: Φz(gk) = Φz(g) for k ∈ I.

<latexit sha1_base64="dBoAekvkg++litXBybikjflqfac="></latexit>

We get a refinement Φ�

z
=

P
w2W

Φ
w
z

and similarly for the corresponding
Whittaker functions φ�(z; g) =

P
w2W

φw(z; g).

<latexit sha1_base64="F4Yg4usdEUPzctZvZBclszjduew="></latexit>

I =











o o · · · o

p o · · · o

...
... . . . o
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Spherical → Iwahori-spherical
<latexit sha1_base64="dBoAekvkg++litXBybikjflqfac="></latexit>

We get a refinement Φ�

z
=

P
w2W

Φ
w
z

and similarly for the corresponding
Whittaker functions φ�(z; g) =

P
w2W

φw(z; g).

<latexit sha1_base64="3Acn2y0I23bLUuYi1eIkuZdb60M="></latexit>The lattice model can also be refined to compute the values of each φw

by assigning colors to the paths.
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit><latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit> <latexit sha1_base64="jj/Ftj7UXDcuP8qJry51CaK7qus="></latexit>

4 3 2 1 0

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

We will first however introduce colors to the 5-vertex model. 

Schur polynomials → Demazure atoms which are similar constituents 

enumerated by Weyl elements.

<latexit sha1_base64="QPpTpE+y75qD8WJYm2ehe7bGlUw="></latexit>

w is given by the relative orders
of the colors on the boundaries



Colored vertex models 
Demazure atoms and Iwahori Whittaker functions



Colored 5-vertex model

[Brubaker–Buciumas–Bump–HG 2021]

<latexit sha1_base64="3ZC7I1rhCYUcAUH7kBLtA1oWSFg="></latexit>

Ordered palette: c1 < c2 < c3 < · · ·

<latexit sha1_base64="y2ok+dTNYqdg/22Ktc02BjES5wQ="></latexit>

cj

ci

cj

ci ci ci ci

1

(

z i ≥ j

0 i < j

(

0 i > j

z i < j
z z 1

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit><latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit> <latexit sha1_base64="jj/Ftj7UXDcuP8qJry51CaK7qus="></latexit>

4 3 2 1 0
Fix color order on top boundary

<latexit sha1_base64="Cn4zy0oZ9l4PmwuFXqoWrPalRjE="></latexit>Read out w = s1s2

from permutation

The set of paths is the same as before, but the paths are colored in a unique way.



Colored 5-vertex model

[Brubaker–Buciumas–Bump–HG 2021]

<latexit sha1_base64="3ZC7I1rhCYUcAUH7kBLtA1oWSFg="></latexit>

Ordered palette: c1 < c2 < c3 < · · ·<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit><latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit> <latexit sha1_base64="jj/Ftj7UXDcuP8qJry51CaK7qus="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cn4zy0oZ9l4PmwuFXqoWrPalRjE="></latexit>Read out w = s1s2

from permutation

<latexit sha1_base64="laQOEUQIwkbvvCMD+XoOJrMFz2Q="></latexit>

sλ(z) =
X

w∈W

Dwz
λ

<latexit sha1_base64="gMJ67SPLFGHH/B+6V5Yu7o/MGeQ="></latexit>

Dw = Di1
· · · Dik

for w = si1 · · · sik where Dif(z) =
f(z)− f(siz)

zi/zi+1 − 1

Demazure atoms

Partition function for colored model:
<latexit sha1_base64="/8D6DkCvD3gYLeBav1niSok+w2c="></latexit>

Z(λ, w; z) = z
ρDwz

λ

<latexit sha1_base64="hIf8KRlOYfHAwv4KFveY4VEVfU0="></latexit>

∂i = Di + 1

<latexit sha1_base64="9PkcJ/Pck9pSV1qUKcMT+tgsxkw="></latexit>

Demazure character: ∂wz
λ
=

X

y≤w

Dyz
λ

The recurrence relations for the Demazure atoms can be obtained 

from the Yang–Baxter equation using the train argument.



Colored 5-vertex model

[Brubaker–Buciumas–Bump–HG 2021]

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit><latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit> <latexit sha1_base64="jj/Ftj7UXDcuP8qJry51CaK7qus="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cn4zy0oZ9l4PmwuFXqoWrPalRjE="></latexit>Read out w = s1s2

from permutation

<latexit sha1_base64="laQOEUQIwkbvvCMD+XoOJrMFz2Q="></latexit>

sλ(z) =
X

w∈W

Dwz
λ Demazure atoms

Partition function for colored model:
<latexit sha1_base64="/8D6DkCvD3gYLeBav1niSok+w2c="></latexit>

Z(λ, w; z) = z
ρDwz

λ

<latexit sha1_base64="4BsRKLZAN8f6c5N2zN1/9w9en78="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

5-vertex model (colored) Demazure atoms and characters for GLr(C)



Colored 6-vertex model

[Brubaker–Buciumas–Bump–HG 2021]

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit><latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit> <latexit sha1_base64="jj/Ftj7UXDcuP8qJry51CaK7qus="></latexit>

4 3 2 1 0
<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

<latexit sha1_base64="moaNck7JQfyyCdta9qTjUNdP8GE="></latexit>

4 3 2 1 0

or or ...

To satisfy a Yang–Baxter equation, need 

to include multi-colored vertical edges 

with color-multiplicity at most one:

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

<latexit sha1_base64="w4JoBndWtpTZIUc4KfJr206GMcg="></latexit>

4 3 2 1 0

fermionic

See Daniel Bump's talk about bosonic models with any multiplicity

We have extra paths compared to the uncolored 6-vertex model



Colored 6-vertex model

[Brubaker–Buciumas–Bump–HG arXiv:1906.04140 to appear in Selecta]

To satisfy a Yang–Baxter equation, need 

to include multi-colored vertical edges 

with color-multiplicity at most one:

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

<latexit sha1_base64="w4JoBndWtpTZIUc4KfJr206GMcg="></latexit>

4 3 2 1 0

To be able to describe the Boltzmann weights we use fusion.

(Will be discussed further in Bump's talk.)

<latexit sha1_base64="vx9qTnzKZ9c0J5Ucp49kqJVnGcE="></latexit>

A

B

<latexit sha1_base64="+of05ZhlMGlrDVlQTqdbf9y712Y="></latexit>

A,B ⊆ {c1, c2, c3}

Sometimes 
denoted

<latexit sha1_base64="grpdn/aHRjNnqRf+IOEGzjLL6W8="></latexit>

+

<latexit sha1_base64="a2L31HQPBFXz0SNVmLQLdnujzxs="></latexit>

ai, bi ∈ {ci, ∅}

Each column can only carry a specific color

Note that 

horizontal 

edges can 

carry any 

single color

z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

<latexit sha1_base64="lAD0dxRSqitz5fjFezvFTXTiPq8="></latexit>

c1 < c2 < c3
<latexit sha1_base64="7trkp3a7S5BtV6PfsIgodcM0hIQ="></latexit>

a1

b1

a2

b2

a3

b3



Colored 6-vertex model

[Brubaker–Buciumas–Bump–HG arXiv:1906.04140 to appear in Selecta]

z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

<latexit sha1_base64="lAD0dxRSqitz5fjFezvFTXTiPq8="></latexit>

c1 < c2 < c3
<latexit sha1_base64="7trkp3a7S5BtV6PfsIgodcM0hIQ="></latexit>

a1

b1

a2

b2

a3

b3

<latexit sha1_base64="eq9bwekw/3BfgWA0MkzGsGMPynE="></latexit>

cj
cj

ci

cj cj

ci

cj cj

1

8

>

<

>

:

z i = j

v i < j

1 i > j

−v

(

z i = j

1 i 6= j
(1− v)z 1

<latexit sha1_base64="VbrXshrjh27FhXnyMpIdCY1ebPY="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

5-vertex model (colored) Demazure atoms and characters for GLr(C)

6-vertex model (colored) Iwahori Whittaker function on GLr(F )

<latexit sha1_base64="87cJQejGxF6Rir1YawTeTt+KHk4="></latexit>

Z(�, w; z) = z
ρ�w(z; g = $−λ)Partition function: Iwahori Whittaker function



Metaplectic covers



Two different generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

Motivated by number theory

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

Representation theory refinement

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="/saDAmR7o7p+qnCR1QDShh50P8s="></latexit>Iwahori-spherical vector
for G = GLr(F )

We consider Whittaker functions for certain vectors of the principal series 

representation:
<latexit sha1_base64="4hDcSv1TAkTBu02DR+L6ZqhdmLk="></latexit>spherical vector
for G = GLr(F )

An important motivation for introducing metaplectic covers comes 

from the study of multiple Dirichlet series. See Manish Patnaik's talk.



Metaplectic Whittaker functions

[Matsumoto 1969, Kazhdan–Patterson 1984, Brylinski–Deligne 2001, McNamara 2012]

abelian
<latexit sha1_base64="FlADI0gNeFwhsfEhCBB+5K4JQFQ="></latexit>

its irreps are 1-dimensional

<latexit sha1_base64="XGa8UXwoVILmTACSXhIxIe+RaA4="></latexit>

T =





∗

∗



 ⊂ G

<latexit sha1_base64="Kck4nmSYoHY6JRNJCHjcsyCvypA="></latexit>

T̃ /max abelian ∼= Λ/nΛ ∼= (Z/nZ)r

weight lattice

<latexit sha1_base64="wQ5Sm1uwV+Gl6sfQBhe2NK3Abl4="></latexit>

The principal series representation πz with z ∈ (C×)r is
constructed similarly, but is now vector-valued of dimension n

r.
See for example [Savin 04, McNamara 16]

See Claire Frechette's talk for more general metaplectic covers

<latexit sha1_base64="K03hfhX5zB/5N0PSq5J2j30uaYw="></latexit>group of n-th roots of unity

<latexit sha1_base64="DElNYiYjZ2nf/OQ0mqlyU9UhFeA="></latexit>

1 �! he2πi/ni �! G̃
proj
��! G �! 1

<latexit sha1_base64="0Rs3oZKoK5pCOVur/aNeg3OsDcI="></latexit>

The metaplectic n-cover G̃ of G is a central extension:
<latexit sha1_base64="IYhu9U6APkZp2V42mXsb3Z7YlZA="></latexit>

T̃ := proj−1(T ) not abelian

<latexit sha1_base64="buf8PwtigG7UB9aVtpHkEg4Oqew="></latexit>In this talk we pick a particular metaplectic cover giving particularly nice
commutation relations for elements in T̃ .



Metaplectic Whittaker functions

<latexit sha1_base64="DElNYiYjZ2nf/OQ0mqlyU9UhFeA="></latexit>

1 �! he2πi/ni �! G̃
proj
��! G �! 1

<latexit sha1_base64="0Rs3oZKoK5pCOVur/aNeg3OsDcI="></latexit>

The metaplectic n-cover G̃ of G is a central extension:

abelian
<latexit sha1_base64="FlADI0gNeFwhsfEhCBB+5K4JQFQ="></latexit>

its irreps are 1-dimensional

<latexit sha1_base64="XGa8UXwoVILmTACSXhIxIe+RaA4="></latexit>

T =





∗

∗



 ⊂ G

<latexit sha1_base64="hsxPUo9HIVCQPTOGKKgk6koLtqo="></latexit>

Thus, we get a basis of nr metaplectic spherical Whittaker functions.

Often, (e.g. [Chinta–Gunnells–Puskás 2017, Patnaik–Puskás 2017, McNamara 2016, Sahi–
Stokman–Venkateswaran 2022]) 

<latexit sha1_base64="Laujcyt0hUa3/1IbpT1QYIuQD9o="></latexit>the σ-average is considered.

<latexit sha1_base64="Kck4nmSYoHY6JRNJCHjcsyCvypA="></latexit>

T̃ /max abelian ∼= Λ/nΛ ∼= (Z/nZ)r

<latexit sha1_base64="wQ5Sm1uwV+Gl6sfQBhe2NK3Abl4="></latexit>

The principal series representation πz with z ∈ (C×)r is
constructed similarly, but is now vector-valued of dimension n

r.
See for example [Savin 04, McNamara 16]

<latexit sha1_base64="IYhu9U6APkZp2V42mXsb3Z7YlZA="></latexit>

T̃ := proj−1(T ) not abelian

<latexit sha1_base64="zlD6Z35H36o+m1EU8CrrGd9OTbc="></latexit>The Whittaker integrals need to be projected to C, with respect to a
component σ ∈ (Z/nZ)r.



Metaplectic Whittaker functions

Lattice models for metaplectic spherical Whittaker functions were 

constructed in [Brubaker–Bump–Chinta–Friedberg–Gunnells 2012, 

Brubaker–Buciumas–Bump–Gray 2017 & 2019]

<latexit sha1_base64="fp7v84uuLr/V5Y9PdSK1e/avuMM="></latexit>

Instead of colors, their edges were assigned charges in (Z/nZ)r

increasing along the paths.

The name supercolors comes from the fact that they are associated to the odd part 

of a supersymmetric quantum group.

In [Brubaker–Buciumas–Bump–HG arXiv:2012.15778] we rewrote these in 

terms of another palette of colors, called supercolors which we draw with 

dashed lines.



Metaplectic 6-vertex model
z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

<latexit sha1_base64="ZNNFotSZ9Da7qxQCTCS0h+tFUVU="></latexit>

Ordered palette in a fusion block: · · · > c̄2 > c̄1 > c̄0

<latexit sha1_base64="kmAbeKjzGp4v4wxiHEtaWbBosEI="></latexit>

<latexit sha1_base64="u+mfEK3i3wZc8NVBkSxvwxULgso="></latexit>

Projection-component σ = (σ1, . . . ,σr) ∈ (Z/nZ)r

<latexit sha1_base64="E8fthFLbsdJP04BPNla4ZrKe4Ug="></latexit>

σ1

<latexit sha1_base64="QiJSC6pkzKYkFKpFfKEng9+YvzY="></latexit>

σ2

<latexit sha1_base64="RctHhcz/kRlRcuB2N/fN1p3QEeo="></latexit>

σ3

Partition function = spherical metaplectic Whittaker function
<latexit sha1_base64="48v39XUmSjV1zFC7UXShbMd5cXE="></latexit>

Z(�,�; z) = z
ρ�̃�

σ(z; g = $�λ)

Gauss sum

<latexit sha1_base64="0PDvnaXGm1NqZeegn58s3GxAACM="></latexit>

c̄j c̄j

c̄i

c̄j c̄j

c̄i

c̄j c̄j

z g(j − i) z 1 (1− v)z 1



Metaplectic 6-vertex model

<latexit sha1_base64="QsJrx40ZwKGfPIb+RTlxBygi8cY="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

5-vertex model (colored) Demazure atoms and characters for GLr(C)

6-vertex model (colored) Iwahori Whittaker function on GLr(F )

6-vertex model (supercolored) Metaplectic spherical Whittaker function on fGLr(F )

Partition function = metaplectic spherical Whittaker function
<latexit sha1_base64="48v39XUmSjV1zFC7UXShbMd5cXE="></latexit>

Z(�,�; z) = z
ρ�̃�

σ(z; g = $�λ)



Two different generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

Motivated by number theory

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

Representation theory refinement

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="/saDAmR7o7p+qnCR1QDShh50P8s="></latexit>Iwahori-spherical vector
for G = GLr(F )

<latexit sha1_base64="5yYFZYkEWu7v62dqJV0bKJtFP/0="></latexit>

<latexit sha1_base64="tvmHXzsXcHwDqo3Y90djewzV+ec="></latexit>Iwahori-spherical vector
for metaplectic
n-cover G̃ of G

We consider Whittaker functions for certain vectors of the principal series 

representation:
<latexit sha1_base64="4hDcSv1TAkTBu02DR+L6ZqhdmLk="></latexit>spherical vector
for G = GLr(F )



Metaplectic Iwahori lattice model
<latexit sha1_base64="tJkPZS7jGyUzOJ3BBYbLCzVSM1E="></latexit>

Two sets of r paths assigned colors from two different palettes:

•  

•  

<latexit sha1_base64="CxnplwbzLB9bo0QKsdimKOgLvps="></latexit>

m (or r) colors distinct south-east moving paths
n supercolors south-west moving paths

<latexit sha1_base64="Rm+0b+eg3Pr2ym2RhKk/4DoFCSw="></latexit>

<latexit sha1_base64="p/kDlpTNgj3BPrvRCQ+qIwm9kfY="></latexit>Iwahori basis
w ∈ Sr

R

R

B

B GR
–

R
–

G
–

G
–

G
–

Boundary data:
<latexit sha1_base64="480TRj4GpzKGZXE7mLAZ66mISlc="></latexit>

group argument g = $
−λ

<latexit sha1_base64="IBq8Tdj8XZSLXCuvRNJQFqS6QZ4="></latexit>Whittaker projection
σ ∈ (Z/nZ)r

<latexit sha1_base64="ESUT2kPkYl+HwOjUb6jCHB+34O0="></latexit>

Z(�,�, w; z) = z
ρ�̃w

σ (z; g = $−λ) Metaplectic Iwahori Whittaker function

[Brubaker–Buciumas–Bump–HG arXiv:2012.15778]



Metaplectic Iwahori lattice model

Boltzmann weights are described by applying fusion twice: once for 

colors and once for supercolors.

In the fully expanded description, each column is assigned a color 

and a supercolor. If a vertical edge is occupied, it carries both. 

Horizontal edges carry either a color or a supercolor.

<latexit sha1_base64="NqH43rIo/9SbrcismebxhNOozU8="></latexit>

c̄i, cj

ck ck

c̄i, cj

c̄k c̄k

c̄i, cj

ck

c̄i, cj

cj c̄i cj

c̄i, cj

c̄i

1

(

v if j > k

z if j = k

1 if j < k

g(k − i)

⇢

z if k = j,
1 otherwise. (1− v)z 1

[Brubaker–Buciumas–Bump–HG arXiv:2012.15778]



Metaplectic Iwahori lattice model

<latexit sha1_base64="NqH43rIo/9SbrcismebxhNOozU8="></latexit>

c̄i, cj

ck ck

c̄i, cj

c̄k c̄k

c̄i, cj

ck

c̄i, cj

cj c̄i cj

c̄i, cj

c̄i

1

(

v if j > k

z if j = k

1 if j < k

g(k − i)

⇢

z if k = j,
1 otherwise. (1− v)z 1

<latexit sha1_base64="0Y0PzxfiD+YTlTVZGIj65INH2B4="></latexit>

Lattice model Associated object in representation theory
5-vertex model (uncolored) character for GLr(C), Schur polynomial
6-vertex model (uncolored) spherical Whittaker function on GLr(F )

5-vertex model (colored) Demazure atoms and characters for GLr(C)

6-vertex model (colored) Iwahori Whittaker function on GLr(F )

6-vertex model (supercolored) Metaplectic spherical Whittaker function on fGLr(F )

6-vertex model (m = r colors Metaplectic Iwahori Whittaker function on fGLr(F )

+ n supercolors)

<latexit sha1_base64="aMqr+fTXFgrA1eF46pNYG8UaK7Q="></latexit>

m = 1

<latexit sha1_base64="WfyQqHI5LAk4remkb1tP1gDvJFk="></latexit>

n = 1

<latexit sha1_base64="li4yrPAjIXZLMKrEWCFYy1WseYg="></latexit>

m = n = 1

<latexit sha1_base64="WfyQqHI5LAk4remkb1tP1gDvJFk="></latexit>

n = 1

<latexit sha1_base64="li4yrPAjIXZLMKrEWCFYy1WseYg="></latexit>

m = n = 1
<latexit sha1_base64="ulyeQU9DtO3vKo98wJXfODK1/pE="></latexit>

v → 0

<latexit sha1_base64="ulyeQU9DtO3vKo98wJXfODK1/pE="></latexit>

v → 0



Dualities



Iwahori–metaplectic duality

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

duality

[Brubaker–Buciumas–Bump–HG 2024]

<latexit sha1_base64="TfZHhy+dZtWvwwgfqxjJLvZ2PbI="></latexit>

non-metaplectic 

Iwahori

Lattice models are similar:
<latexit sha1_base64="kmAbeKjzGp4v4wxiHEtaWbBosEI="></latexit>

metaplectic 

spherical

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="/saDAmR7o7p+qnCR1QDShh50P8s="></latexit>Iwahori-spherical vector
for G = GLr(F )

a priori very different



Iwahori–metaplectic duality

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

duality

<latexit sha1_base64="re0hvbk0MD8Q6cgoxMoMNhRh4i4="></latexit>

equality for partition 

functions 

(not for individual states)

[Brubaker–Bump–Friedberg 2011,  
Brubaker–Buciumas–Bump 2019]

<latexit sha1_base64="ZonTzu/KvoHymiJkChX8ysWJl4g="></latexit>

Γ-∆ duality Drinfeld twist

equality for states 

(changes Boltzmann 

weights and partition 

function)

<latexit sha1_base64="TfZHhy+dZtWvwwgfqxjJLvZ2PbI="></latexit>

non-metaplectic 

Iwahori

<latexit sha1_base64="kmAbeKjzGp4v4wxiHEtaWbBosEI="></latexit>

metaplectic 

spherical

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="/saDAmR7o7p+qnCR1QDShh50P8s="></latexit>Iwahori-spherical vector
for G = GLr(F )

Proved equality for distinct supercolors in [Brubaker–Buciumas–

Bump–HG 2024].

See Vidya Venkateswaran's talk for further results using other methods.

Lattice models are similar: family of lattice models



WIP with Carl Westerlund
<latexit sha1_base64="re0hvbk0MD8Q6cgoxMoMNhRh4i4="></latexit>

Drinfeld twist

equality for states 

(changes Boltzmann 

weights and partition 

function)

<latexit sha1_base64="TfZHhy+dZtWvwwgfqxjJLvZ2PbI="></latexit>

non-metaplectic 

Iwahori

metaplectic 

spherical

<latexit sha1_base64="ZonTzu/KvoHymiJkChX8ysWJl4g="></latexit>

Γ-∆ duality

?

(Including the metaplectic and the Iwahori lattice models)

<latexit sha1_base64="PgYus/XxHgSzvZSlgY/CL+FsZFU="></latexit>

We have proved Γ-∆ duality for the whole family of lattice models above.

<latexit sha1_base64="a4k4tg2nekm5Rq6jXPZ85n5KSNs="></latexit>

We have obtained a family of mixed R-matrices: RΓ

Γ
, R∆

∆
, RΓ

∆
, R∆

Γ

<latexit sha1_base64="szwQOkjOV7Y4MHYQMGeaVdtHSPc="></latexit>



WIP with Carl Westerlund
<latexit sha1_base64="a4k4tg2nekm5Rq6jXPZ85n5KSNs="></latexit>

We have obtained a family of mixed R-matrices: RΓ

Γ
, R∆

∆
, RΓ

∆
, R∆

Γ

<latexit sha1_base64="+cdj1WBEg+pEAEhaWAOTro1VUV0="></latexit>

Γ

∆

R
Γ

∆
=

Γ

∆

R
Γ

∆• Yang–Baxter equation:

Proof idea from [Brubaker–Buciumas–Bump and Gray 2019] which 

proved the case when the family is specialized to the metaplectic model:

• Bottom row:
<latexit sha1_base64="0embyeAMYfhUL5oWrXlO83AYams="></latexit>

Γ

<latexit sha1_base64="gW6r6CGLA3k+q5ZnCO32TvmQ6r8="></latexit>

∆=

<latexit sha1_base64="zNF5PxyYhKeUP1yCj4WvWMZM7ks="></latexit>

Move next Γ-row to the bottom using Yang–Baxter equations. Repeat.

We get an equality on the level of partition functions (not individual states) because the 

Yang–Baxter equation is on the level of partition functions.

<latexit sha1_base64="LHT4sxHk+6zuHpm4HoDKPGaf5J4="></latexit>

Procedure: Change bottom Γ-row to ∆-row.



WIP with Carl Westerlund
We get an equality on the level of partition functions (not individual states) because the 

Yang–Baxter equation is on the level of partition functions.

There is also a conjectured equality on the level of states (or rather some 

small, yet-to-be-defined packets of states) in the metaplectic case in 

[Brubaker–Bump–Friedberg 2011]

<latexit sha1_base64="YP0o9m9yl5kAn7PXgQuNDsjY8EY="></latexit>

The Γ- and ∆-states are related via their associated Gelfand–Tsetlin
patterns by the Schützenberger involution.

I and Carl propose that the packets should be the same for the whole 

family of lattice models. It is much easier to work with the Iwahori case.

<latexit sha1_base64="gYrCIqyNzcgRQCgHXv5bJ7rr+3I="></latexit>In the Iwahori case we may also take the simplifying limit v → 0 to obtain
a 5-vertex model.

<latexit sha1_base64="W2KNwjR/U/ny0vVcf9wr/6KNrUM="></latexit>Note however that the difficulty for the 6-vertex model lies in matching the v’s.

(Defined in the next slides)



WIP with Carl Westerlund
<latexit sha1_base64="YP0o9m9yl5kAn7PXgQuNDsjY8EY="></latexit>

The Γ- and ∆-states are related via their associated Gelfand–Tsetlin
patterns by the Schützenberger involution.

I and Carl propose that the packets should be the same for the whole 

family of lattice models. It is much easier to work with the Iwahori case.

<latexit sha1_base64="gYrCIqyNzcgRQCgHXv5bJ7rr+3I="></latexit>In the Iwahori case we may also take the simplifying limit v → 0 to obtain
a 5-vertex model.

In this limit, we claim that the packets each contain just a single state.

<latexit sha1_base64="ZCyEJMwMzckGZdR/Qb3yPIgVgBA="></latexit>

wt∆(s)(z) = wtΓ(Sch(s))(w0z)

<latexit sha1_base64="v3XG5e6IFxLuaUsekq1Pk4jz7Cc="></latexit>

That is, we get a Γ-∆ duality on the level of states:

<latexit sha1_base64="mIeAfvjAieiD3YQ3Ir0Kp269HOY="></latexit>

GTPls(λ+ ρ)
<latexit sha1_base64="+KVjg5eUmy3MALpYUBC+WNoLD+0="></latexit>

GTPrs(λ+ ρ)

Let us do an example.



<latexit sha1_base64="JzqduzxTF68c3Zm5xg8879PmRcw="></latexit>

The Schützenberger involution Sch on Gelfand–Tsetlin patterns is a
product of Berenstein–Kirillov operators acting on a single row.

WIP with Carl Westerlund

The operator reflects all vertical edges within their allowed intervalls 

governed by the adjacent rows:

z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

allowed intervall for |

<latexit sha1_base64="jonub2559pG2T3OkZKcA3FfGp8A="></latexit> <latexit sha1_base64="J9wVY7/5Eeh8AE6uKzW9T6/G8+g="></latexit><latexit sha1_base64="RrCWTA2RnJ79hhpHcYmL2zIxylY="></latexit>

ti

<latexit sha1_base64="4hkSm/R0PpFbkEUxq1ltH3hf4dA="></latexit>

Sch = (tr−1 · · · t1) · (tr−1 · · · t2) · · · (tr−1tr−2) · tr−1

z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

move 1st row 

to the bottom

z }| {

<latexit sha1_base64="LEN6ac+5XwuSDqG9VC3NlmoPvww="></latexit>

move 2nd row 

to the bottom
...

move next-to-last row 

to the bottom

These are exactly the row swaps we did with the R-matrices

[Berenstein–Kirillov 1995, Brubaker–Bump–Friedberg 2011]



<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆bottom row

WIP with Carl Westerlund
<latexit sha1_base64="jonub2559pG2T3OkZKcA3FfGp8A="></latexit> <latexit sha1_base64="J9wVY7/5Eeh8AE6uKzW9T6/G8+g="></latexit><latexit sha1_base64="RrCWTA2RnJ79hhpHcYmL2zIxylY="></latexit>

ti

<latexit sha1_base64="nvr+pR+wALISXCYG0vIfgBmGVMI="></latexit>

t2
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ
<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

bottom row
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="WqukMjIdgnAtL+AlfmxGUNJQcJk="></latexit>

t1

<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ
<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="nvr+pR+wALISXCYG0vIfgBmGVMI="></latexit>

t2
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="aKpMuRlYPE7HtqBDSrv1xvqE4hU="></latexit>

∆

<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

bottom row
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ
<latexit sha1_base64="AxqPKqamk/VQFBfCuzlrmLyvZ/k="></latexit>

Γ

<latexit sha1_base64="XNFyMldrvf4q4SrrVSxeUdGdNl4="></latexit>Changing the bottom row from ∆ to Γ

leaves the weight invariant while ti acts on
the weight by si ∈ Sr

We can follow each step using models with mixed  and  rows:Γ Δ



What about type B/C lattice models?

• Built out of alternating rows of Γ and Δ with connecting caps at one end 

• Lattice models for metaplectic spherical Whittaker functions constructed 

by [Gray 2017] 

• A 5-vertex Demazure lattice model was constructed by [Buciumas–

Scrimshaw 2022]. 

• The latter had an open question about the solvability of the model due 

to one missing, mixed R-matrix (connected to an issue with color loops). 

• We have both Γ and Δ weights and all four R-matrices for the whole 

family, including metaplectic and Iwahori case. 

• When taking the 5-vertex model limit  we recover the same Γ and 

Δ weights as [Buciumas–Scrimshaw 2022] and can explain what 

happens to the missing R-matrix and how (at least some) color loops 

are resolved by telescopic sums (WIP).

v → 0

WIP with Carl Westerlund



Thank you!

https://hgustafsson.se

Slides are available at

Two-year postdoc scholarship within project about lattice models led by me 

Link to application will soon appear at: 

https://hgustafsson.se/postdoc/ 

Deadline September 15

http://hgustafsson.se
https://hgustafsson.se/postdoc/



