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Given: Fourier coefficient FA factorizes as an Euler product

<latexit sha1_base64="hlLtKASza8kZMA5MiZiATKmBHzQ="></latexit>

Implies: Fourier coefficient FB factorizes as an Euler product

<latexit sha1_base64="o0pt4wH0C35C41ZtY9aF6hILRy8="></latexit>

Transfer of Eulerianity

Under certain conditions:



Outline

• Different types of Fourier coefficients

• Vanishing properties and automorphic representations

• Transfer theorem for Eulerianity

• Applications to small automorphic representations

• Proof of transfer theorem



Motivation

A standard example of Eulerian Fourier coefficients are so called 

Whittaker coefficients.

Used to study L-functions, both via the Langlands–Shahidi and 

Rankin–Selberg method where Eulerianity is a key ingredient.

In these global integral representations of L-functions the 

Whittaker coefficients of automorphic forms appear either directly 

or after a so called unfolding of the integral. 

Can also study global integrals where other Fourier coefficients of 

automorphic forms in various representations appear.



Motivation

[GGKPS] started with a different initial motivation in mind:

Study Fourier coefficients of automorphic forms inspired by 

questions from string theory concerning scattering amplitudes of 

gravitons and non-perturbative effects such as instantons and 

black holes.

The mathematical questions we study and the methods we use 

are closely intertwined.

To show that such an integral has the properties of an L-function 

it is not only important to know which Fourier coefficients vanish 

for which representations, but also which are Eulerian.

For a program in this direction see for example [Ginzburg 06, 14, 16, Ginzburg–Hundley 13]



Setup
K number field, A = AK

<latexit sha1_base64="vUIXR4smfC9KnDVIqkVvwsjEKdI="></latexit>

G reductive algebraic group /K

<latexit sha1_base64="5ADirDNO5ZWAjmDrMOBUpOLDFcM="></latexit>

(split)

Fix a Borel subgroup B with unipotent radical N

<latexit sha1_base64="ioVlu6qjuHkQuBR4sBMuWQzi9HU="></latexit>

A(G(A)) space of automorphic forms on G(A)

<latexit sha1_base64="pv3ObVYHQveeC3fw9X5EOGUFo/c="></latexit>

Whittaker coefficients

g Lie algebra of G(K)

<latexit sha1_base64="RrnL22/RO3IhgupCLtd60vEKg8c="></latexit>

ψN : N(A) → C× unitary character trivial on N(K)

<latexit sha1_base64="JpimBuZrewPIkHvzUQNjbd1uVOg="></latexit>

WψN
[η](g) :=

Z

N(K)\N(A)

η(ng)ψ�1
N

(n) dn

<latexit sha1_base64="CNDLj9Sim86uA0JJTzw7elGlTMs="></latexit>

η ∈ A(G(A)), g ∈ G(A)

<latexit sha1_base64="o+E0rNCp/SPb3vP1B9uhj812Hww="></latexit>

=
Y

ν

WψN,ν [η](gν)

<latexit sha1_base64="+dK7pyT+rKzM1yFChNpKh0XICcY="></latexit>

generic

<latexit sha1_base64="AEDyIBFwvF08OH+fhxM3gClvxEQ="></latexit>

Uniqueness of Whittaker models [Gelfand–Kajdan 71/75, Shalika 74, Rodier 73, Kostant 78]

g =
Q

ν gν , gν ∈ G(Kν)

<latexit sha1_base64="3AwrlSW7cFL9E0tTvaovahUDJks="></latexit>



Fourier coefficients

Unipotent subgroup U ⊂ G

<latexit sha1_base64="DdUy2kmoj4VDIDl5cHxLjpU6Vbk="></latexit>

ψU : U(A) → C× unitary character trivial on U(K)

<latexit sha1_base64="qH3DAg6b1PBsrTSUDoCWWKeW4UU="></latexit>

(Different authors include different notions)

unipotent period integral

In general not Eulerian

Called a Whittaker coefficient if U is maximal, e.g. N

<latexit sha1_base64="OMxNcelIoqF+4gf6d2ISrv4wN+0="></latexit>

Called a parabolic Fourier coefficient if U is the unipotent
radical of a parabolic subgroup P ⊂ G

<latexit sha1_base64="my3LyufraotvgBxsfU2d2tY2s3M="></latexit>

FψU
[η](g) :=

Z

U(K)\U(A)

η(ug)ψ�1
U

(u) du

<latexit sha1_base64="EBMQRM2Zu6w3Bzsot/3Op5RhOFg="></latexit>



Whittaker pairs

Mœglin–Waldspurger 87, Gomez–Gourevitch–Sahi 17

(U,ψU)

<latexit sha1_base64="hCjhMylVkcm/B9iRMUe5YU+PEb0="></latexit>

(S,ϕ) ∈ g× g⇤

<latexit sha1_base64="lKE4PU8dmxD4C2ZPhrRTCJLi9+w="></latexit>

ad⇤(S)ϕ = −2ϕ

<latexit sha1_base64="3d18aNcQIj9ZRGRzQP9FQF2qTz4="></latexit>

S semisimple

<latexit sha1_base64="/v5QinOyoKKQ3PDMbegWryfL4sA="></latexit>

ad(S) has eigenvalues in Q

<latexit sha1_base64="arZ8J+A8tOhxR6KKbCIlfCIsAr8="></latexit>

US,ϕ := Exp(uS,ϕ)

<latexit sha1_base64="1phLG4DZAzWvIic0kX/5T3WAFsw="></latexit>

uS,ϕ := gS>1 ⊕ gS1 ∩ gϕ

<latexit sha1_base64="benNzMjXZax0pfCR8p3zBzcK2OA="></latexit>

gϕ := centralizer of ϕ in g under the coadjoint action

<latexit sha1_base64="THEBAHfWtdS0EpYDogrE3T7ajag="></latexit>

gS
λ
:= λ-eigenspace of ad(S) in g

<latexit sha1_base64="O6C3Xz/V2W0A9sbPiPPjCyKcX4s="></latexit>

Fix a non-trivial unitary, additive character χ : A → C× trivial on K

<latexit sha1_base64="BMZcwM8WIpS2s712PHhJZVxElaU="></latexit>

ψU : u 7! χ
�

ϕ(log u)
�

<latexit sha1_base64="LwKt2TX4tL5UDOEjGToIbAOxT7k="></latexit>

FS,ϕ[η](g) :=

Z

US,ϕ(K)\US,ϕ(A)

η(ug)χ
�

ϕ(log u)
��1

du

<latexit sha1_base64="/490qJR9XE7WcVPeK1yQO2tTurI="></latexit>



Whittaker pairs
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<latexit sha1_base64="FAVIOHxgaRShlht1+Qcpc0YeGgU="></latexit> <latexit sha1_base64="ndLeLIV1e2x6h3TrAWpfc78H4j0="></latexit>

= gS6

= gS4

= gS2

<latexit sha1_base64="ajEEOg8SvcE+07YSNs789Far1wM="></latexit><latexit sha1_base64="afp4rkdn3/5TWZY7li+PXfzYrfU="></latexit>
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<latexit sha1_base64="z+19euBxiKSwpRZrv6fjpRyPcBA="></latexit>

S =

<latexit sha1_base64="EBupBtMQ/msa71xgBWT8QRvilTE="></latexit> <latexit sha1_base64="0H+9cn4PaevP8WjVqIIUESr+7oA="></latexit>

= gS
−2 $ (g∗)S

−2 3 ϕ

<latexit sha1_base64="aOAwOeIo3/ojbCcFU3g0unilQds="></latexit>

2 2 2

<latexit sha1_base64="qKG3h9pOqui8Hhja/HwSKqSKGoo="></latexit>

2 0 0

<latexit sha1_base64="1zl+zXSRe/DHWJdSiPkStOTElLA="></latexit>

weights 0

<latexit sha1_base64="eSVu1YXS7GmEEodSQDUALH6n7iQ="></latexit>

Dynkin weights ∈ {0, 2}

<latexit sha1_base64="acNvpOQI2kPayc+1WXUdCoXOfVU="></latexit>

(standard)

parabolic subgroup P = L U

<latexit sha1_base64="bh5crCmyPX8mXw8h4prymSpPO3M="></latexit>

Levi Unipotent

)

<latexit sha1_base64="fhvY3wuZSldmQsFzBk9bpSNACPs="></latexit>

uS,ϕ := gS>1 ⊕ gS1 ∩ gϕ

<latexit sha1_base64="lkGidLPMbJIU4r6z4TMdVQosrZY="></latexit>

For GLn, L is block-diagonal and P is block-upper-triangular.

<latexit sha1_base64="HoVsuDUJ+4mNTIWX/fVdvf1JjA8="></latexit>

Generic = supported on all root spaces

α1(S) α2(S) α3(S)

<latexit sha1_base64="7hKraFEY7cqrBayW+v4dgDDempA="></latexit>

Describe Cartan element using weighted Dynkin diagram
∗ gα1

gα1+α2
gα1+α2+α3

∗ gα2
gα2+α3

∗ gα3

∗

























<latexit sha1_base64="iYxb3Vi31huBypkKDLUxCjK+kOo="></latexit>



Whittaker pairs
Conjugation

Neutral pairs

Then FS,ϕ[η](g) = FS0,ϕ0 [η](γg)

<latexit sha1_base64="nq+0/KaFNFFu4msDr6o35Nj6MZc="></latexit>

Let γ ∈ G(K) and (S0,ϕ0) := (Ad(γ)S,Ad⇤(γ)ϕ).

<latexit sha1_base64="NNp3pqKfvTyTReqynX0ubU38tqE="></latexit>

[Jacobson, Morozov, Kostant; see Collingwood–McGovern 93]

[h, f ] = −2f

[h, e] = 2e

[e, f ] = h

<latexit sha1_base64="F0KfImDJBSs0z+puTJBquCfDPAo="></latexit>

Exists unique nilpotent element f ∈ g such that ϕ is the Killing form pairing with f

<latexit sha1_base64="kTQd0I1DYIZX/CPjy5R/LluzdK8="></latexit>

These neutral Fourier coefficients are exactly 

the orbit coefficients studied in [Ginzburg 06]

A Whittaker pair (h,ϕ) that can be completed to an sl2-triple
(f, h, e) is called neutral

<latexit sha1_base64="vzXJZLYlsW6w9zW7M4N182FJ498="></latexit>

Conjugacy classes of sl2-triples ' nilpotent orbits in g

<latexit sha1_base64="7Q15ZhBDvnewb/+mkxU5vIYbKmo="></latexit>



Omin
<latexit sha1_base64="+t4P0GL4DhCyhrtOb7S/Le8ggyc="></latexit>

Ontm
<latexit sha1_base64="tCc3AOanR1MvHkOOFVaV5mRhl6g="></latexit>

Otriv
<latexit sha1_base64="My6m1Lo2RGikh/ETNQY0edqOFPQ="></latexit>

(6)

(51)

(42)

(411) (33)

(321)

(3111) (222)

(2211)

(21111)

(111111)
<latexit sha1_base64="JD5ZhBCkfmMNrtPuw6ioHRIqeqs="></latexit>

SL6
<latexit sha1_base64="jvJOkp7LET2JxOF492yr7b450sE="></latexit>

Nilpotent orbits

[Ðoković 98]

Although the orbits on the previous slide are G(K)-orbits, it is useful
to embed them in complex orbits for which we have a classification.
Do not depend on the complex embedding K ,→ C.

<latexit sha1_base64="pF3Rzap3Qxeqxk+BHOHIwogI1so="></latexit>

For classical groups, complex orbits are classified 

by integer partitions.

Partial order:

(λ1, . . . ,λN ) ≤ (µ1, . . . , µN ) ⇐⇒

k
X

i=1

λi ≤

k
X

i=1

µi for 1 ≤ k ≤ N

<latexit sha1_base64="TfBfuNba8a+u3+1CJ9hBOAyEnvk="></latexit>

There is a unique minimal orbit (aside from the trivial), but there 

can exist more than one next-to-minimal orbit.

SLn: all partitions of n.

<latexit sha1_base64="vTmHCJdgfHMxJ9wBLxxDt5GaM94="></latexit>

SO2n+1: partitions of 2n+ 1 where even parts have even
multiplicities.

<latexit sha1_base64="CThCjVoS7p7XMUhjT1LWkmSZ9OY="></latexit>



Nilpotent orbits

Partial order from inclusion under 

Zariski closure. A2 +A1

4A1

A2

(3A1)
0

(3A1)
00

2A1

A1

0

<latexit sha1_base64="JSLDSrhpDIyW1T1JvMarEjLHx4A="></latexit>

E8 (70 orbits)

<latexit sha1_base64="q0PSUhwPF0o6N1blwaS8P5c9s3U="></latexit>

In general, classified by Bala–Carter label determined by the
Cartan type of the unique conjugacy class of minimal Levi
subalgebras that intersect O.

<latexit sha1_base64="4bpPpju/rkUP6sMf/TYggl5ryTU="></latexit>

The behavior of degenerate Whittaker 

coefficients of Eisenstein series is very 

much decided by the Bala–Carter label 

of the character orbit.

(Reduction formula in later slides)

Correction: E7



Global wave-front set

Automorphic representation π

<latexit sha1_base64="yHxfBW+Gsd71Z3NYmtQDReK0eQI="></latexit>

Automorphic form η ∈ A(G(A))

<latexit sha1_base64="Pxt0JEzCXLbQ5uufNQfSGca2Zv4="></latexit>

Define the Whittaker support WS to be the set of maximal
orbits in WF for a given η ∈ A(G(A)) or π ⊂ A(G(A)).

<latexit sha1_base64="EzpJTtfWT/JWmGArBZhae1OKZq4="></latexit>

If WS(π) consists of minimal orbits we say that π is a minimal
automorphic reperesentation.

<latexit sha1_base64="nrjXnOIIR5y/yEEUp56ZFVKkm2A="></latexit>

Similarly for next-to-minimal representations.



Global wave-front set

Similar local statements: Mœglin–Waldspurger 87, Matumoto 87

Theorem [Gomez–Gourevitch–Sahi 17]

Let (S,ϕ) be any Whittaker pair with G(K)ϕ /∈ WF(η).

<latexit sha1_base64="kKmZ3YNn8sVBDZbWgTWu3trrMCc="></latexit>

Then FS,ϕ[η] = 0.

<latexit sha1_base64="BwYZQkUIh8KnaKh5Zsbj40DruSM="></latexit>

Small representation have few non-vanishing Fourier coefficients



Global wave-front set

For classical groups, special orbits are defined using
order-reversing maps on partitions by Spaltenstein.

<latexit sha1_base64="Uf1ZtBoyPxPZiFe2x73JLiZzG3g="></latexit>

For type A, all orbits are special but this is not true in general.

<latexit sha1_base64="dlM7E37v8zwyA6wZK1Nq9KF2iBE="></latexit>

B4

<latexit sha1_base64="g8GWzKSFHVexGXPA30MhlLlO2Jo="></latexit>

(SO9)

<latexit sha1_base64="8IATwp7BMq+diDnacmKacYQbhmQ="></latexit>

(9)

(712)

(531)

(522)(421)

(33) (514)

(3213)

(32212)

(241) (316)

(2215)

(19)

<latexit sha1_base64="wtWDchYYAF11TucsEPfqfMe7mYY="></latexit>

[Jiang–Liu–Savin 16]

For split, classical groups (types A to D), the Whittaker support
contains only special orbits.

<latexit sha1_base64="dEmbyE2zy7Ai0s4H5+e6cQHoiis="></latexit>

More generally, (including exceptional groups)
the Whittaker support contains only so-called
quasi-admissible orbits.

<latexit sha1_base64="6ieWOVVtMld9wtFEWiN2mkj1VRk="></latexit>

[Gomez–Gourevitch–Sahi]

In fact, Bn has, for example, no representation associated to its
minimal orbit for any n.

<latexit sha1_base64="t9QNX6J7Ucx0b9zVcDyZVRJ73U8="></latexit>



Maximal isotropic Fourier coefficients

S =

<latexit sha1_base64="EBupBtMQ/msa71xgBWT8QRvilTE="></latexit>

= gS
−2 $ (g∗)S

−2 3 ϕ

<latexit sha1_base64="aOAwOeIo3/ojbCcFU3g0unilQds="></latexit>



Maximal isotropic Fourier coefficients

S =

<latexit sha1_base64="EBupBtMQ/msa71xgBWT8QRvilTE="></latexit>

= gS
−2 $ (g∗)S

−2 3 ϕ

<latexit sha1_base64="aOAwOeIo3/ojbCcFU3g0unilQds="></latexit>

I =

✓

1 ⇤ ⇤ ⇤

1
1
1

◆

<latexit sha1_base64="v36RwISl7tyFPaJPmKWsOouuQLQ="></latexit>

I
0 =

✓

1 ⇤

1 ⇤

1 ⇤

1

◆

<latexit sha1_base64="vhdQxmtZpPxllsWmsR+U6kL31q4="></latexit>



Maximal isotropic Fourier coefficients

Parabolic Fourier coefficients are maximal isotropic coefficients

In general, FI

S,ϕ is a further period integral of FS,ϕ.

<latexit sha1_base64="JlhQJS4XLgyhg7KUi96nJ6P+6is="></latexit>

In fact, gS1 = {0} =⇒ uS,ϕ is maximal isotropic and FI

S,ϕ = FS,ϕ

<latexit sha1_base64="cln0yjPrtUGWkM5MEa3XumDeTJ8="></latexit>



Different types of Fourier coefficients

Fourier coefficients
(unipotent period integrals)

maximal isotropic

isotropic

specializes to

neutral

Whittaker coefficient

(S,ϕ)

<latexit sha1_base64="rjC0tBKlF3Jaaf4Ae7q6U7kCpNw="></latexit>

parabolic

3
2

−

1
2

−

1
2

−

1
2

























<latexit sha1_base64="FAVIOHxgaRShlht1+Qcpc0YeGgU="></latexit> <latexit sha1_base64="afp4rkdn3/5TWZY7li+PXfzYrfU="></latexit>
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<latexit sha1_base64="z+19euBxiKSwpRZrv6fjpRyPcBA="></latexit>

wave-front set

orbits O

<latexit sha1_base64="gi7gwOKcryLGf8f3H32As3zb6DQ="></latexit>



Main results

Theorem (Transfer of Eulerianity) [Gourevitch–HG–Kleinschmidt–Persson–Sahi]

Whittaker support  

(maximal orbits in global wave-front set)

Suppose that a maximal isotropic Fourier coefficient FI

S,ϕ[η]

is Eulerian.

<latexit sha1_base64="bnxDgKZLvqNtFBMTuV2kzNSiAeQ="></latexit>

Then any maximal isotropic Fourier coefficient FI
0

H,ψ[η] is Eulerian.

<latexit sha1_base64="pKXrJ6cff8PVC4c7sTEWwjNo8u8="></latexit>

Let G be a reductive algebraic group over K and let η be an
automorphic form on G(A).

<latexit sha1_base64="0iEB4kq0+bqZHYv4eVxgUD8aO68="></latexit>



Remarks

• The proof also details how to write one coefficient as an Eulerian 

integral of the other.

• For more general statements on how to relate different Fourier 

coefficients, although not necessarily preserving Eulerianity, see 

[GGKPS 18 and 19]

• Related transfer of local uniqueness for non-archimedean 

degenerate Whittaker models [Mœglin–Waldspurger 87]

◦ Do not consider non-archimedean places 

◦ Local wave-front set can vary over places of     and be bigger than the global oneK

<latexit sha1_base64="a7qv30c3d3WYjty+tsYv7VB7u3M="></latexit>

Only



Applications

• Minimal representations

• Next-to-minimal representations

• Eisenstein realizations

Find automorphic forms for which some Fourier coefficient is 

known to be Eulerian and transfer to other coefficients.

Generic Whittaker coefficients are Eulerian but cannot be 

transferred to any new type of Fourier coefficients. [GGKPS 18]

Will state general results and from where they are transferred



Applications

For the following autormorphic representations π and characters ' we show that all
corresponding parabolic and other maximal isotropic Fourier coefficients are Eulerian:

<latexit sha1_base64="JT7CsVqL+A9/NnIAyVDvIKoTcq8="></latexit>

π is a unitary minimal representation of G, split of type Dn

or E7 and ' 6= 0

<latexit sha1_base64="PCNgIRE+R86/zuuxR268ypIFr7A="></latexit>

Transferred from maximal parabolic Fourier coefficient with abelian unipotent radical 

which we first showed to be Eulerian using local uniqueness results from 

[Loke–Savin 06, Kobayashi–Savin 15]

π is a next-to-minimal⇤ representation of G, split of type
Bn or Dn and G(K)' ∈ WS(π) corresponding to O(31...1)

<latexit sha1_base64="2Z4Pq7R/qhel9mvrfJ4wYj+AB+c="></latexit>

Transferred from maximal parabolic Fourier coefficient which we first showed to be 

Eulerian by proving a hidden invariance and using local uniqueness of Bessel 

models from [Gan–Gross–Prasad 12, Jiang–Sun–Zhu 10]



Applications

Eλ(g) =
X

γ2B(Q)\G(Q)

ehλ+ρ|H(γg)i

<latexit sha1_base64="ocNP9nxV1Oq/+xCrHcRu7flw4mQ="></latexit>

A Whittaker coefficient with degenerate (not generic)
character ψN is, in general, not Eulerian.

<latexit sha1_base64="WP6ITVxSwYhaXAN6jb22vZveaZ4="></latexit>

However, for Eisenstein series Eλ, these degenerate Whittaker
coefficients can be computed directly via a reduction formula
and shown to be Eulerian for certain weights λ.

<latexit sha1_base64="cuHFySF4XLWEyNab1O47prrP41c="></latexit>

Spherical Borel Eisenstein series

H : G(A) → h by ehλ,H(nak)i = |λ(a)|A ∀λ ∈ X⇤(A) := Hom(A,Gm). h⇤ := X⇤(A)⊗ R

<latexit sha1_base64="6TEEl0Yw/wycbIH9msoiIpr5RDo="></latexit>

See for example [Bernstein–Lapid 19] for notation

Setup: G split simply-laced. K = Q. Weyl vector ρ.
Iwasawa decomposition G(A) = N(A)A(A)KA.

<latexit sha1_base64="RC1jKUxJHwqdBuLMtMO2d3lx0Ew="></latexit>



Applications

[Fleig–Kleinschmidt–Persson 14] 

Schematically: W
(G)
ψN

[Eλ] =
X

w

M(w,λ) W
(G0)
ψN

[Ewλ]

<latexit sha1_base64="/yejfASATGyIwW4LGkzo+A0IO9Q="></latexit>

degenerate intertwiner

Levi subgroup on which ψN is generic

<latexit sha1_base64="E/tYBu32SqMvxuugsk40X+miuHE="></latexit>

Sum of generic Whittaker coefficients, each of which is Eulerian

We show that for certain λ and ψN only one term remains
which leaves W

(G)
ψN

[Eλ] Eulerian

<latexit sha1_base64="XFO9y2KbIfOOzsrexNTA0trMi4M="></latexit>

Reduction formula
Bala–Carter label



Applications

λ = 2siΛi − ρ for some i and si given by the following table

<latexit sha1_base64="EeI+JjuLfXPmF0R/zJvPl45fcSY="></latexit>

Transfer theorem implies that any parabolic or other maximal
isotropic Fourier coefficient FI

S,ϕ[Eλ] with these data is Eulerian

<latexit sha1_base64="4xQwoEdvpiup1iYvyEjoAO5eYis="></latexit>

π π

SLn s1 sn−1 s2 sn−2

SOn,n s1 = n−2
2 sn = 1 sn−1

(

s1 (2A1)
0

sn−1 = 2 sn = 2 (2A1)
00

E6(6) s1 = 3
2 s6 = 3

2 s1 s6 s5 = 1

E7(7) s1 = 3
2 s7 = 2 s1 = 5

2 s6 = 3
2 s7 = 4

E8(8) s1 = 3
2 s8 = 5

2 s1 = 5
2 s7 = 2 s8 = 9

2

' O = OA1
O = O2A1

<latexit sha1_base64="NJcBG5lALER0sxJp6Ul44PrAtwc="></latexit>
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Motivated by string theory



Maximal rank

If (S,ϕ) is neutral one can show that the dimension of I is half
the dimension of the orbit of ϕ.
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Using the transfer theorem one would then expect any maximal
isotropic Fourier coefficient, not necessarily neutral, with
character in G(K)ϕ ∈ WS(η) to be Eulerian.
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(Of maximal rank)

For all these Eulerian coefficients the character has been in 

the largest possible orbit.

This means that if G(K)ϕ ∈ WS(η) then F
I

S,ϕ[η] satisfies
Ginzburg’s dimension formula which is a rule of thumb for when
one can expect certain global integrals to be Eulerian.
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Maximal rank

Indeed, we show, using different methods:

Let π be an irreducible admissible automorphic representation
in the discrete spectrum of GLn(A) and let (S,') be a
Whittaker pair with G(K)' ∈ WS(π).
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Then any maximal isotropic Fourier coefficient FI

S,ϕ is Eulerian
on π.
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Theorem [Gourevitch–HG–Kleinschmidt–Persson–Sahi]

We expect this to hold in wider generality



Towards a proof of the transfer theorem

• Quasi order on Whittaker pairs: "dominates"

• Use neutral pairs and conjugation of Whittaker pairs to relax 

this condition and glue everything together. 

• Relate maximal isotropic Fourier coefficients for Whittaker  

pairs where one is dominating the other Based on [GGKPS 18]



Dominates

Definition

Let (H,ϕ) and (S,ϕ) be two Whittaker pairs. We say that (H,ϕ)

dominates (S,ϕ) if H and S commute and gϕ ∩ gH≥1 ⊆ gS−H

≥0 .
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Then FS,ϕ is naturally and linearly determined by FH,ϕ and
dim(uH,ϕ) 6 dim(uS,ϕ).
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[GGKPS 18]

neutral coefficients Whittaker coefficients. . .
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dominatessharper coarser

Levi-distinguished coefficients⊂
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Lemma [Gomez–Gourevitch–Sahi 17, GGKPS 18]

Let (S,ϕ) be a Whittaker pair. Then there exists a neutral pair
(h,ϕ) which dominates (S,ϕ).
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(quasi order)

(example on next slide)



Dominates

Then (H,ϕ) dominates (S,ϕ) and
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FS,ϕ[η](g) =

Z

(K\A)3

FH,ϕ[η]
⇣

✓

1
1 x1 x2

1 x3

1

◆

g
⌘

d3x
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In the other direction we would, in general, need a sum of coefficients
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Example 0 6= ϕ 2 (g−α1
)∗
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However, if η is in a minimal representation then WF(η) consists of the trivial and
minimal orbits, and G(K)('+ '

0) ∈ WF(η) only for '0 = 0.
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Then, FS,ϕ+ϕ0 [η] 6⌘ 0 only for '0 = 0.
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For Eisenstein series we computed the Whittaker coefficient on the RHS using the
reduction formula to show that they are Eulerian for a minimal representation.
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[Ahlén–HG–Kleinschmidt–Liu–Persson 17]

FH,ϕ[η](g) = FS,ϕ[η](g) +
X

ϕ02(g�α2
�g�α3

)⇤

ϕ0 6=0

X

γ2Γ
ϕ0

FS,ϕ+ϕ0 [η](γg)
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Γϕ0 ⊂

⇢✓

1
1
⇤ ⇤

⇤ ⇤

◆�

∩ SL4(K)

<latexit sha1_base64="f7Avs01UBSZ+PMh11MYKt0T6KAw="></latexit>



Deformation of Whittaker pairs

We say that t is regular if gHt

>1 = g
Ht+ε

>1 for any small enough
ε ∈ Q and otherwise we call it critical.
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At a critical point t the integration domain UHt,ϕ may change.
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We want to relate FHt−ε,ϕ and FHt+ε,ϕ.
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As in the example it is easier to write the coarser FHt+ε,ϕ in
terms of the sharper FHt−ε,ϕ. In the other direction we may
need to sum over characters ϕ+ ϕ

0.
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Let (H,ϕ) dominate (S,ϕ). For non-negative t ∈ Q let
Ht := H + t(S −H).
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Deformation of Whittaker pairs

Operations relating the two during deformation:

• Compact (period) integration

• Root exchange (non-compact integration) Similar to lemma of 

[Ginzburg–Rallis–Soudry 11]

• Fourier expansion (character sum)

P
FHt,ϕ+ϕ0
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P
FHt,ϕ+ϕ0+ϕ00
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t
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FHt,ϕ
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Which preserve Eulerianity?

✓

Provided only one term survives, e.g. 

by constraining Whittaker support
✓

[GGKPS 18]



Relating maximal isotropic coefficients

Let i ⊂ gH>1 and i0 ⊂ gS>1 be maximal isotropic subspaces,
v := i/(i ∩ i0), v0 := i0/(i ∩ i0) and let I, I0, V and V

0 be the
corresponding subgroups of G
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Setup: G reductive algebraic group over K. η an automorphic form on G(A).
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Then

F
I

H,ϕ[η](g) =

Z

V(A)

F
I
0

S,ϕ[η](vg)dv
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F
I
0

S,ϕ[η](g) =

Z

V
0(A)

F
I

H,ϕ[η](vg)dv
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[GGKPS 18 and 20]

Note that the integrals preserve Eulerianity

Proposition (✴) [Gourevitch–HG–Kleinschmidt–Persson–Sahi]

Let (H,ϕ) and (S,ϕ) be Whittaker pairs such that (H,ϕ)

dominates (S,ϕ) and G(K)ϕ ∈ WS(η).
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Proof of transfer theorem

We start with two Whittaker pairs (S,ϕ) and (H,ψ) such that ψ ∈ G(K)ϕ ∈ WS(η) and
two corresponding maximal isotropic subspaces i and i0.
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There exists neutral pairs (s,ϕ) and (h,ψ) which dominate (S,ϕ) and (H,ψ)

respectively.
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By the theory of sl2-triples there exists γ ∈ G(K) such that
�

Ad(γ)h,Ad⇤(γ)ψ
�

= (s,ϕ).
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[Bourbaki, Groupes et algèbres de Lie, ch 7–8, §11]

Let r be any maximal isotropic subspace for (s,ϕ). Then r0 = Ad(γ−1)r is a maximal
isotropic subspace for (h,ψ).
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We can now relate the maximal isotropic Fourier coefficients by the following
Eulerianity-preserving transformations
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(✴)

= F
R

s,ϕ[η](γg) ←→ F
I

S,ϕ[η](γg)
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(✴)

F
I
0

H,ψ[η](g) ←→ F
R

0

h,ψ[η](g)
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⌅

<latexit sha1_base64="+eCk+0/AGF0eix3+m6C35MAhrHE="></latexit>



Levi-distinguished coefficients

In [GGKPS 18] we show that the minimal coefficients under the (transitive closure of) 

the domination quasi order are so-called Levi-distinguished coefficients. These 

include the class of Whittaker coefficients.

This is not true in general. There are, for other groups, (non-generic) cusp forms for 

which all Whittaker coefficients vanish.

For GLn all Levi-distinguished Fourier coefficients are Whittaker coefficients, and by a
generalization of the Piatetski-Shapiro–Shalika formula for non-cusp forms, we have
that an automorphic form is completely determined by its Whittaker coefficients.
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We prove that, for any reductive group, an automorphic form is completely 

determined by its Levi-distinguished coefficients, and these are the  

most coarse (in the meaning of the above quasi order) to do so.

Furthermore, we show that any Fourier coefficient FS,ϕ is completely determined by
Levi-distinguished coefficient with characters in orbits which are equal to or bigger
than G(K)ϕ.
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Piatetski-Shapiro–Shalika for E8

[GGKPS 19]

ηmin(g) = FSα8
,0[ηmin](g)+

X

γ2Γ7

X

ϕ2g
⇥

�α8

Wϕ[ηmin](γg)+
X

ω2Ω8

X

ϕ2g
⇥

�α8

Wϕ[ηmin](ωγ8g)
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Minimal representations

ηntm(g) = FSα8
,0(g) +

X

γ2Γ7

X

ϕ2g
⇥

�α8

Wϕ(γg) +

6
X

j=1

X

γ02Γ7

X

ϕ2g
⇥

�α8

X

γ2Γj�1

X

ψ2g
⇥

�αj

Wϕ+ψ(γγ
0g)

+
1

2

X

γ̃2Λα8

X

ϕ2g
⇥

�α8

X

ψ2zg
⇥

�δ8

Z
Vg8

WAd⇤(g8)(ϕ+ψ)(vg8γ̃g)dv +
X

ω2Ω8

X

ϕ2g
⇥

�α8

Wϕ(ωγ8g)

+
X

ω2Ω8

X

γ̃2Mα8

X

ϕ2g
⇥

�α8

X

ψ2g
⇥

�δ8

Z
Vg8

WAd⇤(g8)(ϕ+ψ)(vg8γ̃ωγ8g)dv

+
6

X

j=1

X

ω2Ω8

X

ϕ2g
⇥

�α8

X

γ2Γ0

j�1

X

ψ2g
⇥

�αj

Wϕ+ψ(γωγ8g)
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Next-to-minimal representations



Hidden invariance

A Fourier coefficient FH,ϕ[η](g) is invariant under left-translations of its argument g by
an element in UH,ϕ(A) as can be seen by a change of integration variable.
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By the conjugation rule of Whittaker pairs we have seen before, we have that if
γ ∈ G(K) centralizes (H,ϕ) then FH,ϕ[η](g) is left-invariant under γ.
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These are both natural symmetries, but there is another, hidden symmetry when
G(K)ϕ ∈ WS(η).
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The proof follows by a combination of carefully chosen Whittaker pair deformations 

and the above natural symmetries.

Setup: G reductive algebraic group over K. η an automorphic form on G(A).
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Let (H,ϕ) be a Whittaker pair with G(K)ϕ ∈ WS(η).
Then any unipotent element of the centralizer of the pair (H,ϕ) in G(A) acts trivially
on the Fourier coefficient FH,ϕ[η] using the left regular action.
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Theorem (Hidden invariance) [Gourevitch–HG–Kleinschmidt–Persson–Sahi]



Summary

• Transfer theorem for Eulerianity of Fourier coefficients of 

automorphic forms

• Applications for:

unitary minimal representations of Dn and E7

<latexit sha1_base64="IxfmYQbU19G8t6PGL/qd2qXLH5U="></latexit>

◦  

next-to-minimal⇤ representations of Bn and Dn with
G(K)ϕ ∈ WS(π) corresponding to O(31...1)
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◦  

Eisenstein series for simply laced groups
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◦  

• Proof by deformation and conjugation of Whittaker pairs



Thank you!

https://hgustafsson.se

Slides will be made available at

http://hgustafsson.se



