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Why study Fourier coefficients of  

modular/automorphic forms?

• Contain arithmetic information: 

- The number of integer solutions to  

is given by the -th Fourier coefficient of a modular form [Jacobi 1829] 

- Counting rational points of elliptic curves by Fourier coefficient of cusp forms 

(modularity theorem) [Wiles, Taylor, Diamond, Conrad, Breuil 95–01] 

- Dimensions of representations of finite sporadic groups in a phenomenon 

called Moonshine [Conway–Norton 79, Borcherds 92] 

• Langlands program: 

- Galois representations  automorphic representations with equality of 

L-functions which are related to Fourier coefficients of automorphic forms. 

• Physics: 

- Count the number of quantum states of instantons and black holes.
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Modular forms

Function f : H → C on the upper half plane
<latexit sha1_base64="2Hr1ZFC0a25584KjrdY2b2m3+n0="></latexit>

• Polynomial growth

H = {z 2 C : Im z > 0}
<latexit sha1_base64="JByKzy6eL3CzfFEImnU4ztEVM3s="></latexit>

Satisfying:

f(γ(z)) = (cz+d)kf(z) for all γ 2 SL2(Z) for some weight k 2 N
<latexit sha1_base64="pmPq6o8FzWFkMP8ly9X8GGnXkLA="></latexit>

•  
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<latexit sha1_base64="g9i5AMLYWGS0Gp1OZJIdTUVtca0="></latexit>

Typical example: holomorphic Eisenstein series

• Holomorphic
<latexit sha1_base64="iZtMmrlkHIRfXAzWRwdl+R+z1QA="></latexit>
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<latexit sha1_base64="cFwWm1bQISm9BWwWqDpZ7bRvv88="></latexit>



From modular forms to automorphic forms

Modular forms Automorphic forms

SL2
<latexit sha1_base64="jR2rzHGH5hIXRa72TOTtg/03GJ8="></latexit>

G
<latexit sha1_base64="lRdmV9GrY8s7xfA+skg3tk3Z9BY="></latexit>

GLn

<latexit sha1_base64="naFz6836eHV7AplneEX96nZ5sEA="></latexit>

SLn

<latexit sha1_base64="zVXlNT8FHy2K1y4NBGHtA3HWXmA="></latexit>

E6

<latexit sha1_base64="L7CLIMakGVeIYt2AEcZ3KfvFUD0="></latexit>

E7

<latexit sha1_base64="Og+yh30TnvVZw/3OPEKBIyKT4Lw="></latexit>

E8

<latexit sha1_base64="609HCk/u5HfG/sMQQFeMtxPV+24="></latexit>

SOn,n
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g(i) = x+ iy
<latexit sha1_base64="rSpAxABzjQ73v7O32npKLQlgWts="></latexit>
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<latexit sha1_base64="0t6cUK0F3LNqcrdOma0gCwt5TtA="></latexit>

<latexit sha1_base64="oR/U0PIB4au9AHSLObRxbx/V490="></latexit>

SL2(R)/SO2(R)
<latexit sha1_base64="YRzWN7/tmi80HCTQfgdwJrdxfO4="></latexit>

G(R)/KR

maximal compact subgroup

H = {z 2 C : Im z > 0}
<latexit sha1_base64="JByKzy6eL3CzfFEImnU4ztEVM3s="></latexit>

⇠= SL2(R)/SO2(R)
<latexit sha1_base64="Uqolzo/wFoaps0gZx383e7bivDE="></latexit>

z = g(i) ←→ gSO2(R)
<latexit sha1_base64="b1ecL9k9gP6ZnzVm56pE7e6oe6I="></latexit>

SO2(R) = Stab(i)

<latexit sha1_base64="yfeJ43fuCaCzJ/c0JDvLsK93MZo="></latexit>

<latexit sha1_base64="vmWBj6xo4Mi+j6L1StRNSAb9E8M="></latexit>

γ(z) = γg(i)

<latexit sha1_base64="hQRBNCfkupvifI7mp2xCfQiEpCo="></latexit>

ϕ(g)
<latexit sha1_base64="miThHGS9KyADogZWPnBLO7hvRCE="></latexit>

f(z)

<latexit sha1_base64="JkKT3f/WSiazAecrdQfHDtm97yw="></latexit>

More generally, a function ϕ : G(R) → C



From modular forms to automorphic forms

f(γ(z)) = (cz+d)kf(z) for all γ 2 SL2(Z) for some weight
<latexit sha1_base64="pmPq6o8FzWFkMP8ly9X8GGnXkLA="></latexit>

Modular transformation factor with a weight is difficult to generalize

Instead we will require automorphic invariance
<latexit sha1_base64="9QBrIiPvmFT9e2G6g7YCjB9Moog="></latexit>

ϕ(γg) = ϕ(g) for all γ 2 G(Z)

<latexit sha1_base64="j9qxptGxJRJhydNvkOBaou0zTfo="></latexit>

This is not such a big restriction as it seems if we work with G(R) instead of G(R)/KR.

<latexit sha1_base64="4jvhhcUXXKUL+7t8cGxJPckJWYY="></latexit>

ϕ(γg) = ϕ(g)
<latexit sha1_base64="2saESxE8DVPKlvJaZDHkAgFq280="></latexit>

γ 2 SL2(Z)Then

<latexit sha1_base64="sXOE/eMhwykGFpAQLxa8KqqMyjc="></latexit>

Modular form f : SL2(R)/SO2(R) → C can be lifted to SL2(Z)-invariant
function ϕ : SL2(R) → C that transforms under SO2(R)

<latexit sha1_base64="DMGPKg2a7kYlCVI/T0WVXBL48w0="></latexit>

ϕ(g) := (ci+ d)−kf(g(i))
<latexit sha1_base64="DsI9/Kq7i5s7d4fAA4Rfaj1jR/o="></latexit>
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Automorphic forms

Automorphic invariant: ϕ(γg) = ϕ(g) for all γ 2 G(Z).
<latexit sha1_base64="yWLbNuSWZKCHVVWe3li0iNyG9AE="></latexit>

•  

• Polynomial growth

Smooth function ϕ : G(R) → C satisfying:
<latexit sha1_base64="SIzQi1eFJk9fE3c34HswEezBRK4="></latexit>

•  Annihilated by polynomials in G-invariant differential operators.
<latexit sha1_base64="kTWk3DIPjWCv1Ov6eZZXIljgkgQ="></latexit>

(some)

<latexit sha1_base64="7L+gc36ENh9C0KaZ3F9RbH5YMqc="></latexit>

E.g. eigenfunction to Casimir operator or Laplacian. Compare ∂f = 0

K-finiteness: span{g 7! ϕ(gk) : k 2 K} is finite dimensional.
<latexit sha1_base64="0Xv7wmvu9Hq7WTJ4LURk/iMXYCA="></latexit>

•  

Maximal compact subgroup.
<latexit sha1_base64="HDq1DTyptT4eVo85ZKFrc1u6wlw="></latexit>

<latexit sha1_base64="9AkXzhaO/4UFW6aRLV4gw7eYS+0="></latexit>

Often right-invariant under K (called spherical)



SL2 Eisenstein series
Typical example of automorphic form on H = SL2(R)/ SO2(R)

<latexit sha1_base64="z3BB7rRBRxR4TVQ6mei6Ph4gsKc="></latexit>

Compare with the holomorphic Eisenstein series, a modular form of weight k
<latexit sha1_base64="dloaw5yyXJUr3630JJ1gf7HXLuc="></latexit>
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∂Gk = 0
<latexit sha1_base64="u2iVX+yPKm8fv0jgjZf58+N2qQA="></latexit>
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Es invariant under SL2(Z) while Gk transforms with weight k.
<latexit sha1_base64="fAv97rTrxlQxAHGxECc6RDwnfZw="></latexit>
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<latexit sha1_base64="muMhDCy+yhlmsXjmSjsmkmGQYdw="></latexit>

Manifestly SL2(Z)-invariant

Non-holomorphic Eisenstein series

s 2 C
<latexit sha1_base64="wpMuGJZYhu5Q7SQYh7ZLbCEZ108="></latexit>
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SL2 Eisenstein series
Typical example of automorphic form on H = SL2(R)/ SO2(R)

<latexit sha1_base64="z3BB7rRBRxR4TVQ6mei6Ph4gsKc="></latexit>
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Non-holomorphic Eisenstein series

s 2 C
<latexit sha1_base64="wpMuGJZYhu5Q7SQYh7ZLbCEZ108="></latexit>
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G = SLn:
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k 2 SO2(R)
<latexit sha1_base64="T0tX/zpzj+2yu2kpLpE5kqYY9Hk="></latexit>

z = x+ iy
<latexit sha1_base64="JVeRSbRH/V66jT2z3Kg7nTKml4s="></latexit>
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<latexit sha1_base64="EKIYIPWDsLCkt9TO7i1pyZDl/3w="></latexit>

G = SL2:
<latexit sha1_base64="0BtMrnWlLr8FemjEfbZwVL56370="></latexit>

Let χs(g) = Im
�

g(i)
�

s.
<latexit sha1_base64="SXT15SEZTfqL4jT0z20rc6b+Ppk="></latexit>

To be able to generalize to other groups:

<latexit sha1_base64="MCyaV3PC6JCi1ygFCVgdUQydGMo="></latexit>

Character on B

<latexit sha1_base64="muMhDCy+yhlmsXjmSjsmkmGQYdw="></latexit>

Manifestly SL2(Z)-invariant



Fourier coefficients (SL2)
<latexit sha1_base64="K0lhncfmmslzfMZLe3+N1erfld4="></latexit>

For γ = ( 1 1

0 1
) 2 SL2(Z) we have that γ(z) = z + 1.

<latexit sha1_base64="nafOMBGXQgrvETD3Zod3cuaPNoo="></latexit>

Periodic in x = Re(z)
<latexit sha1_base64="iRloif0Iw6X5asonSmjA8EGRT00="></latexit>

SL2(Z)-invariance =⇒ Es(z + 1) = Es(z)

<latexit sha1_base64="REOSi9n52T9CcnZJGi/RMHS8GJM="></latexit>

Es(x+ iy) =
X

m2Z

am(y)e2πimx

Fourier series

<latexit sha1_base64="8rzIwZd2GKxMsU6h+7ZIwW9ZYAA="></latexit>
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<latexit sha1_base64="Opqya0ouhLx4r/f64yG6jb5+onw="></latexit>Note: not requiring holomorphicity which
gives a series in q = e

2πiz



Fourier coefficients (SL2)
<latexit sha1_base64="K0lhncfmmslzfMZLe3+N1erfld4="></latexit>

For γ = ( 1 1

0 1
) 2 SL2(Z) we have that γ(z) = z + 1.

<latexit sha1_base64="nafOMBGXQgrvETD3Zod3cuaPNoo="></latexit>

Periodic in x = Re(z)
<latexit sha1_base64="iRloif0Iw6X5asonSmjA8EGRT00="></latexit>

SL2(Z)-invariance =⇒ Es(z + 1) = Es(z)

<latexit sha1_base64="REOSi9n52T9CcnZJGi/RMHS8GJM="></latexit>

Es(x+ iy) =
X

m2Z

am(y)e2πimx

Fourier series

<latexit sha1_base64="OD1OBej31uiq9Il2fj/BvQglvHs="></latexit>

Eigenequation ∆− s(s− 1))Es = 0 and growth condition imply
<latexit sha1_base64="Nns5O6PMDp6Am6gh/eu9+xnf2wQ="></latexit>

Es(x+ iy) = C0y
s + C 0
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Key arithmetic information we want to use in applications is hidden in the constants.
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Fourier coefficients (H3)

What does it mean to be periodic?

| {z }

<latexit sha1_base64="oa9z3Tj4bFhImMZeeFkxwZwVaQ8="></latexit>
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g 2 N(R)
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γ 2 N(Z)
<latexit sha1_base64="HLiUxA6Llq5xCv3otqwd1ydD0zk="></latexit>

Consider a function ϕ on the Heisenberg group
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<latexit sha1_base64="ZGVSEjNAM0BnlbxNm/J6ZcO00DI="></latexit>

How to Fourier expand it?



Fourier coefficients (H3)

Simply expanding ϕ in x, y and z using the Fourier modes
e
2πi(mx+ny+kz) does not work!

<latexit sha1_base64="MDDZfeNZfvTKuM1zF2G1FDyQoMY="></latexit>
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<latexit sha1_base64="9i85/1xcJkwt8jVT/YxJdoSHeww="></latexit>

Need to Fourier expand with respect to abelian unipotent subgroups. 

Can expand in steps along commutator subgroups, but easier to work backwards.



Fourier coefficients (H3)

Start with the (abelian) center: Z(R) =
n⇣
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periodic in x and y for k = 0



Fourier coefficients (H3)
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Group theory notation
Z

N(Z)\N(R)

ϕ(ug)ψm,n(u)
−1 du
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Character

ψ(uu0) = ψ(u)ψ(u0) ψ(u) = 1 for u 2 N(Z)
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Different unipotent subgroups:
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Parabolic subgroups

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

Levi Unipotent

<latexit sha1_base64="S77oZ6uZbI2490iSrheKnqqh0a8="></latexit>

For GLn and SLn a standard parabolic subgroup P can be
visualized by the following blocks.



Parabolic subgroups

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

Minimal parabolic (Borel) B
<latexit sha1_base64="4qHpzUvMYLwIIIW1o4XqICNIlE0="></latexit> Maximal U = N . Small L = torus.
<latexit sha1_base64="1G/UD8CWBk1CiYcHTW6hkb0kbLE="></latexit>

<latexit sha1_base64="36nQ76MNiDjgxRdHUYeg8hcluP0="></latexit>

A1

<latexit sha1_base64="2jXBSdelCxi+0aMJAe+wT/MSdxU="></latexit>

A3

<latexit sha1_base64="BMkmNuhlB0uFEo5dDQEcETwPOxQ="></latexit>

Smaller U . Larger L.

<latexit sha1_base64="KFvxdrkMOjDPLfOiXHHiVU9tyE8="></latexit>

Other parabolic P

Computation for Eisenstein series reviewed in 
[Fleig–HG–Kleinschmidt–Persson 18]

Whittaker coefficients
Much is known

W
<latexit sha1_base64="NJHWaPcFPIEnZK9unlgL9wtOe/c="></latexit>

Fourier coefficients difficult 

to compute directly

F
<latexit sha1_base64="+MVqmfpjN+9XjraQ51d7pRoKDqU="></latexit>

Strategy:

When possible, write the latter (F) in terms of the former (W).
<latexit sha1_base64="TRgMSlc292qKD8MUS0sVD/8BA24="></latexit>

<latexit sha1_base64="sSt+uxJEYf94HeKWd+qdsy5Wt6E="></latexit>including the automorphic form ϕ iteself

http://www.cambridge.org/core_title/gb/502216


Parabolic subgroups

Minimal parabolic (Borel) B
<latexit sha1_base64="4qHpzUvMYLwIIIW1o4XqICNIlE0="></latexit> Maximal U = N . Small L = torus.
<latexit sha1_base64="1G/UD8CWBk1CiYcHTW6hkb0kbLE="></latexit>

<latexit sha1_base64="36nQ76MNiDjgxRdHUYeg8hcluP0="></latexit>

A1

<latexit sha1_base64="2jXBSdelCxi+0aMJAe+wT/MSdxU="></latexit>

A3

<latexit sha1_base64="BMkmNuhlB0uFEo5dDQEcETwPOxQ="></latexit>

Smaller U . Larger L.

<latexit sha1_base64="KFvxdrkMOjDPLfOiXHHiVU9tyE8="></latexit>

Other parabolic P

Computation for Eisenstein series reviewed in 
[Fleig–HG–Kleinschmidt–Persson 18]

Whittaker coefficients
Much is known

W
<latexit sha1_base64="NJHWaPcFPIEnZK9unlgL9wtOe/c="></latexit>

Fourier coefficients difficult 

to compute directly

F
<latexit sha1_base64="+MVqmfpjN+9XjraQ51d7pRoKDqU="></latexit>

Strategy:

When possible, write the latter (F) in terms of the former (W).
<latexit sha1_base64="TRgMSlc292qKD8MUS0sVD/8BA24="></latexit>

<latexit sha1_base64="sSt+uxJEYf94HeKWd+qdsy5Wt6E="></latexit>including the automorphic form ϕ iteself

The other direction is trivial (by integration), but this 

direction is difficult (requiring successive Fourier expansions)

http://www.cambridge.org/core_title/gb/502216


Strategy example

Parabolic Fourier coefficient in terms of Whittaker coefficients

Let G = SL4, U =

n

✓

1 ∗ ∗ ∗

0 1 0 0
0 0 1 0
0 0 0 1

◆

o

and ψ−1
⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

⌘

= e2πi(m1x1+m2x2+m3x3)

<latexit sha1_base64="0M5VVaJTyHh0ljtmyEr0ljGxWNA="></latexit> m1,m2,m3 2 Z

<latexit sha1_base64="XHsfU8jmDJlVL5stKlEHp7WZvpM="></latexit>

For now, assume m1 = 1

<latexit sha1_base64="LIAlTveXxd44d9dbrWZ9YG3RcMc="></latexit>

FU,ψ[ϕ](g) =

Z

(Z\R)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

g
⌘

e2πi(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

Goal: write as sums of

Wm1,m4,m6
[ϕ](g) =

Z

(Z\R)6

ϕ

⇣

✓ 1 x1 x2 x3

0 1 x4 x5

0 0 1 x6

0 0 0 1

◆

g
⌘

e2πi(m1x1+m4x4+m6x6) d6x

<latexit sha1_base64="ebLqRzUsKwFSgIlhTYDvlbSKlp4="></latexit>



Parabolic Fourier coefficient in terms of Whittaker coefficients

Let G = SL4, U =

n

✓

1 ∗ ∗ ∗

0 1 0 0
0 0 1 0
0 0 0 1

◆

o

and ψ−1
⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

⌘

= e2πi(m1x1+m2x2+m3x3)

<latexit sha1_base64="0M5VVaJTyHh0ljtmyEr0ljGxWNA="></latexit> m1,m2,m3 2 Z

<latexit sha1_base64="XHsfU8jmDJlVL5stKlEHp7WZvpM="></latexit>

For now, assume m1 = 1

<latexit sha1_base64="LIAlTveXxd44d9dbrWZ9YG3RcMc="></latexit>

FU,ψ[ϕ](g) =

Z

(Z\R)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

g
⌘

e2πi(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

Let γ0 =

✓

1 0 0 0
0 1 0 0
0 −m2 1 0

0 −m3 0 1

◆

2 SL4(Z).
<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: ϕ(g0) = ϕ(γ0g
0).

<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

g

⌘

= ϕ

⇣

γ0

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

γ
−1

0
γ0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= ϕ

⇣

✓

1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

γ0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation

Strategy example

By conjugating the integration variable using 

automorphic invariance one can change the character.



FU,ψ[ϕ](g) =

Z

(Z\R)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

g
⌘

e2πi(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

Let γ0 =

✓

1 0 0 0
0 1 0 0
0 −m2 1 0

0 −m3 0 1

◆

2 SL4(Z).
<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: ϕ(g0) = ϕ(γ0g
0).

<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

g

⌘

= ϕ

⇣

γ0

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

γ
−1

0
γ0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= ϕ

⇣

✓

1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

γ0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation

Thus, with a shift in the x1 integration variable
<latexit sha1_base64="mMlgbaNaWT01EQdPxgy3mUK+WbE="></latexit>

FU,ψ[ϕ](g) =

Z

(Z\R)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

γ0g
⌘

e2πix1 d3x

<latexit sha1_base64="eyTR/NlU1LUy9opoQHhdyrkLAnQ="></latexit>

Strategy example

By conjugating the integration variable using 

automorphic invariance one can change the character.

Can then further expand 

along next row...



Let γ0 =

✓

1 0 0 0
0 1 0 0
0 −m2 1 0

0 −m3 0 1

◆

2 SL4(Z).
<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: ϕ(g0) = ϕ(γ0g
0).

<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

g

⌘

= ϕ

⇣

γ0

✓

1 x1 x2 x3

0 1 0 0

0 0 1 0

0 0 0 1

◆

γ
−1

0
γ0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= ϕ

⇣

✓

1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

γ0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation

Thus, with a shift in the x1 integration variable
<latexit sha1_base64="mMlgbaNaWT01EQdPxgy3mUK+WbE="></latexit>

FU,ψ[ϕ](g) =

Z

(Z\R)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

γ0g
⌘

e2πix1 d3x

<latexit sha1_base64="eyTR/NlU1LUy9opoQHhdyrkLAnQ="></latexit>

But automorphic invariance only for SL4(Z).
<latexit sha1_base64="hIEcqdrPYkvXS+BAGHPAfRc99fw="></latexit>

Strategy example

Can then further expand 

along next row...

By conjugating the integration variable using 

automorphic invariance one can change the character.

<latexit sha1_base64="dWeifrB1sTJh9dnFidYajBTLIj0="></latexit>To do the same with any other m1 6= 0 would need to conjugate with

γ0 =

 

1 0 0 0
0 1 0 0

0 −

m2

m1
1 0

0 −

m3

m1
0 1

!

2 SL4(Q).



Tool: Adelic lift

Automorphic forms on G(R)
<latexit sha1_base64="dGySCfKzUb9ODFRnWWNOkteDEpg="></latexit>

Automorphic forms on G(A)
<latexit sha1_base64="nzG8dbS0h1Qr005MuiZlhLCqZoM="></latexit>

Adelic lift

Z\R-Fourier coefficients
<latexit sha1_base64="RHkEz0vVWkFjaOVSW63gZXoV3mE="></latexit>

Restrict

Q\A-Fourier coefficients
<latexit sha1_base64="Ok67m1XWEM7moZk1v1RA9g5GobM="></latexit>

Compute

For details see [Fleig–HG–Kleinschmidt–Persson 18, §2, §6]

Adeles A ⊃ R
<latexit sha1_base64="yD/6upT+6FTHFG/hlh6U4hP0JDA="></latexit>(defined in next slide)

Also highlights Eulerian and representation theoretical properties.

<latexit sha1_base64="Leji/gTYpqmhk67IZKy0B/uktSE="></latexit>

Invariant under G(Q)

<latexit sha1_base64="DGCjzmhWRDeEG3D6mz26WOUQ1tk="></latexit>

Invariant under G(Z)

http://www.cambridge.org/core_title/gb/502216


The ring of adeles

R
<latexit sha1_base64="lMHJ8xbpciB77Mh/cG9JFn9+2mo="></latexit>

Q
<latexit sha1_base64="VdvON4yFC+6MxS6Ve/D7vCied8M="></latexit>

Completion of  

Cauchy sequences

Standard norm | · |
<latexit sha1_base64="dtmYOVw0Yef4wRgceORJQJEgXaA="></latexit>

Q
<latexit sha1_base64="VdvON4yFC+6MxS6Ve/D7vCied8M="></latexit>

p-adic norm | · |
p

<latexit sha1_base64="PnD20ZU5paDo/f8bT1dTcJyxHPM="></latexit>

Qp

<latexit sha1_base64="PWTuqKC42NkyBrOCfosAKsvPpOM="></latexit>

For a prime p and x 2 Q prime factorized as x = p
k1

1
· · · p

kn

n
we

define the p-adic norm
<latexit sha1_base64="yfvm4sUitURHqv8ajHv16jT3348="></latexit>

|x|p =

(

p
−ki

i if p = pi for any i

1 otherwise
<latexit sha1_base64="wMiQFcDyXqXUUncGB3xnse/lVSc="></latexit>

Ring of adeles: A = R×

Y0

prime p

Qp

<latexit sha1_base64="LaGdlQIHEzOx3BKqN0FDe7MkYVs="></latexit>

Q embeds diagonally in A: Q 3 q 7! (q; q, q, . . .) 2 A.
<latexit sha1_base64="JPs1CQHwabkVyn67qsmPFfTKx4A="></latexit>

Q is discrete in A and Q\A is compact.
<latexit sha1_base64="WMMvdasDKy4KEaHkSnf/6RYMDls="></latexit>



Dictionary

For details see [Fleig–HG–Kleinschmidt–Persson 18, §2, §6]

f(x) =
X
m2Z

Z

Z\R

f(x+ ξ)e2πimξ dξ

<latexit sha1_base64="VnaIAwpaBxSgMxLn3ETMtmSryuE="></latexit>

f(x) =
X
m2Q

Z

Q\A

f(x+ ξ)e(mξ) dξ

<latexit sha1_base64="QcPnZBXUBTr+FEN01McbjIl23w8="></latexit>

Fourier expansion on Z\R
<latexit sha1_base64="I35PuJD8AGpG7QtTjXR8oUGpyvM="></latexit>

Fourier expansion on Q\A
<latexit sha1_base64="5UqDH6UCkAGsMvoXBYIR5G5cHEk="></latexit>

U(Q)\U(A)
<latexit sha1_base64="lRet2oHr0F1bxfwx9RJ/vfbr+4E="></latexit>

U(Z)\U(R)
<latexit sha1_base64="D1XdJNSNS3bWW7gV4jcWis4X7pg="></latexit>

G(Z)-invariant
<latexit sha1_base64="QBbxnsrNNFsnkFj4EmSYTAIo1yU="></latexit>

G(Q)-invariant
<latexit sha1_base64="xVGyPhbvcBXYs+QIAXMpNknuoLQ="></latexit>

<latexit sha1_base64="lCxDdQH0XTev8uOlO8MfcN4WYqI="></latexit>Additive character on A trivial on Q

<latexit sha1_base64="qEIRi3Y1obCKkD7z7236JkBpy2g="></latexit>

G(R)
<latexit sha1_base64="ehs1NIauJIbs1Or3m2gYovGpGOA="></latexit>

G(A) = G(R)×
Y0

prime p

G(Qp)

http://www.cambridge.org/core_title/gb/502216


m1,m2,m3 2 Q
<latexit sha1_base64="9TljU/FmmJEHwEuG2675I6NMTpY="></latexit>

m1 6= 0

<latexit sha1_base64="xoNu7XKn5RVm//Skn3/B0iEwzeE="></latexit>FU,ψ[ϕ](g) =

Z

(Q\A)3

ϕ

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

g
⌘

e(m1x1 +m2x2 +m3x3) d
3x

<latexit sha1_base64="SkPGBUJVfDHeE/bYVWHxO+fei9w="></latexit>

Let G = SL4, U =
n

✓

1 ∗ ∗ ∗

0 1 0 0
0 0 1 0
0 0 0 1

◆

o

and ψ−1

⇣

✓

1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆

⌘

= e(m1x1 +m2x2 +m3x3)

<latexit sha1_base64="tXYWf0Zl1pgnm0veFzIpad5KkMY="></latexit>

FU,ψ[ϕ](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

γ2Γ4

Wψm1,m4,m6
[ϕ](γγ0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>Maximal parabolic 

Fourier coefficient
Translated Whittaker coefficients

2 SL4(Q)
<latexit sha1_base64="B9a3Ou+F00doe/wmKK9BMoVwyqM="></latexit>

z}|{

<latexit sha1_base64="nrTHGI0tep33VK9IqDKoo1Jrwfg="></latexit>

Strategy example (adelic)

Compare with [Piatetski-Shapiro 79, Shalika 74] for cusp form.

Simplifies for small automorphic representations.

Using the same steps as before we can show:



Automorphic representations

[Bump 09, Fleig-HG-Kleinschmidt-Persson 18, §5]

<latexit sha1_base64="SFivevFtwg7tpTsbooRa0Ab4bJ4="></latexit>

Let A denote the space of automorphic forms on G(A).

<latexit sha1_base64="HcQMIHzqgCLEH4egwXmN6SVDzvg="></latexit>An automorphic representation is an irreducible component of A under a
specific “G(A)-action”.

Can characterize automorphic representations using nilpotent orbits

https://doi.org/10.1017/CBO9780511609572
http://www.cambridge.org/core_title/gb/502216


<latexit sha1_base64="lHduHjiw+PBkcPcjhWsAD40wEgk="></latexit>

For X 2 g(Q) a nilpotent element we define the nilpotent orbit
O = {gXg−1 : g 2 G(C)}

Omin

<latexit sha1_base64="+t4P0GL4DhCyhrtOb7S/Le8ggyc="></latexit>

Ontm

<latexit sha1_base64="tCc3AOanR1MvHkOOFVaV5mRhl6g="></latexit>

Otriv

<latexit sha1_base64="My6m1Lo2RGikh/ETNQY0edqOFPQ="></latexit>

(6)

(51)

(42)

(411) (33)

(321)

(3111) (222)

(2211)

(21111)

(111111)
<latexit sha1_base64="JD5ZhBCkfmMNrtPuw6ioHRIqeqs="></latexit>

SL6

<latexit sha1_base64="jvJOkp7LET2JxOF492yr7b450sE="></latexit>

[Collingwood–McGovern 17]

<latexit sha1_base64="Y1z6XJLeGpjxpuvKt6CfP0GUo58="></latexit>

For classical groups (SLn, SOn, Spn) these orbits are
parametrized by partitions of n.

Nilpotent orbits

<latexit sha1_base64="hzhkDoAn8LwPCJ7lN+KuW2Bukhs="></latexit>Nilpotent orbits have a partial ordering which, for
classical groups, is equivalent to the partial ordering of
partitions.

<latexit sha1_base64="HhkFwotcqdnNeFMojayQHfhCl2E="></latexit>

(�1, . . . ,�n) 6 (µ1, . . . , µn) ⇐⇒

kX

i=1

�i 6

kX

i=1

µi for 1 6 k 6 n



Nilpotent orbits

Character ψ on U(A)
<latexit sha1_base64="ww+nCu9NZ5oinbQtq57XVIpkRoU="></latexit>

Nilpotent element y 2 g(Q)
<latexit sha1_base64="RZCUm5JhFXtCVgLok7z/t2Kdbaw="></latexit>

ψy(u) = e(hy, log ui) h · , · i Killing form
<latexit sha1_base64="9gyD0tJRSt8MdnCr0pZ9ED5b83k="></latexit>

FU,ψy
[ϕ](g) = FγUγ−1,ψ

γyγ−1
[ϕ](γg)

<latexit sha1_base64="vkPWh75e4yx17uO4V3Qh3cQaoI4="></latexit>

γ 2 G(Q)
<latexit sha1_base64="kRIqN9Sza4D64aqM0Dr46KPU9EE="></latexit>

FU,ψy
[ϕ] ≡ 0 ⇐⇒ FγUγ−1,ψ

γyγ−1
[ϕ] ≡ 0

<latexit sha1_base64="vo2kXQAz9DJVEk33IaptLYzzW0c="></latexit>

The connection between nilpotent orbits and automorphic 

representations goes via Fourier coefficients



Automorphic representations 

and nilpotent orbits
An automorphic representation π is characterized by a set of
nilpotent orbits WF(π) called its wave-front set.

<latexit sha1_base64="OW/eHNxd55CopJaPAGXohtCtyBY="></latexit>

Minimal automorphic representation:

WF(πmin) contains Omin but no larger orbit.
<latexit sha1_base64="MDYSRbsG2l0wEHG+kfcN9rD0eCg="></latexit>

Next-to-minimal automorphic representation:

WF(πntm) contains Ontm but no larger orbit.
<latexit sha1_base64="ejzS9w6ESiwmOhKnrM2mbQamMtI="></latexit>

[Gomez–Gourevitch–Sahi 17]If Oy 62 WF(π) then FU,ψy
[ϕ] ⌘ 0 for ϕ 2 π

<latexit sha1_base64="otyg7OpUhwcGBFYIv0gW0zpZATQ="></latexit>

(Similar local statements by Matumoto and Mœglin–Waldspurger)



Automorphic representations 

and nilpotent orbits
An automorphic representation π is characterized by a set of
nilpotent orbits WF(π) called its wave-front set.

<latexit sha1_base64="OW/eHNxd55CopJaPAGXohtCtyBY="></latexit>

[Gomez–Gourevitch–Sahi 17]If Oy 62 WF(π) then FU,ψy
[ϕ] ⌘ 0 for ϕ 2 π

<latexit sha1_base64="otyg7OpUhwcGBFYIv0gW0zpZATQ="></latexit>

≈Small automorphic representations

Few non-vanishing Fourier coefficients

Defining property:



Small automorphic 

representations

Few non-vanishing Fourier coefficients

Defining property:

SL4 example: Whittaker coefficients specified by character
<latexit sha1_base64="cetx1UmNrDn1hFDm1tW+bgDgTsY="></latexit>

ψm1,m2,m3

⇣

✓

1 x1 ∗ ∗

0 1 x2 ∗

0 0 1 x3

0 0 0 1

◆

⌘

= e(m1x1 +m2x2 +m3x3)

<latexit sha1_base64="v/XSdRs4G71nv45wCVpk2Hcq2xc="></latexit>

Maximally degenerate

Minimal representation: only W with characters ψm1,0,0
, ψ0,m2,0

, ψ0,0,m3
survive.

<latexit sha1_base64="Sh2RW1M4t0LdYf1xlFGdBu4Ollw="></latexit>

Next-to-minimal representation: also ψm1,0,m3
survive.

<latexit sha1_base64="J0ccj0lakFtvXahbli9NeLeRa58="></latexit>



Realizations

~s 2 C
r

 ! � = 2s1Λ1 + . . . 2srΛr

<latexit sha1_base64="xpeAyuhOvk7aIhrltCP0CUoqbg0="></latexit>

E~s(g) =
X

�2B(Z)\G(Z)

χ~s(γg)

<latexit sha1_base64="Gjdh20BJi1Y7NyIP1wttA6bDJoY="></latexit>

For E6, E7, E8:
<latexit sha1_base64="fSBsiK10fGiKO0TvOrtriYRuTYc="></latexit>

For SLn, (n > 3):
<latexit sha1_base64="thUvC56VXlOdpie5tYON4fZ+1Uw="></latexit>

E(s,0,...,0)(g) is in a minimal automorphic representation.
<latexit sha1_base64="38QeziWjnzP6b1KCyXrXR7+InJg="></latexit>

E(0,s,...,0)(g) is in a next-to-minimal automorphic representation.
<latexit sha1_base64="76Vwoul7KtaY6YapDBFyikqOToc="></latexit>

χ~s(g) = χ~s(nak) = a�

<latexit sha1_base64="Dy/652bbVpJrd9Wa0ZFqANWfCxo="></latexit>

E(3/2,0,...,0)(g) is in a minimal automorphic representation.
<latexit sha1_base64="jh39rLVkT90MfPmHSeJ8qOKglI4="></latexit>

E(5/2,0,...,0)(g) is in a next-to-minimal automorphic representation.
<latexit sha1_base64="o9Pw0UeJb85jBFnLDh4ZwbcJSgo="></latexit>

[Fleig–HG–Kleinschmidt–Persson 18, Table 6.2]

(used for example in string theory applications)

http://www.cambridge.org/core_title/gb/502216


Reduction principle

Theorem I [Gourevitch–HG–Kleinschmidt–Persson–Sahi 22].

<latexit sha1_base64="sJYaik0pg18H33BsxGfeb2evSo4="></latexit>

We show that an automorphic form in a minimal or next-to-

minimal automorphic representation of a simply-laced group, 

as well as their Fourier coefficients, can be expressed in 

terms of Whittaker coefficients and provide an algorithm.

In the general case*, we give the "largest" coefficients 

that would replace Whittaker coefficients in the above 

statement: so called Levi-distinguished coefficients.

*Any number field, any central extension of reductive group, any representation.

F
<latexit sha1_base64="ARXkMLecuC9i0dKkXBlUSo+7PLg="></latexit>

W
<latexit sha1_base64="5SC6AdETwqc7T6BYbdE9BmpQetk="></latexit>

When possible, write difficult Fourier coefficient in terms of Whittaker coefficients.

A precise statement of the algorithm is made using Whittaker pairs which are elements 

of the Lie algebra describing the Fourier coefficient's unipotent subgroup and character



Explicit formulas

Theorem II [Gourevitch–HG–Kleinschmidt–Persson–Sahi 20].

Formulas for expressing maximal parabolic Fourier coefficients,
and ϕ itself, in terms of Whittaker coefficients for minimal and
next-to-minimal representations of simply-laced groups.

<latexit sha1_base64="JrNsAAJutup6k8r3ixJyhDtEqgA="></latexit>

Certain coset representatives
in G(Q) specified in paper.

<latexit sha1_base64="rssQUGFA/4UgrGWhzecrBvhIe2s="></latexit>

FUα1
,ψ[ϕ](g) = Wψ[ϕ](g) +

5X

i=3

X

γ2Γi

X

y02g
⇥

�αi
(Q)

Wψy+y0
[ϕ](γg)

<latexit sha1_base64="Psd865m+GKC4XzA98gF+oT+rLhU="></latexit>

Example G = SO5,5:
<latexit sha1_base64="rNB45YKaCiRXWguHFM/tTn3rOCI="></latexit>

Character ψ = ψy with y 2 g
×

−α1
(Q) in a minimal orbit.

<latexit sha1_base64="nfSFuUzRBPE4sgNJS7wyi8PDH3I="></latexit>

ϕ next-to-minimal, Uα1
analogous to first row

<latexit sha1_base64="RdRjUq6H0pUmnVPuU5H3uRlRCiQ="></latexit>

Maximally degenerate



String theory applications
The interaction (scattering) of two gravitons is described by a probability 

amplitude depending on their incoming and outgoing momenta.

In string theory this is pictured as a string sweeping out a Riemann surface 

over time

The graviton is a particle that 

mediates gravity similar to how a 

photon mediates electromagnetism.
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String theory applications
In string theory this is pictured as a string sweeping out a Riemann surface 

over time

+ + +  ...

To obtain the full amplitude one has to integrate over all geometries.

<latexit sha1_base64="iyaLhKts7xMArcF7UtvdEq8lsnE="></latexit>In string theory space-time X is a 10-dimensional manifold, but to
obtain physics in D dimensions one can for example let
X = R

D
× T

10−D where T
d is a d-dimensional torus.

1 3 4 5 6 7 8

2

<latexit sha1_base64="MglLOdreuKEjzkLVy0AIppCDd3s="></latexit>

Such a theory is specified by parameters in
G(R)/KR where G = Ed+1 obtained by restricting to
the d+ 1 first nodes of the Dynkin diagram:

<latexit sha1_base64="Rt+IeHYAhOiGyVO+rWj4wFpz6Ik="></latexit>

In particular, for D = 10, G = SL2



String theory applications
<latexit sha1_base64="iyaLhKts7xMArcF7UtvdEq8lsnE="></latexit>In string theory space-time X is a 10-dimensional manifold, but to
obtain physics in D dimensions one can for example let
X = R

D
× T

10−D where T
d is a d-dimensional torus.

1 3 4 5 6 7 8

2

<latexit sha1_base64="MglLOdreuKEjzkLVy0AIppCDd3s="></latexit>

Such a theory is specified by parameters in
G(R)/KR where G = Ed+1 obtained by restricting to
the d+ 1 first nodes of the Dynkin diagram:

<latexit sha1_base64="o+YwR3vaJiwPH47U0fgMq6gOYvY="></latexit>The scattering amplitude can be Taylor expanded with respect to the
inverse string tension where higher order terms correspond to quantum
corrections and the coefficients are functions G(R)/KR → C.

<latexit sha1_base64="9J08D1j2UASaUkmFVQGYUFQNBpw="></latexit>

U-duality =⇒ G(Z)-invariance automorphic forms
<latexit sha1_base64="D13bvvIpi+WFIMjTSctoAoduwMk="></latexit>supersymmetry =⇒ small automorphic representations



String theory applications
<latexit sha1_base64="o+YwR3vaJiwPH47U0fgMq6gOYvY="></latexit>The scattering amplitude can be Taylor expanded with respect to the
inverse string tension where higher order terms correspond to quantum
corrections and the coefficients are functions G(R)/KR → C.

<latexit sha1_base64="9J08D1j2UASaUkmFVQGYUFQNBpw="></latexit>

U-duality =⇒ G(Z)-invariance automorphic forms
<latexit sha1_base64="D13bvvIpi+WFIMjTSctoAoduwMk="></latexit>supersymmetry =⇒ small automorphic representations

In fact, the first and second order quantum corrections are Eisenstein 

series in minimal and next-to-minimal representations.

Their Fourier coefficients correspond to different kinds of contributions to 

the scattering amplitude.
<latexit sha1_base64="NyjzJSt3ReTi7Mstt4PmnTvkOEM="></latexit>

Es(x+ iy) = C0y
s + C 0

0
y1�s + y1/2

X

m 6=0

CmKs�1/2(2π|m|y)e2πimx

instanton contributions

<latexit sha1_base64="v5Wew85jlBwuHG018HoqCTA0SLo="></latexit>

s = 3/2

<latexit sha1_base64="K4jXxN+yEgPo0n2Uxh/omsLluYA="></latexit>

D = 10



String theory applications

Their Fourier coefficients correspond to different kinds of contributions to 

the scattering amplitude.
<latexit sha1_base64="NyjzJSt3ReTi7Mstt4PmnTvkOEM="></latexit>

Es(x+ iy) = C0y
s + C 0

0
y1�s + y1/2

X

m 6=0

CmKs�1/2(2π|m|y)e2πimx

instanton contributions

<latexit sha1_base64="v5Wew85jlBwuHG018HoqCTA0SLo="></latexit>

s = 3/2

<latexit sha1_base64="K4jXxN+yEgPo0n2Uxh/omsLluYA="></latexit>

D = 10

sums over the number of quantum 

states for an instanton of charge m

<latexit sha1_base64="FCPzo4vcBImXbIbLDpQg8bbdQcY="></latexit>

Cm /
X

d|m

d
2

m 6= 0

only these can be computed independently 

from string perturbation theory

<latexit sha1_base64="1F8Fn6Zks366GARJJ267I3LWP3Q="></latexit>

| {z }

only known approximately from string theory 

but is here determined by automorphic forms

The arithmetic (p-adic) part of the Fourier coefficients contain information 

about quantum states for instantons (and black holes).

[Green–Gutperle 97]



Thank you!

https://hgustafsson.se

Slides will be made available at

http://hgustafsson.se



