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4-graviton amplitude in 10 dimensions:
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4-graviton amplitude in 10 dimensions:
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4-graviton amplitude in 10 dimensions:

o I TA=s) P11 =1 —u) . d*T PR gt
A:(gs stuI'(1+ s)I'(1 + 6)I'(1 + u) = /( Bils:t,u ))R

T_ L\\ Modular invariant

function
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[Green-Schwarz, Green-Schwarz-Brink, Gross-Witten]
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Ahlén, Bao, Basu, Bossard, Cederwall, Fleig, Green, Gubay, Gutperle, HG, Kazhdan, Kiritsis, Kleinschmidt,
Lambert, Miller, Nilsson, Obers, Persson, Pioline, Russo, Sethi, Vanhove, Verschinin, Waldron, West, ...
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Moduli space

10 dimensions:

r=x+ig. ' e H={2€C|Imz>0}=SL(2,R)/SO(2,R)

No similar structure for lower dimensions
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An automorphic form is a smooth function ¢: G(R) — C
satisfying the following conditions

(A) Automorphic invariance: ¢(vg) = ¢(g), v € G(Z),g € G(R)
(B) K-finiteness: dim(span{p(gk) | k € K}) < 00
(C) Z-finiteness: dim(span{Xy(g) | X € Z(gc)}) < 00

(D) Growth: for any norm ||| on G(R) there exists a positive
integer n and constant C' such that |¢(g)| < C||g||"

Z(gc) is the center of the universal enveloping algebra U(gc)
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Automorphic forms

An automorphic form is a smooth function ¢ : G(R) — C
satisfying the following conditions

(A) Automorphicinvariance: « U-duality

(B) K-finiteness: « spherical
(C) Z-finiteness: (2]
(D) Growth: v weak coupling limit from

string perturbation theory
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10 dimensions at order (o)

£3) = f12(7').).\.16 + f11(T)GA)\14 + ...+ fo(T)R4 4+ ...+ f_12(7').).\:k.16

0, W
7

Linearized SUSY:  fu11(7) = i(TQ P > )fw(T)

[Green-Sethi]
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/d%Fgc ~ S5 =804 (0383 4 (a/)58®) 4 ...
SO = (54 (a)36®) + (o260 + .. ) v

At order (a)? fuw(7) is contained in S

50 gB3) L 53 g0) —

01, 02] A" = Jlocal symmetriesA” + (equations of motion)

— (A =2)&(1)=0

[Green-Sethi]
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(zero-mode) (remaining modes)
os(m) = d°
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Sums over the number of ways the
charge m can be factorised into two
Integers

N\

wrapping number and charge
of a T-dual D-particle

[Green-Gutperle]
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Study different perturbative

Choice of unipotent subgroup U <«—
P Erotp and non-perturbative effects

® String perturbation limit e — 0 ?
D-instantons | NS5-instantons 0O 0—6—0—0-€
® Decompactification limit Large radius for
Higher dimensional black holes | BPS states compactified circle

® M-theory limit

M2, M5-instantons

Large M-theory torus o—o i —0—0—0

Maximal parabolic

[Green-Miller-Vanhove]
subgroups

Difficult to compute!

Recent result in [Bossard-Pioline]
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Fourler expansion

Goal: find expressions for Fourier coefficients
in terms of (known) Whittaker coefficients

Would allow us to compute non-perturbative effects that

capture information about instantons and black holes
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spare much unnecessary thought and many useless calculations.

— Robert P. Langlands*

*Representation theory - its rise and its role in number theory, Proceedings of the Gibbs symposium (1989)
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Adelic framework

An efficient, but abstract, way to approach the subject of
automorphic forms is by the introduction of adeles,

rather ungainly objects that nevertheless, once familiar,

spare much unnecessary thought and many useless calculations.

— Robert P. Langlands*

Compute

Adelic Eisenstein series » Adelic Fourier coefficient
I Lift l Restrict
Fisenstein series Fourier coefficient

*Representation theory - its rise and its role in number theory, Proceedings of the Gibbs symposium (1989)



The adeles



The adeles

Product of Cauchy completions of @

A=rx [] @

p prime



The adeles

Product of Cauchy completions of @

A=rx [] @

T p prime
R = @oo



The adeles

Product of Cauchy completions of @

A=rx [] @

T p prime

R = @oo
Euclidean norm



The adeles

Product of Cauchy completions of @

A=rx [] @
T p prime T
R = Qx p-adic numbers
Euclidean norm



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm

Automorphic form : G(Z)\G(R)/K — C



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm

[FGKP15 84.2.2]



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm

Q is discrete in A taking the role of Z in R

Much easier to work with since it is a field!

[FGKP15 84.2.2]



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm

Q is discrete in A taking the role of Z in R

Much easier to work with since it is a field!

[FGKP15 84.2.2]

Charges / Fourier modes

My, € 2



The adeles

Product of Cauchy completions of @

A =R x H/ Qp
T p prime T
R = Qx p-adic numbers
Euclidean norm p-adic norm

Q is discrete in A taking the role of Z in R
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Computing adelic Fourier coefficients

[FGKP15 89-10]

Wi Whittaker coefficients
R Q,
Factorisation / (complicated) — / (easier) - H / (easier)

p prime

Casselman-Shalika formula p-adic part

[GKP14] + ...
Iy Fourier coefficients

c L

Write in terms of Whittaker coefficients
Simplify drastically for certain Eisenstein series, or X



Example of simplifications

G = SL(3) E(x:9) X «— (s1,89) € C?

[FGKP15 810.6]
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Example of simplifications

Certain (s1,s2)

W (X5 ¥mimas 9) < (et ) /K# — 0

W (X ¥ma,0i9) o Kp(oo) + Kyp() + Kyp(.) — Kyl
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Example of simplifications

Certain (s1,s2)

WN (X, Wm, my; g) o (3rithmetic) / Ky (. — 0

Wi (0 ¥y 039) o Kgp(c-) + Ko ) + K() — Ku(..)

To explain this, we need to study
small automorphic representations

[FGKP15 810.6]
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Automorphic representations

G(A) G Space of automorphic forms®

an irreducible component of the

Automorphic representation ™ =~ space under this action

What is a small automorphic representation?

* With some subtleties described in [FGKP15 86]
[Bump, Goldfeld-Hundley]
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Small automorphic representations have
few non-vanishing Fourier coefficients
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Wavefront set

The wavefront set is described by nilpotent orbits
O={gXg '|geGC)} X € ¢ nilpotent

Characters ¢ «—— Nilpotent elements in g(Q)

Closure with respect to
r partial ordering

WF(m) =| JO;

L So called admissible orbits

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]
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For SL(n), orbits can be identified
with partitions of n

r decreasing order

(p1,p2, . ) < (QIa q2, . - ) partial ordering
<

S pi <SS a4 VK

llustrated by a Hasse diagram




Nilpotent orbits o

For SL(n), orbits can be identified SL(6)
with partitions of n O (6)
O (51)
r decreasing order »
(p1,p2, . ) < (QIa q2, . - ) partial ordering
— (411) (33)
271;1 pi < Zle qg; Vk (321)
(3111) (222)
llustrated by a Hasse diagram
(2211) Orntm

O (21111) Ormin

O (111111) Oy




Nilpotent orbits o

For SL(n), orbits can be identified SL(6)
with partitions of n O (6)
O (51)
r decreasing order »
(p1,p2, . ) < (QIa q2, . - ) partial ordering
— (411) (33)
271;1 pi < Zle qg; Vk (321)
(3111) (222)
llustrated by a Hasse diagram
(2211) Orntm
Closure: O = U O O (2U11) Oy

O'=0 O (111111) Oy
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Automorphic representations

D=3

® Decompactification limit Large radius for

Higher dimensional black holes | BPS states compactified circle H%H_Q_O Eig
7
g(()D) gé(LD)
Tmin TTntm T3 A, TA,
dim{yy € WF} 08 A5 55 56 [Miller-Sahi]
D=4
BPS-orbits V2 BPS Va BPS s BPS 78 BPST
Er G{yu}

[Ferrara-Gunaydin, Ferrara-Maldacena, Green-Miller-Vanhove]



Goal: find expressions for Fourier coefficients
in terms of (known) Whittaker coefficients
using vanishing properties of the given m



Previous results

[Miller-Sahi]



Previous results

Theorem

For G = Eg, E7, an automorphic form ¢ € mmin
s completely determined by maximally degenerate
Whittaker coefficients

Wx  with only one mg # 0

[Miller-Sahi]
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Mainresults sze).sz0

O = Zg@o where ¢o vanishes unless O C WF ()

@,
Corollary
© € Tmin single root
© € Tntm at most two commuting roots

[GKP14]
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Fourier coefficients on maximal parabolic subgroups in the
minimal representation

o—@—@ @e—0—@ @—@—oO TTmin

Theorem

Fu (Xmin, ¥; 9) = W (Xmin, ¥';lg)  with | € L(Q) depending on 1)

r Known Whittaker coefficient

L Maximal parabolic L Maximally degenerate
Fourier coefficient

[GKP14]
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SL(n)
Fu(Xmin, ¥; 9) = W (Xmin, ' lg) with [ € L(Q) depending on )

L Maximal parabolic L Maximally degenerate
Fourier coefficient

[Work in progress with Ahlén, Liu, Kleinschmidt, Persson]



Other groups

SL(n)
Fu(Xmin, ¥; 9) = W (Xmin, ' lg) with [ € L(Q) depending on )

L Maximal parabolic L Maximally degenerate
Fourier coefficient

and similar statement for next-to-minimal representation

[Work in progress with Ahlén, Liu, Kleinschmidt, Persson]
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L Maximal parabolic L Maximally degenerate
Fourier coefficient
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Would allow us to compute non-perturbative effects that

capture information about instantons and black holes

[GKP14]
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Outlook

® Other compactifications leading to automorphic forms on
other groups. (more conjectural)

® Simplification of Fourier coefficients with Xmin fOr

dimensions lower than three. Kac-Moody groups Eg, E10, E11
[Fleig-Kleinschmidt, Fleig-Kleinschmidt-Persson]

How to define “small automorphic representations” for
Kac-Moody groups? What is the mechanism behind the
vanishing properties?

® &DPR* requires extended notion of automorphic forms,
the development of which will positively bring new exciting
insights to both physics and mathematics.
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