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Why lattice models?

• Easy to write programs to compute partition functions (symbolically)

• Powerful toolbox statistical mechanics to manipulate lattice models

• New ways to prove identities (e.g. Cauchy identities, functional eq's)

• A bridge for building new connections between widely different 

mathematical objects
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Colored lattice paths
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My foremost interest is not in complex groups, but in groups defined over 

other fields of interest in number theory.

Number theory Representation theory
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Table 2. Relations between different Whittaker functions and associated special polynomials.

Whittaker function Special polynomial

Spherical Whittaker function Schur polynomial
q

wœW „w(z; È≠⁄) =
r

–œ∆+(1 ≠ vz
≠–)s⁄(z)

Li’s Whittaker function Hall-Littlewood polynomial
q

wœW (≠v)≠¸(w)„w(z; È≠⁄) = z
≠flP⁄+fl(z, v≠1)

Iwahori Whittaker function Non-symmetric Macdonald polynomial

„w1
(z; È≠⁄) = (≠v)¸(w)

z
≠flw0Ew0w(⁄+fl)(z; Œ, v)

Parahoric Whittaker function Macdonald polynomial with prescribed symmetry

ÂJ
1 (z; È≠⁄) = z

≠flS
(ÿ,J)
⁄+fl (z; 0, v≠1)a

(ÿ,J)
⁄+fl

References for each row is found in Table 1 in the same paper: arXiv:1906.04140

Special polynomials
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I(z) = IndGB(�
1/2

⌧z)

<latexit sha1_base64="n2jJTvLI76AwHRiaWvH+Sr+X1z8="></latexit>

Modular quasicharacter



Basis of Iwahori fixed vectors

J ⊂ G(o) mod p

<latexit sha1_base64="jFMziL+JcuH8vl3P8HsWOVG9bII="></latexit>

<latexit sha1_base64="PSs4d2FhFlsUIYamufnrAxTnrwU="></latexit>

✓

o p p p
o o p p
o o o p
o o o o

◆
<latexit sha1_base64="BthoxLSJyaw6SOzR22Fyv8R9P30="></latexit>

o = Zp

p = pZp

I(z)

<latexit sha1_base64="aUmNOWzBdI90NSq18ET4qTMYeuE="></latexit>

<latexit sha1_base64="OZ6dXBWT2/TZGM5bmRYFYlSsO7M="></latexit>

{Φz

w(g)}w2W=Sr

+ G =

G

w2W

BwJ

<latexit sha1_base64="HxfvmJ55VSbk8ut3UXZKToSmXhE="></latexit>

Φ
z

w(bw
0k) =

(

�
1/2

⌧z(b) w0 = w

0
b 2 B,w0

2 W,k 2 J

<latexit sha1_base64="QsPagqo4zxvl/H37sIjym+7wYEI="></latexit>



Basis of Iwahori fixed vectors

K = G(o)

<latexit sha1_base64="8b1+o5QZ0xVLGWN5ImSJSq/Ctqc="></latexit>

<latexit sha1_base64="ProAoy7ndjrubdXelfj5GS5lYgI="></latexit>

Φ
z

�
=

X

w2W

Φ
z

w

Maximal compact

Vectors invariant under parahoric subgroup

<latexit sha1_base64="AbLoyKS3bzUVqDD2eMIht5WlSCg="></latexit>

⊆ ⊆

<latexit sha1_base64="PSs4d2FhFlsUIYamufnrAxTnrwU="></latexit>

✓

o p p p
o o p p
o o o p
o o o o

◆

<latexit sha1_base64="arCTSlVBkwQMPHw26xAYpGxAhuc="></latexit>

✓

o o o o

o o o o

o o o o

o o o o

◆

<latexit sha1_base64="HKerTdxBFMEUWxaBbs2OaY4fMW0="></latexit>

✓

o o p p
o o p p
o o o o
o o o o

◆

<latexit sha1_base64="GC0Igw3BrN1ZoEJGTmHukBmIDWs="></latexit>

p

<latexit sha1_base64="Op+/LezGIdsLnZkFPmO6j/LOcJY="></latexit> X

w̃2WP

Φww̃



Whittaker functions

B
−

N
−

<latexit sha1_base64="J+w+WEnh7nlmOzSEpDUZ9kcuPDA="></latexit>

Ωz : I(z) → IndGN
−

(ψ)

<latexit sha1_base64="D33+hxbEm6sh/i28MsbT9HVcm9M="></latexit>

N
−
= N

−
(F )

<latexit sha1_base64="71MaFXzmjhBCPiftOtDu8dthqfM="></latexit>

f 7!

Z

N
−

f(n)ψ(n)−1dn

<latexit sha1_base64="aZyMnCLAI9n7ABG8s/EzNHbLxLc="></latexit>

�w(z; g) = �1/2(g)Ω
z
−1

�

⇡(g)Φz
−1

w

�

<latexit sha1_base64="IAB0isDm9PvAuc8I7bUqqkeLKsQ="></latexit>

Normalization Right-translation

χ : F → C
×

o

<latexit sha1_base64="0hhARdDvkjC4AvLqz3KvjGOAQmU="></latexit>

ψ : N− → C
× ψ(n) = χ

⇣

r
X

i=1

ni+1,i

⌘

<latexit sha1_base64="zzvh6gqa6RIhrOV3s8Cb70h0eQs="></latexit>

<latexit sha1_base64="zehw4/HnTEaR+/z6v/yOdTNFWpg="></latexit>

ψ
⇣

✓

1

a 1

∗ b 1

∗ ∗ c 1

◆

⌘

= χ(a+ b+ c)

r-1



Base case
<latexit sha1_base64="HRxUn6U+mmW9acT+OrPEMEoqOhA="></latexit>

�w(z; g) g = $��w0 � 2 Z
r

w0
2 W = Sr

dominant weight

<latexit sha1_base64="LDhduGrBCvu6ucHfQOizRfmjTQ4="></latexit>

w
0
µ = �+ ⇢ <latexit sha1_base64="x5azXV7WQhuO/x1NRYz2yA8/Sec="></latexit>

µ 2 Z
r

>0<latexit sha1_base64="RP6hpFLxGhFD6bewtKSXeTs8obc="></latexit>

ρ = (r − 1, . . . , 1, 0)

Base case
<latexit sha1_base64="KWWGbsCovRJfsyA4qPniIlUHIYA="></latexit>

w
0
= w

<latexit sha1_base64="qDlF/H3J/8q4X/V1Im8Asy16XSs="></latexit>

w
0

�

<latexit sha1_base64="AjHYE0Y0ekmJpGKG2k1Msd4opto="></latexit>

�i � �i+1 >

(

0 (w0)�1
↵i 2 ∆

+

�1 (w0)�1
↵i 2 ∆

�

<latexit sha1_base64="n7wuDkkF7dIJDd07XCbohHJaLXQ="></latexit>

�w
0(z;$��

w
0) = v

`(w0)
z
� Compare:

<latexit sha1_base64="IYfUf1Dp48BAU8uXBTh8jJtGxjc="></latexit>

Zµ,w0(z) = v
`(w0)

z
w

0
µ = v

`(w0)
z
�+⇢

positive roots

Bijection between data determining the values for Iwahori Whittaker 

functions and the boundary data for the lattice model.

<latexit sha1_base64="0wUjkTjk1DqW0qqCXw1FMlfp17U="></latexit>

≥0



Recursion relations

Az

w
: I(z) → I(wz)

<latexit sha1_base64="KUmcxNTi/aP8BIY5XISPqBdgXi4="></latexit>

Ωz

<latexit sha1_base64="sJxLquXbLvVAEedi1alJZn+XHgQ="></latexit>

A
z

si

<latexit sha1_base64="zakLS+jdcIzHO993QamQo/M/I2A="></latexit>

Φ
z

w

<latexit sha1_base64="aeDgIIUkXA8IyC7YIuITLWQ6Yi4="></latexit>

[Casselman 80,  
Brubaker–Bump–Licata 15] 

[Casselman–Shalika 80, 
Brubaker–Bump–Licata 15] 

Leads to recursion relations
<latexit sha1_base64="f0sQcsZreXdePJ3TYhSKHJMaLLk="></latexit>

z
ρ�siw

(z; g) =

(

Ti z
ρ�w(z; g) `(siw) > `(w),

T−1

i
z
ρ�w(z; g) `(siw) < `(w),

A
z

w
Φ(g) =

Z
N∩wN

−
w−1

Φ(w−1ng) dn

<latexit sha1_base64="mZjak/EAZM2Vr2F+8t2XxIR8vm0="></latexit>

Demazure operators
<latexit sha1_base64="uxQMfNtknZtLm2Ehh2SPC90Yvb0="></latexit>

Ti =
z
αi

− v

1− z
αi

si +
v − 1

1− z
αi

equivalent to Yang–Baxter equation!




