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What Fourier coefficients are we interested in and why?
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What happens for small automorphic representations?

What's next?
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10 dimensions:

r=x+ig. ' e H={2€C|Imz>0}=SL(2,R)/SO(2,R)

T— string coupling constant

(axion)

En(T) = €, (9)
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An automorphic form is a smooth function ¢ : G(R) — C
satisfying the following conditions

(A) Automorphicinvariance: « U-duality

(B) K-finiteness: « spherical
(C) Z-finiteness: (2]
(D) Growth: v weak coupling limit from

string perturbation theory
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Extracting physical information

m=~0 T
Perturbative Non-perturbative
(zero-mode) (remaining modes)
os(m) = d°

d|lm

arithmetic information Sums over the number.of W.ays the
charge m can be factorised into two

p—adic part Integers

N\

wrapping number and charge
of a T-dual D-particle

[Green-Gutperle]
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D G(R) K G(2)
10 SL(2,R) SO(2) SL(2,7)

9 SL(2,R) x R* SO(2) SL(2,7) x Zs

8 SL(3,R) x SL(2,R) SO(3) x SO(2) SL(3,7) x SL(2,7)
7 SL(5,R) SO(5) SL(5,7)

6 Spin(5, 5; R) (Spin(5) x Spin(5))/Zs Spin(5, 5;7)

4 Er(R) SU(8)/Zs L7 (Z)

E(x;9) =Y _ x(79)

YEB(Z)\G(Z)
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Fourier expand
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T

Choice of parabolic subgroup P

>, choice of simple roots <Z> generated root system

go =19 €9 [hgl=alh)g Vhebh}

T— Cartan subalgebra
p=bo P . Alp) = Ay U ()

aEA(p) 1
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Let ¢ : U(Z)\U(R) — U(1) be a multiplicative character

U = Hexp(uaEa) — exp(2me Zmaua) me, € 4 charges
a€A(u) ae AD (1)

Multiplicative: AW (1) = Au)\A([u, u])

Fu(x, v 9) = /E(xjug)w(u) du

U(Z)\U(R)
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E(x:g) = Fu(x,1i9) + ) _ Foor(06v19) + ) Fuo (6v®ig) + ...
P £ 2 #£1

Fu(x, ¥5ug) = ¥(u) Fu(x, ¥; g) Y(urug) = P(u)(us)
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Terminology

P=DB — U =N Fourier coefficient is a Whittaker coefficient
Iy Wi

W (x,v;9) = Wn(x, ¥;nak) = p(n)Wn(x, ¥; a)

T— lwasawa decomposition

Characters and coefficients with all m, # 0 are called generic
otherwise they are called degenerate
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Choice of unipotent subgroup U <«—

Study different perturbative

and non-perturbative effects

® String perturbation limit e — 0

D-instantons | NS5-instantons

@ DeCOmpaCtiﬂcatiOn limit Large radius for

Higher dimensional black holes | BPS states compactified circle

® M-theory limit

M2, M5-instantons

Large M-theory torus

[Green-Miller-Vanhove]
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Fourler expansion

Study different perturbative

Choice of unipotent subgroup U <«—
P Srotip and non-perturbative effects

@ String perturbation limit G 0 .

D-instantons | NS5-instantons —@—@
® Decompactification limit Large radius for ¢

Higher dimensional black holes | BPS states compactified circle —©—0
® M-theory limit DR

M2, M5-instantons Aree Oy torus ©—©—i—©—©—©—©

[Green-Miller-Vanhove] Maximal parabolic
subgroups

Difficult to compute!
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Adelic framework

An efficient, but abstract, way to approach the subject of
automorphic forms is by the introduction of adeles,

rather ungainly objects that nevertheless, once familiar,

spare much unnecessary thought and many useless calculations.

— Robert P. Langlands*

Compute

Adelic Eisenstein series » Adelic Fourier coefficient
I Lift l Restrict
Fisenstein series Fourier coefficient

*Representation theory - its rise and its role in number theory, Proceedings of the Gibbs symposium (1989)
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The adeles

For a prime p

Fuclidean norm

— - o
> p-adic numbers !plfl s 'pfr\pi =p; M

p-adic norm Qp 7,

The adeles are then defined as

/
A=Ag=RX H Q, r = (Too;T2,T3,T5,...) €A

p prime

Q— A Q is discrete in A taking the role of Z in R
q+— (q; q,q, .. ) Much easier to work with since it is a field!
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Lift to the adeles [FGKP15 §4.2.2]

GA)=GR) x [] G@,) Ki=Kx][G(z,)

p prime p prime
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Fisenstein series » Adelic Eisenstein series
> xr(v9) > xalv9)
YEB(Z)\G(Z) veB(Q)\G(Q)
Fourier coefficients » Adelic Fourier coefficients
[ B ug)aa) du [ B ug)inw) du
U(Z)\U (R) UQ)\U(A)

me, € 7 My € Q
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Computing adelic Fourier coefficients

[FGKP15 89-10]

Whittaker coefficients

Constant term: Langlands’' constant term formula

Generic coefficient: Factorises over the primes. Casselman-Shalika formula

Degenerate coefficient: Reduction to generic coefficient on smaller group

[GKP14]

Fourier coefficients

In terms of Whittaker coefficients
Simplify drastically for certain X
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G = SL(3) E(x:9) X «— (51,82) € C*

1 % % 1 1 * (1 1+ 1o Te mi m
Vo {(1)) (1) memmnime 2
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[FGKP15 810.6]
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Certain (s1,s2)

W (X5 ¥mimas 9) < (et ) /K# — 0

W (X ¥ma,0i9) o Kp(oo) + Kyp() + Kyp(.) — Kyl

[FGKP15 810.6]
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Automorphic representations

G(A) G Space of automorphic forms®

an irreducible component of the

Automorphic representation ™ =~ space under this action

What is a small automorphic representation?

* With some subtleties described in [FGKP15 86]
[Bump, Goldfeld-Hundley]
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few non-vanishing Fourier coefficients

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Wavefront set

Characters v «—— Nilpotent elements in g(Q)

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Wavefront set

Characters v «—— Nilpotent elements in g(Q)

Nilpotent orbit O ={gXg ' |ge€ G(C)} X € g nilpotent

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Wavefront set

Characters v «—— Nilpotent elements in g(Q)

Nilpotent orbit O ={gXg ' |ge€ G(C)} X € g nilpotent

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Wavefront set

Characters v «—— Nilpotent elements in g(Q)

Nilpotent orbit O ={gXg ' |ge€ G(C)} X € g nilpotent

WF(m) =| JO;

L So called special orbits

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Wavefront set

Characters v «—— Nilpotent elements in g(Q)

Nilpotent orbit O ={gXg ' |ge€ G(C)} X € g nilpotent

Closure with respect to
r partial ordering

WF(m) =| JO;

L So called special orbits

[Mceglin-Waldspurger, Matumoto, Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi]



Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n




Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n

(P1,p2a 3 )




Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n

r decreasing order
(p1,p2,-- )




Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n

r decreasing order
(pl,pg, .. ) < (ql, qo, . . ) partial ordering




Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n

r decreasing order

(pl,pg, .. ) < (ql, qo, . . ) partial ordering
<

Z?ﬂ Pi S Zfﬂ ¢ Yk




Nilpotent orbits o

For SL(n), orbits can be identified
with partitions of n

r decreasing order

(p1,p2, . ) < (QIa q2, . - ) partial ordering
<

S pi <SS a4 VK

llustrated by a Hasse diagram




Nilpotent orbits o

For SL(n), orbits can be identified SL(6)
with partitions of n O (6)
O (51)
r decreasing order »
(p1,p2, . ) < (QIa q2, . - ) partial ordering
— (411) (33)
271;1 pi < Zle qg; Vk (321)
(3111) (222)
llustrated by a Hasse diagram
(2211) Orntm

O (21111) Ormin

O (111111) Oy




Nilpotent orbits o

For SL(n), orbits can be identified SL(6)
with partitions of n O (6)
O (51)
r decreasing order »
(p1,p2, . ) < (QIa q2, . - ) partial ordering
— (411) (33)
271;1 pi < Zle qg; Vk (321)
(3111) (222)
llustrated by a Hasse diagram
(2211) Orntm
Closure: O = U O O (2U11) Oy

O'=0 O (111111) Oy




Automorphic representations

Small representations



Automorphic representations

Small representations

WF(T‘-min) — Omin — Omin U OO

WF(ﬂ-ntm) — Ontm — Ontm U Omin U OO



Automorphic representations

Small representations

WF(T‘-min) — Omin — Omin U OO

WF(T‘-ntm) — Ontm — Ontm U Omin U OO

[Green-Miller-Vanhove,

END) € T £ er
0 Irin 4 ntm Pioline, Bossard-Verschinin]



Automorphic representations

Small representations

WF(T‘-min) — Omin — Omin U OO

WF(T‘-ntm) — Ontm — Ontm U Omin U OO

[Green-Miller-Vanhove,

END) € T £ er
0 Irin 4 ntm Pioline, Bossard-Verschinin]

Xmin such that E(Xmina g) S TTmin



Automorphic representations

Small representations

WF(T‘-min) — Omin — Omin U OO

WF(ﬂ-ntm) — Ontm — Ontm U Omin U OO

[Green-Miller-Vanhove,

END) € T £ er
0 Irin 4 ntm Pioline, Bossard-Verschinin]

Certain (s1,82) <+—> Xmin such that E(Xmin,g) € Tmin



Automorphic representations

Small representations

WF(T‘-min) — Omin — Omin U OO

WF(ﬂ-ntm) — Ontm — Ontm U Omin U OO

[Green-Miller-Vanhove,

END) € T £ er
0 Irin 4 ntm Pioline, Bossard-Verschinin]

Certain (s1,82) <+—> Xmin such that E(Xmin,g) € Tmin



Goal: find expressions for Fourier coefficients
in terms of (known) Whittaker coefficients
using vanishing properties of the given m
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Other groups
SL(n)

Fu (Xmin, ¥; 9) = Wn (Xmin, ¥';lg)  with | € L(Q) depending on 1)

L Maximal parabolic L Maximally degenerate
Fourier coefficient

and similar statement for next-to-minimal representation

[Work in progress with Ahlén, Liu, Kleinschmidt, Persson]



Other groups

Conjecture

A similar relations holds for all simple, simply laced Lie groups

Fu (Xmin, ¥; 9) = Wn (Xmin, ¥';lg)  with | € L(Q) depending on 1)

L Maximal parabolic L Maximally degenerate
Fourier coefficient

[GKP14]

[Proof in progress with Gourevitch, Kleinschmidt, Persson, Sahi]
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Checks for Eg, Er, Ex

G(Qp) G(Qp) e
Tmin,p C I0dpg"  Xmin,p = Indy o7 %, multiplicity one
[Gan-Savin]

Indg v = {f:G — C| f(ug) =¥(u)f(g),uc U}

o G .
Jow ., € Iﬂdygging,p computed in several cases p < oo

[Dvorsky-Sahi, Kazhdan-Polishchuk, Kazhdan-Pioline, Savin-Woodbury]
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Local spherical vectors

?
IndG 80 3 Fur (Xmins Y05 9) = Wi (Xmin, 93 lg) +— Factorises
(A)

Complete agreement for Eg, E'7, Es in both abelian and
Heisenberg realisations.

The Fourier coefficients capture information about
BPS-states and black holes.
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Tools for proving the conjecture

(S, f) cgxg Whittaker pair [Gomez-Gourevitch-Sahi]

Figenvalues of ad(S) in Q

feg®,, thatis, [S, f] = —2f

Killing form
Let ug = gil N g‘lg (gr <« Centralizer l
Fis.pn(xig) = /E(X;ug)wf(u) du () = 2Tt log(w)

Us(Q)\Us (A)

[Work in progress with Gourevitch, Kleinschmidt, Persson, Sahi]
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Outlook

Simplification of Fourier coefficients with Xmin fOr dimensions
lower than three. Kac-Moody groups Eo, E1o, E11

[Fleig-Kleinschmidt, Fleig-Kleinschmidt-Persson]

How to define “small automorphic representations” for
Kac-Mooady groups? What is the mechanism behind the
vanishing properties?

Ee¢DP R* requires extended notion of automorphic forms,
the development of which will positively bring new exciting
insights to both physics and mathematics.
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