A vertex model for
[wahori Whittaker functions

Member, School of Mathematics

Henrik Gustafsson Institute for Advanced Study

Solvable Lattice Models Seminar — Stanford University
February 17, 2021

https://hgustafsson.se

Rutgers University | University of Gothenburg and Chalmers | Swedish Research Council


http://hgustafsson.se

Papers

Joint work with Ben Brubaker, Valentin Buciumas and Daniel Bump

Colored five-vertex models and Demazure atoms

Journal of Combinatorial Theory, Series A 178 (Feb, 2021)
arxXiv:1902.01795

Colored vertex models and Ilwahori Whittaker functions
arXiv:1906.04140

Metaplectic lwahori Whittaker functions and supersymmetric lattice models
arXiv:2012.15778


https://doi.org/10.1016/j.jcta.2020.105354

Papers

Joint work with Ben Brubaker, Valentin Buciumas and Daniel Bump

Colored five-vertex models and Demazure atoms

Journal of Combinatorial Theory, Series A 178 (Feb, 2021)
arxXiv:1902.01795

Colored vertex models and Iwahori Whittaker functions

arXiv:1906.04140

Metaplectic lwahori Whittaker functions and supersymmetric lattice models
arXiv:2012.15778


https://doi.org/10.1016/j.jcta.2020.105354

Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))

Dw(Z; g)



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))

Principal series determined by
z=(21,...,2) € (C)"

Dw(Z; g)



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))

Principal series determined by
z=(21,...,2) € (C)"

lwahori fixed vector indexed by



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))

Principal series determined by
z=(21,...,2) € (C)"

lwahori fixed vector indexed by

Determined by values at
g=g9, € GL.(F), 1 € Zgo



Outline

lwahori Whittaker functions of unramified principal series
on GL,.(F)

T— non-archimedean local field

Solvable vertex model represented by colored lines and
associated with the quantum group U,(gl(r|1))

Principal series determined by " GLT(Z?—' .
Z:(Zl,...,ZT)E(CX)T / QQCILIL)QQ?\
l\wahori fixed vector indexed by O & O
U)EW:ST ¢w(zag):Z @— <9 -O

O > O
Determined by values at \ ééééé )
9= u - GLT(F), H - Z;O Iwahori fixed vector
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Features

Described by colored lines moving right- and downwards on a
grid from the top boundary to the right boundary.

cpL < - < Cp
Palette of r colors: B < G < R (ordered)

horizeatatly
Differently colored lines may overlap when moving vertically
fermionic bosonic
G B
B—e R—e
o— R »— R

Vertical edges described
by subsets of palette subsets with multiplicities

See above papers and See for example
[Aggarwal-Borodin—\Wheeler arXiv:2101.01605] [Borodin—Wheeler arXiv:1808.01860]
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Features

color block
fermionic —
B G R
® °
fusion ©
<
®
Vertical edges described Binary representation
by subsets of palette
Each column can only
carry a specific color
Quantum group connection Easier to describe

Horizontal edges can carry any single (or no) color in both descriptions
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Lattice model setup

Cl < < C?“
Palette of r colors: B < G < R

Grid with » rows and sufficiently many columns Row parameter z; € C*

Number color blocks from right to left

<1 <1 <1 <1

@ L L @ @ @ L L @ @ @ L
<9 <9

@ @ @ @ @ @ @ @ @ @ @ @
<3 <3

@ L L @ @ @ L L @ @ @ L
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Vertical edges: ¢ ¢

Horizontal edges:

Boundary data:

Cl < .« o

<
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= (p1,. -, pr) € Z5
weW=25,

Left and bottom boundary: ®
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. T Left and bottom boundary: ®
Vertical edges: ¢ ¢

| g < - < G Top boundary:
Horizontal edges: -©- B -© O at block p; with color ¢, 1_;

Boundary data: # = (p1,-- -, pr) € Z5
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Vertical edges: ¢ ¢

cp < ---
-~ -®- -O-

Horizontal edges:

< ¢

Left and bottom boundary: ®

Top boundary:

’’’’’

Boundary data: ©= (t1,---, pr) € Z5
welW =5,
0 : . )
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. T Left and bottom boundary: ®
Vertical edges: ¢ ¢

g < - < Top boundary: P = (¢, .

..,Cl)
Horizontal edges: -©- B -G

© at block u; with color ¢, 11_; = (P);

Boundary data: p = (p1,.-., ) € Z5,

Right boundary:
weW=25,

row ¢ with color Cr4l—w=1(i) — (’UJP)z
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Inner edges from six possible vertex configurations: (parameter v € C)

aj as b1 by - %
P ¢ | Q ? © | 9
OO | @@ | OO @@ | O-T-O| BT
® o | o & o | &
v Ife>d .
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A BeP({B,G,R})
c,d € {B,G,R,+}

/ \

L@

Fusion

color block
B G R
©® ©@ @

O1+-0O+0O+0

e o o |
Example r = 2 c>d c<d
@ @ © | © @
Oz 00,0200 0L0202 020
©@ © | O @
(1 —v)z if ¢ > d, left: 1 left: (1 —wv)z;
(—v)(1 —v)z; ifc<d. right: (1 —v)z; right: —v

Figure 8 in arXiv:1906.04140



Fusion

Fused Boltzmann weights:  (r colors)

> 3 >
+ | + C | C + c
) Dy -
(—v)/Poa zivl et (—0)Be-nlyPesi.
> )y >
C | + C | d d | c
X Xl S
(1 — v)z;(—v) Bl | (1 — v)z;(—0v)Berta-11lplZarn 0

Figure 12 in arXiv:1906.04140

d. € P({Cl, .. .,CT})



Fusion

Fused Boltzmann weights:  (r colors)

> by >
» » > YP=YU{a}ifagX
<_ru)|2[1,r]| Zi/ulz[c—}-l,rﬂ (_/U)|E[1,c—1]|v|2[c+1,r]| Z_ = X \ {CI,} if a c 2
> > > Yo =YU{a}\{b}ifaeX bg X
C | - C | d d | c Eab]—{CEE‘a <b}
5d Sia Sde
(1 _ U)ZZ.(_U)IE[CH,T]I (1 _ rU)ZZ.(_rU)|Z[c~|—1,d—1]|U|Z[d+l,r]| 0

Figure 12 in arXiv:1906.04140
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Fusion

The fused lattice model has an ordinary Yang—Baxter equation
with R-matrix mdependent of column which comes from a
Drinfeld twist of U, (gl(r[1)). R —Ro
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Recursion relations
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Recursion relations

( © | [ 9 \ TPPYT
BN ﬂé} » @Jk S0 7, () ::%5
& o) |ope o 56583

Train argument l— sum over internal states
TPPYT PP 1 PPF TPPYT
.
S @ -© —©

13888 53 530 PSP
1 1

Insert admissible R-vertices and compare

The odd and even parts of the U, (gl(r|1)) only mix in the middle steps



f ®.
e otoe
@@?
o

Train argument

05
I

)

09990
13888

Recursion relations

[

@
ZJ@—T

S0 Zuwla)
z@-@é}@ o+

)

/

99999

;
°88

T 58358

99999

B®» + 2O

T 58358

TPPPY

|
P97

OO

OOOOO

3
o'




Recursion relations

%) (6% o PPPQQ
z @\ /G}é) =7 J@_qk)_& o 2 w(2) ::%
@ oio] [opd o 55564

Train argument
TYPPT 2997 P2997
Zp0(2) ;:jg ﬂi& ;

TEELEs T 65358 T 58358



Recursion relations

( © ) [ @ \ TPPYT
z @\ /G}é) =7 J@_qk)_& o 2 w(2) ::%
@ ojo) [repe o 55558

Train argument
TYPPT TPP7T TPPYT
58] 1m0 [0 = 1] 20 [ 801 + 10 e

TEELEs T 65358 T 58358



Recursion relations

( © ) [ @ \ TPPYT
BN ﬁ}q@ » J@éﬂ S0 7, () ::%
@ ojo) [repe o 55558

Train argument
TYPPT TPP7T TPPYT
4 Zyw(2) Z: = ng Zyw(812) Z: + ngZu,slw(Sﬂ)Z:

TEELEs T 65358 T 58358



(

@ oo
@@?
o

)

Train argument

TYPPT

Zyw(2)

YTy

éN

Recursion relations
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o 09999

J@éﬂ f= Z, 0(z) = %

ol d o 55558
PPQ9Q PPQ9Q

zj% Zpw($12) Z + zjgzumw(slz)z
55568 55568

Solving for Z,, s, gives a recursion relation in w.
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Recursion relations
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ps T el ) i e(siw) < 6(w)

1

Demazure operators

v/ T U U — 1 Sif(z) — f(SiZ) Z>\ — H’L Z,LAZ 7 — Zi/Zi_|_1

L — . . | lals | — ey 2
T 1—Z04'L'SZ | —— T; (. polynomialsin z = (z1,...,2,)
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Recursion relations
{Tizu,w(z) if £(s;w) > £(w)
Ly siwl(2) 1=

Demazure operators

T ' Z, w(z) ifl(s;w) < f(w)

1

Za’i — U — 1 Sif(z) — f(S’iZ) ZA — H’L Z,LAZ 7 — Zi/Zi_|_1
1; = Ty S; " T, . polynomialsinz = (2, ..., )

(finite geometric series)
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Z,LhSz"w(Z) = {

Tz’ Z,u,w (Z)

T 'Z, (2)

T, =

Base case

Recursion relations
if £(s;w) > (w)
if £(s;w) < £(w)

Demazure operators

Sz'f(Z) = f(SZZ) Z>\ = Hz ZZ)\Z 7Y = ZZ'/Zz'_|_1
T; & polynomialsinz = (zq,..., 2
(finite geometric series)



Recursion relations

A o Ti Zy,w(2) Te(siw) > L(w)
wysiw(Z) 1= T[lZu,w(Z) if £(s;w) < £(w)

Demazure operators

7% — v—1 sif(z) = f(siz) 2> =[[; 2 2% =z/z
T, = S; T, C. polynomialsinz = (z,..., Z)
1 — 7z 1l —z« » | |
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Recursion relations
{Tizu,w(z) if £(s;w) > £(w)
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Demazure operators

T ' Z, w(z) ifl(s;w) < f(w)

1

Sz'f(Z) = f(SZ'Z) Z>\ = Hz ZZ)\Z A ZZ'/Zz'_|_1
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Recursion relations

/4 ) LiZyw (z) Te(siw) > H(w)
ps T el ) i e(siw) < 6(w)

1

Demazure operators

Sz'f(Z) = f(SZZ) Z>\ = Hz ZZ)\Z A ZZ'/Zz'_|_1

Z% — v v—1 -
T, = 7 —S; 1 — T, . polynomialsinz = (2, ..., )
— 2 (finite geometric series)
/] w —»
Base case w' =w DO OOAO0OOOO®O W
Block number (w’u); with color (w'P); eegege‘ge@e@e@e@ ‘30@0@0@ l
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Positions and colors left-to-right A ;;;;;;;;; ole
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Recursion relations

1:2)0(2)
ZMaSi’w(Z) — {le (Z)
1 MW

Base case w' = w

Block number (w’p); with color (w'P);
Positions and colors left-to-right

7w (2) = ')zt unique state

if £(s;w) > (w)
if £(s;w) < £(w)

Demazure operators

sif(z) = f(siz) 2 =][, 2 2%
T; o polynomialsinz = (z1,...,2,)
(finite geometric series)

w —



Recursion relations
{Tizu,w(z) if £(s;w) > £(w)
Ly siwl(2) 1=

Demazure operators

T ' Z, w(z) ifl(s;w) < f(w)

1

Sz'f(Z) = f(SZZ) Z>\ = Hz ZZ)\Z A ZZ'/Zz'_|_1

7Yt — v—1 -
T, = Ty S; " T, . polynomialsinz = (z1,...,2)
(finite geometric series)
;) w —>
Base case w' =w DODODODODDO®C

Block number (w'); with color (w'P); ©OTOTE
Posit] d col left-to-right exe
ositions and colors left-to-rig o o

&

7w (2) = ')zt unique state

Corollary: [arXiv:1906.04140]

_ o l(w €L e1,w’
Zlu,w,(z) — ( )le .. .Til 7 12



Recursion relations
T: 7, w(z) ifl(s;w) > L(w)

w,s;w\4) - — 1 | Demazure operators
T, Zyw(z) ifl(s;w) < l(w)
ATy v — 1 sif(z) = f(siz) z" = ZZZ)\ z = 2/ %11
1; = Ty S; " T; . polynomialsinz = (z1,...,2,)
(finite geometric series)
/
Base case w' = w g

Block number (w'p); with color (w'P); ©TOTOTOTO1E
Positi d col left-to-right ’ exexexexe
ositions and colors left-to-rig NN NN P

7w (2) = 0"zt unique state @ ©
Corollary: [arXiv:1906.04140]

/ / w — spw — =8, s w = w
Z,an/(z) — Ue(w )Tiek o Tielzwu _ 5 1 ascent . "
g ! Ci = { 1 descent Al Step m



Representation theory



Setup

Details in [arXiv:1906.04140]



Setup

F' non-archimedean local field, o ring of integers

Details in [arXiv:1906.04140]



Setup

@p ZP
F' non-archimedean local field, o ring of integers

Details in [arXiv:1906.04140]



Setup

Qp ZP
F' non-archimedean local field, o ring of integers
pLy, p

p maximal ideal with uniformizer @ € p

Details in [arXiv:1906.04140]



Setup

@p ZP
F' non-archimedean local field, o ring of integers
pLy, p

p maximal ideal with uniformizer @ € p

—1

reciprocal of the residue field cardinality 5 = |o/p\_1

Details in [arXiv:1906.04140]



Setup

@p ZP
F' non-archimedean local field, o ring of integers
pLy, p

p maximal ideal with uniformizer @ € p

—1

reciprocal of the residue field cardinality 5 = |o/p\_1

While the following representation-theory-results hold for any split reductive group
G, we will restrict to G = GL,. for which we can compare with the lattice model just

described.

Details in [arXiv:1906.04140]



Setup

@p ZP
F' non-archimedean local field, o ring of integers
pLy, p

p maximal ideal with uniformizer @ € p

—1

reciprocal of the residue field cardinality 5 = |o/p\_1

While the following representation-theory-results hold for any split reductive group
G, we will restrict to G = GL,. for which we can compare with the lattice model just

described.

Let G = GL,, G = G(F). Standard maximal split torus T.

Details in [arXiv:1906.04140]
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T(F)/T(o) representatives: w” = | AeEZ
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Principal series representation

Character 1, of T(F) trivial on T(o) parametrized by z € (C*)"
A1l
w w>\2
T(F)/T(o) representatives: w? = _ AeZ"
N

7. (@*T(0)) = z* =[], 2. Inflated to Borel subgroup B = B(F).
Upper triangular 1

Principal series representation I(z) = Ind%(6'/27,)
Modular quasicharacter J
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Basis of Iwahori fixed vectors

lwahori subgroup J C G(o) of lower triangular matrices mod p

0 = 2y
p:pzp

Basis of lwahori fixed vectors in I(z) {®Z%(g9) }wew=s,

QO QQ
QO QOvT
CQUTYT
OCTCTTT

Bruhat decomposition + Iwahori factorization: G = | | BwJ
weWw

6121,(b) ifw =w

| be Bw eW keld
0 otherwise

PZ (bw'k) = {
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Basis of Iwahori fixed vectors

Spherical vector right-invariant under K = G(o)

¢z =) @7

weW

T— Maximal compact

Vectors invariant under parahoric subgroup Z Dy

weWp
Parabolic (block-triangular) mod p

(i:88) (i838) (R

lwahori C parahoric C spherical

QO QoQ
QO Qo
oo TT
QT YT
QO QO
QQQQ
QQ QO
QQQQQ
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Character y : FF — C* trivial on o but no larger fractional ideal.
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Whittaker functions

N_ =N_(F)
B_ opposite Borel (lower triangular), unipotent radical N_

Character y : FF — C* trivial on o but no larger fractional ideal.

Fix character ¢ : N_ — C* such that ¥(n) = X(Z ni+1,i)

<
P
VRN
¥ ¥ QK
% V=
o
—t
N
N~
|
=
-
4+
-y
4+
>

Whittaker functional €, : I(z %Ind (Y)

f%/f )" tdn
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Whittaker functions

N_=N_(F)
B_ opposite Borel (lower triangular), unipotent radical N_

Character y : FF — C* trivial on o but no larger fractional ideal.

Fix character ¢ : N_ — C* such that ¢(n) = X(Z 77/7;—|—1,z’)

1 1=1
w((i})ll>)zx(a+b+c)
Whittaker functional €, : I(z %Ind (Y)
fl—)/f )" tdn
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lwahori Whittaker function ¢, (z; ¢) = 6/2(g),-1 (W(g)cbz_l)



Whittaker functions

N_=N_(F)
B_ opposite Borel (lower triangular), unipotent radical N_

Character y : FF — C* trivial on o but no larger fractional ideal.

Fix character ¢ : N_ — C* such that ¢(n) = X(Z 77/7;—|—1,z’)

1 1=1
o((2h,)) =xtarora
Whittaker functional Q, : I(z) — Ind (Y)
f— / f(n 1dn
Normallzanon—l I Right-translation

lwahori Whittaker function ¢, (z; ¢) = 6/2(g),-1 (W(g)cbz_l)



Base case
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Base case

dw(z; g) is determined by its values on g = w~*w’ with \ € ZZ,

and w' € W = S, such that [ positive roots

0 It (w’)_lai c AT <«— dominant weight
)\z )\H—l > o N1 B
—1 if (W) €A
/ . . wp=A+p .
w’-almost dominant weight A - - TASY/ASH

p=(r—1,...,1,0)

Bijection between data determining the values for lwahori
Whittaker functions and the boundary data for the lattice model.

Base case w' = w

Do (2; 0 w') = vt (W) g



Base case

dw(z; g) is determined by its values on g = w~*w’ with \ € ZZ,

and w' € W = S, such that [ positive roots

0 It (w’)_lai c AT <«— dominant weight
)\z >\z+1 > o N1 B
—1 if (W) €A
/ . . wp=A+p .
w’-almost dominant weight A - - TASY/ASH

p=(r—1,...,1,0)

Bijection between data determining the values for lwahori
Whittaker functions and the boundary data for the lattice model.

Base case w' = w

Qb (Z w Aw ) — vg(w/)zA Compare: Z,, v (z) = (W) gw'p — o f(w') A +p
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Recursion relations

Intertwining integral A% : I(z) — I(wz) A%®(g) :/ ®(w ™ ng) dn
NNwN_w—1
[Casselman-Shalika 80, ¢ ” ¢ [Casselman 80,
Brubaker—-Bump-Licata 15] 0 AZ Pz Brubaker—-Bump-Licata 15]
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| eads to recursion relations
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T 2P0y (z; g) if U(s;w) < £(w),
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Recursion relations

Intertwining integral A% : I(z) — I(wz) A%®(g) :/ ®(w ™ ng) dn
NNwN_w—1
[Casselman-Shalika 80, ¢ ” ¢ [Casselman 80,
Brubaker—-Bump-Licata 15] 0 AZ Pz Brubaker—-Bump-Licata 15]
Z S; w

| eads to recursion relations

T; zP ) (2; g) if £(s;w) > (w),
T ' 2°¢(z;g) if £(s;w) < £(w),

2’ 9,0 (2; 9) = {

Same Demazure operators as before

— v—1




Main theorem

|
[
PRV
O O
Zpgb’w(Z;gu) — Zu,w(z) = / O = -0
O O
OOOOO
g =@ w' Wi =X+ p

arXiv:1906.04140
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Special polynomials

TABLE 2. Relations between different Whittaker functions and associated special polynomials.

Whittaker function Special polynomial
Spherical Whittaker function Schur polynomial
> wew dw(z; @) = Jlaea+(1 —vz7%)s2(2)
Li’s Whittaker function Hall-Littlewood polynomial
Swew (—0) Moy (zsw™r) = 2 PPy ,(z,07h)
Iwahori Whittaker function Non-symmetric Macdonald polynomial
o (Z; w_)\) — (_U)£<w>z_pw0Ewow()\—l—p) (Z; 0, U)
Parahoric Whittaker function Macdonald polynomial with prescribed symmetry
v] (257 = 208\ (20,07l

References for each row is found in Table 1 in the same paper: arXiv:1906.04140
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Thank you!

Slides will be made available at

https://hgustafsson.se
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