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What happens for small automorphic representations ?

WhatOs next?
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String theory = dynamics of the embedding maps
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We will focus world-sheet space-time

on Type |IB

Consistency requires:  10-dimensional M
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A

T— string coupling constant

(axion)

E.(1) = B (9)
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Similarly for lower dimensions
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(
SUSY ~

\_/ Y

Bo() =2"(3)E(/ 21)
E (1) = "(O)E(/2;1)

Es(!) as asumoverimages  but not of a character :
B (Q)\G(2)

|Green-Miller-Vanhove]
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Extracting physical information

Expand Bessel function in ys I =" +igs*

L T (axion)

Interaction strength
=
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Extracting physical information

Bo(1) =2"(3)g ¥ 2+4" (g 2+2#  [m[$) o(m)e #IMe:2HmT 14 0(gy)
m =0 T
Perturbative Non-perturbative
(zero-mode) (remaining modes)
ls(m)= o
d|m

Sums over the number of ways the
charge m can be factorised into two
Integers

N\

wrapping number and charge
of a T-dual D-patrticle

[Green-Gutperle]
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L ower dimensions

D G(R) K G (2)

10 SL(2,R) SO(2) SL(2,2)

9 SL(2,R)! R SO(2) SL(2,Z2)! Z,

8 SL@B,R)! SL(2,R) SOR)! SO(2) SL(3,2)! SL(2,2)
7 SL(5R) | SO(5) SL(5,2)

6 Spin(5, 5;R) Spin(5) ! Spin(5) /Z, Spin(5, 5;2)

5 Es(R) USp(8)/ Z, Es(2)

4 E-(R) SU(8)/ Z, E-(2)

3 Es(R) Spin(16)/ Z- Es(2)




L ower dimensions

11 B(2)\G(2)

D G(R) K G (2)

10 SL(2,R) SO(2) SL(2,2)

9 SL(2,R)! R SO(2) SL(2,Z2)! Z,

8 SL@B,R)! SL(2,R) SOR)! SO(2) SL(3,2)! SL(2,2)

7 SL(5R) | SO(5) SL(5,2)

6 Spin(5, 5;R) Spin(5) ! Spin(5) /Z, Spin(5, 5;2)

5 Es(R) USp(8)/ Z, Es(2)

4 E-(R) SU(8)/ Z, E-(2)

3 Es(R) Spin(16)/ Z- Es(2)
E(!;0) = (" 0)
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Fourier expand

ST : . «— Unipotent subgroup U
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T
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Parabolic subgroups

Fourier expand

ST : . «— Unipotent subgroup U
in dilerent directions P group

T

Choice of parabolic subgroup P

| choice of simple roots I1'" generated root system

g =1{g9! g|[h,gl="!(h)g "h! h}

A

Cartan subalgebra

p=h! g L (p)=" . 1""¢

11 (p) 1

Positive roots
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p=h! 0 L (p)="! , 1" "¢
11 (p)

Levi decomposition

p=11 u l=h! g u=
A 111 (u)

NOERIY(ERE"
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Parabolic subgroups

Corresponding group P

()

O

Minimal parabolic
Borel

\J

B = NA

!
1

O

perr
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Fourier expansion

S

N

Let ! :U(Z)\U(R)! U(1) be a multiplicative charactel

u= exp(ur B, ) " exp(2! | m U ) m; ! Z charges
NN NN

Multiplicative: ! @ () =1 (W\! ([u, u])

Fo(',";9) = E(,ug)" (u)du
U(Z)\U(R)
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Fourier expansion

E(';0)= Fu(l,5,9)+  Fuo (1,"959)0+  Fuo (1,"@59)+ ...

1 (D g1 1 (2 g1

Fu(',";ug)= "(uFuy(,";0 L (uguz) = 1 (ug)! (uz)



Fourier expansion

E(';0)= Fu(l,5,9)+  Fuo (1,"959)0+  Fuo (1,"@59)+ ...

1 (D g1 1 (2 g1

Fu(',";ug)= "(uFuy(,";0 L (uguz) = 1 (ug)! (uz)

ud =y yn+l) - [U(n),U(n)]
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Terminology

P=B — U=N Fourier coe"cient is a Whittaker coe"cient
FU WN

Characters and coe'"cients with all m, £ Oare called generic
otherwise they are called degenerate
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Fourier expansion

Choice of unipotent subgroup U <+«—

String perturbation limit !

D-instantons | NS5-instantons

Decompactification limit !

Higher dimensional black holes | BPS states

M-theory limit !

M2, M5-instantons

Study di"erent perturbative
and non-perturbative e"ects

g! O

Large radius for
compactiled circle

Large M-theory torus

|Green-Miller-Vanhove]

®
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Fourier expansion

Choice of unipotent subgroup U <+«—

String perturbation limit !

D-instantons | NS5-instantons

Decompactification limit !

Higher dimensional black holes | BPS states

M-theory limit !

M2, M5-instantons

Study di"erent perturbative
and non-perturbative e"ects

-0 —@—@
gS . O—@©—@—©@©—@
Large radius for I
compactiled circle —0—0—@©—0—00
Large M-theory torus o6 | o
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Fourier expansion

Choice of unipotent subgroup U <+«—

String perturbation limit !

D-instantons | NS5-instantons

Decompactification limit !

Higher dimensional black holes | BPS states

Study di"erent perturbative
and non-perturbative e"ects

0 —@—@
gS . O—@—©@)—©@)—@
Large radius for I
compactiled circle —0—0—@©—0—00

M-theory limit !
' Large M-theory t
M2, M5-instantons e Ty Torus @—@—i—@—@—@_@
[Green-Miller-Vanhove] Maximal parabolic
subgroups

Di"cult to compute!
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N Robert P. Langlands *
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Adelic framework

An efficient, but abstract, way to approach the subject of
automorphic forms is by the introduction of adeles

rather ungainly objects that nevertheless, once familiar,!

spare much unnecessary thought and many useless calculations

N Robert P. Langlands *

. . . . Compute . . .
Adelic Eisenstein series > Adelic Fourier coe"cient
I Lift l Restrict
Eisenstein series Fourier coe''client

*Representation theory - its rise and its role in number theory, Proceedings of the Gibbs symposium (1989)



The adeles

For a prime p

Q



The adeles

For a prime p

Euclidean norm

Q — - R




The adeles

For a prime p

Euclidean norm

> R
Q { > p-adic numbers

p-adic norm Qp




The adeles

For a prime p

Euclidean norm

> R
Q { > p-adic numbers

p-adic norm Qp

R



The adeles

For a prime p

Euclidean norm

» R R=Q
Q { : K1 4 4 3Kr — n ki
> p-adic numbers it 44| o = P

p-adic norm Qp




The adeles

For a prime p

Euclidean norm

» R R=Q
Q { : K1 4 4 3Kr — n ki
> p-adic numbers it 44| o = P

p-adic norm Qp

The adeles are then de#ned as

A=Ag=R!  Q X = (X ;X2,X3,X5,...) ! A

P prime



The adeles

For a prime p

Euclidean norm

{ " R R=Q
? > p-adic numbers Pt a4 o = D ki

p-adic norm Qp

The adeles are then de#ned as

A=Ag=R!  Q X = (X ;X2,X3,X5,...) ! A

P prime

QI A Q is discrete in A taking the role of Z in R
o "l (q; g,qd,.. ) Much easier to work with since it i1s a leld!
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Adelic framework

E(9), EX(9), B’ (9 :GEZN\GR)K ! C

Lift to the adeles [FGKP15 04.2.2]
G(A)= G(R)!  G(Q) Ka=K!  G(Zp)
P prime P prime

E(9), EY(9), E’(g) :GQ\G(A)K Al C
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| r(" Q) 'a("9)
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Adelic framework

Eisensteln series

' r("0)

11 B(2)\G(2)

>

Fourier coe''clents

E(!;ug)” r(u)du
U(Z)\ U(R)

m | Z

>

Adelic Eisensteln series

L a(" )
11 B(Q\G(Q)

Adelic Fourier coe"cients

E(!;ug)” a(u) du
U(Q\U(A)

m ! Q
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Computing adelic Fourier coefficients

[FGKP15 ©9-10]

Whittaker coe"cients

Constant term: LanglandsO constant term formula

Generic coe#cient: Factorises over the primes. Casselman-Shalika formula

Degenerate coe#cient. Reduction to generic coe#cient on smaller group

Maximally degenerate Factorisation

[GKP14]

Fourier coe'cients

In terms of Whittaker coe#cients
Simplify drastically for certain X
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G = SL(3) E(x:g) ' «— (S1,S9) ! C°

i (1x Lxa o a2li(maxi+ maxy) M1 e
()} e g

[FGKP15 ©10.6]



Example of simplifications
G = SL(3) E(x;9) ' «— (s1,89) ! C°
V() (g g g
Wi (1" mems @) (2mete ) Ky () Ky ()
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Example of simplifications

G = SL(3) E(x;g) '« (S1,89) ! C°

- 1 * % 1 xq ! _ 21i(m +m mi1 M™mo
(G TG TS TS

r p-adic part

W (' o ml,mz;g) | (ari%Q(r;j[gEiC K # ()K# ()

T— Vanishes for certain (S1,S2)

[FGKP15 ©10.6]
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Example of simplifications

Certain (S1,S2)

WN(!’"ml,mz;g)! (ari}:g(rp[g;ic K#()K#() — ()

W (1" mi0:0) ! K (o) + Ke () + Ku (L)
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Example of simplifications

Certain (S1,S2)

WN(!’"ml,mz;g)! (ari}:g(rp[g;ic K#()K#() — ()

Wh (1" mi0:0) ! Ke(L)+ Ke(CL)+ Ku(o) — Kul..)

[FGKP15 ©10.6]
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Automorphic representations

G(A) G Space of automorphic forms*

an irreducible component of the

. . .
Automorphic representation ! above space under this action

What is a small automorphic representation?

* With some subtleties described in [FGKP15 ©6]
[Bump, Goldfeld-Hundley]
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Wavefront set

The (global) wavefront set contains all the characters ! which can
give rise to non-vanishing Fourier coe"cients In that representation

LY WR(") =" Fu@#,!';9)0=0 for E(';9)! "

Small automorphic representations have
few non-vanishing Fourier coe"cients
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Wavefront set

Characters ! <«—— Nilpotent elements in g(Q)

Nilpotent orhbit O={gXg '|g! G(C)} X! g nipotent

Closure with respect to

L
So called special orbits

[MIglinDWaldspurger, Matumoto , Ginzburg-Rallis-Soudry, Ginzburg,
Gomez-Gourevitch-Sahi, Jiang-Liu-Savin, Joseph, Miller-Sahi|
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Nilpotent orbits s

For SL(n) , orbits can be identi#ed SL(6)
with partitions of 11 O 6
O (51)
decreasing order
42
(P1,P2,...) ! (h,,...) partial ordering 2
r (411) (33)
:(:1 pi ! | :(:1 g "k (321)
(3111) (222)

lllustrated by a Hasse diagram
(2211) Onim

Closure: O= O O (21111) Oy
Ot O O (111111 O
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Automorphic representations

Small representations
WF(! min) = Omin = Omin ! Op

WF(!nitm ) = Ontm = Ontm ! Omin ! Op

E(()D) T EA(LD) | |Green-Miller-Vanhove,
©oomin o nm Pioline, Bossard-Verschinin |
Certain (S1,s2) <«— ! min suchthat E(! min,9) ! "min
KK — 0

K — K



Goal: #nd expressions for Fourier coe'cients
In terms of (known) Whittaker coe"cients
using vanishing properties of the given =
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Theorem

For G = Eg, E7 , an automorphic form ! ! " min
IS completely determined by maximally degenerate
Whittaker coe"cients

Wn  withonlyone m; £0

[Miller-Sahi]
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0 where ! o vanishes unlessO ! WF(!)

O
Corollary
D min single root
Y " ntm at most two commuting roots

strongly orthogonal

[GKP14]
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Fu(' min," ui9) = Wn (! min,

E (! miniUg) o(W du=
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Other groups
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Other groups
SL(n)
Fu('min,";9) = WN (" min," 519)  with 1! L(Q) depending on !

L Maximal parabolic L Maximally degenerate
Fourier coe#cient

and similar statement for next-to-minimal representation

[Work in progress with AhlZn, Liu, Kleinschmidt, Persson ]



Other groups

Conjecture

A similar relations holds for all simple Lie groups

Fu(! min," ;9= WN (" min," 519)  with 1! L(Q) depending on !

L Maximal parabolic L Maximally degenerate
Fourier coe#cient

[GKP14]

[Proof in progress with Gourevitch , Kleinschmidt, Persson, Sahi]
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ocal spherical vectors

Checks for Eg, E7, Eg

! minp ! |ndS§8p;" min p # |ndﬁggg)$u,p multiplicity one
[Gan-Savin]
Indg! = f:G! C|f(ug)="! (uf(g),u" U
fy o |nd5§8p) up computed in several cases p!"

[Dvorsky-Sahi, Kazhdan-Polishchuk, Kazhdan-Pioline, Savin-Woodbury]
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ocal spherical vectors

ndya)t u ! U min,"ui9) = WN( min," ;1g) «<— Factorises

m «— 1

For example: E; with U from e z @—@—O

1! p*|ml|,°
f'lup - 1! p3p 1:'IU' = m 3/2K3/2(m)
[Savin-Woodbury] [Dvorsky-Sahi]
2 " 1 p3|m|;)3” 3/ 2
Wi (! min, 1) = 7= |m| K 3/2(m)

"(4)
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ocal spherical vectors

ndya)t u ! U min,"ui9) = WN( min," ;1g) «<— Factorises

Complete agreement for Eg, E7, Eg in both abelian and
Heisenberg realisations.

The Fourier coe'cients capture information about
BPS-states and black holes.
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Whittaker pairs

Tools for proving the conjecture
(S,f) ' g" @ \Whittaker pair [Gomez-Gourevitch-Sahi]

L

Semi-simple S, f]=1 2f

Describes the integration domain and
character for a Fourier coe"cient

Methods for relating dilerent Whittaker pairs

(S,1) - (S, 1)

[Work in progress with Gourevitch , Kleinschmidt, Persson, Sahi]
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vanishing properties?
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Simpli#cation of Fourier coe"cients with ! minfor dimensions
lower than three. Kac-Moody groups Eg, E10, E11

[Fleig-Kleinschmidt, Fleig-Kleinschmidt-Persson]

How to de#ne Osmall automorphic representationsO for!
Kac-Moody groups? What is the mechanism behind the
vanishing properties?

EsD°R* requires extended notion of automorphic forms,
the development of which will positively bring new exciting
Insights to both physics and mathematics .
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