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๏ What happens for small automorphic representations?
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E(0,0)(⌧) ⇠ 2⇣(3)⌧3/22
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SUSY

as a sum over images          but not of a character
X

B(Q)\G(Z)
�E6(⌧)

[Green-Miller-Vanhove]
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Extracting physical information

wrapping number chargeand
of a T-dual D-particle

[Green-Gutperle]

Sums over the number of ways the 
charge m can be factorised into two 
integers

arithmetic information 
p-adic part

�s(m) =
X

d |m
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Perturbative
(zero-mode)

Non-perturbative
(remaining modes)

E0(⌧) = 2⇣(3)g�3/2
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9 SL(2,R)⇥ R+ SO(2) SL(2,Z)⇥ Z2

8 SL(3,R)⇥ SL(2,R) SO(3)⇥ SO(2) SL(3,Z)⇥ SL(2,Z)
7 SL(5,R) SO(5) SL(5,Z)
6 Spin(5, 5;R)

�
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Lower dimensions

D G(R) K G(Z)
10 SL(2,R) SO(2) SL(2,Z)
9 SL(2,R)⇥ R+ SO(2) SL(2,Z)⇥ Z2

8 SL(3,R)⇥ SL(2,R) SO(3)⇥ SO(2) SL(3,Z)⇥ SL(2,Z)
7 SL(5,R) SO(5) SL(5,Z)
6 Spin(5, 5;R)

�
Spin(5)⇥ Spin(5)

�
/Z2 Spin(5, 5;Z)

5 E6(R) USp(8)/Z2 E6(Z)
4 E7(R) SU(8)/Z2 E7(Z)
3 E8(R) Spin(16)/Z2 E8(Z)

E(�; g) =
X

�2B(Z)\G(Z)
�(�g)
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↵2�(p)

g↵ �(p) = �+ [ h⌃i

⌃ choice of simple roots h⌃i generated root system

Cartan subalgebra
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g↵ = {g 2 g | [h, g] = ↵(h)g 8h 2 h}

Fourier expand 
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Unipotent subgroup U

Choice of parabolic subgroup P
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E(�, ug) (u) du

chargesm↵ 2 Z

�(1)(u) = �(u)\�([u, u])Multiplicative:

u =

Y

↵2�(u)
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Fourier expansion

 (u1u2) =  (u1) (u2)FU (�, ;ug) =  (u)FU (�, ; g)

E(�; g) = FU (�, 1; g) +
X

 (1) 6=1

FU(1)(�, (1); g) +
X

 (2) 6=1

FU(2)(�, (2); g) + . . .

U (1) = U U (n+1) = [U (n), U (n)]
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Terminology

P = B U = N Fourier coefficient is a Whittaker coefficient

FU WN

WN (�, ; g) = WN (�, ;nak) =  (n)WN (�, ; a)

Iwasawa decomposition

Characters and coefficients with all               are called generic 
otherwise they are called degenerate

m↵ 6= 0
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Fourier expansion
Choice of unipotent subgroup U

Study different perturbative 
and non-perturbative effects

Difficult to compute!

[Green-Miller-Vanhove] Maximal parabolic 
subgroups

๏ Decompactification limit 
Higher dimensional black holes | BPS states

Large radius for 
compactified circle

๏ String perturbation limit 
D-instantons | NS5-instantons

gs ! 0

๏ M-theory limit 
M2, M5-instantons

Large M-theory torus
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Adelic framework

Eisenstein series

Adelic Eisenstein series Adelic Fourier coefficient

Fourier coefficient
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Whittaker coefficients
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[GKP14]

Fourier coefficients

In terms of Whittaker coefficients 
Simplify drastically for certain �

Constant term: Langlands’ constant term formula

Generic coefficient: Factorises over the primes. Casselman-Shalika formula

Degenerate coefficient: Reduction to generic coefficient on smaller group
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[Bump, Goldfeld-Hundley]

What is a small automorphic representation?
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Goal: find expressions for Fourier coefficients 
in terms of (known) Whittaker coefficients 
using vanishing properties of the given ⇡
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Other groups

[GKP14]

Maximal parabolic 
Fourier coefficient

with                      depending onl 2 L(Q)  FU (�min, ; g) = WN (�min, 
0; lg)

Maximally degenerate

A similar relations holds for all simple, simply laced Lie groups

[Proof in progress with Gourevitch, Kleinschmidt, Persson, Sahi]

Conjecture
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 U,p multiplicity one
[Gan-Savin]

[Dvorsky-Sahi, Kazhdan-Polishchuk, Kazhdan-Pioline, Savin-Woodbury]

f�
 U,p

2 Ind
G(Qp)
U(Qp)

 U,p computed in several cases p  1

IndGU  =
�
f : G ! C | f(ug) =  (u)f(g), u 2 U

 



Local spherical vectors



Local spherical vectors
IndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]

f�
 U,1 = m�3/2K3/2(m)

[Dvorsky-Sahi]



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]

f�
 U,1 = m�3/2K3/2(m)

[Dvorsky-Sahi]

 0m



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]

f�
 U,1 = m�3/2K3/2(m)

[Dvorsky-Sahi]

W 0(�min, 1) =
2

⇠(4)

 
Y

p<1

1� p3 |m|�3
p

1� p3

! 
|m|�3/2 K3/2(m)

!

 0m



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]

f�
 U,1 = m�3/2K3/2(m)

[Dvorsky-Sahi]

W 0(�min, 1) =
2

⇠(4)

 
Y

p<1

1� p3 |m|�3
p

1� p3

! 
|m|�3/2 K3/2(m)

!

 0m



Local spherical vectors
FactorisesIndG(A)

U(A) U 3 ?
FU (�min, U ; g) = WN (�min, 

0; lg)

E7For example:        with      fromU

f�
 U,p

=
1� p3 |m|�3

p

1� p3

[Savin-Woodbury]

f�
 U,1 = m�3/2K3/2(m)

[Dvorsky-Sahi]

W 0(�min, 1) =
2

⇠(4)

 
Y

p<1

1� p3 |m|�3
p

1� p3

! 
|m|�3/2 K3/2(m)

!

 0m



Local spherical vectors

Complete agreement for                   in both abelian and 
Heisenberg realisations.

E6, E7, E8

FactorisesIndG(A)
U(A) U 3 ?

FU (�min, U ; g) = WN (�min, 
0; lg)



Local spherical vectors

Complete agreement for                   in both abelian and 
Heisenberg realisations.

E6, E7, E8

FactorisesIndG(A)
U(A) U 3 ?

FU (�min, U ; g) = WN (�min, 
0; lg)

The Fourier coefficients capture information about 
BPS-states and black holes.
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Tools for proving the conjecture

ad(S) QEigenvalues of            in

, that is, [S, f ] = �2ff 2 gS�2

Let CentralizeruS = gS>1 � gS1 \ gf

Killing form

[Gomez-Gourevitch-Sahi]Whittaker pair(S, f) 2 g⇥ g

F
(S,f)(�; g) =
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E(�;ug) f (u) du  f (u) = e2⇡ihf, log(u)i
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Ff

If           is part of an         -triple  ( Jacobson-Morozov triple)SL2(h, f)

F(h,f)

[Gomez-Gourevitch-Sahi]Theorem

6= 0 =) O ✓ WF(⇡)

F(S,f) 6= 0 =) FO 6= 0 ⇡in

Used in [GKP14]
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Methods for relating different Whittaker pairs

(h, ) (S = h+ Z, )
h+ tZ

uh+tZChanges in critical values ti
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Kac-Moody groups? What is the mechanism behind the 
vanishing properties?
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�min
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               requires extended notion of automorphic forms,  
the development of which will positively bring new exciting 
insights to both physics and mathematics.

E6D6R4



Thank you!

Henrik Gustafsson

!  hgustafsson.se


