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Outline

• Why study these Fourier coefficients? 
• From modular forms to automorphic forms 
• Fourier expanding periodic functions on groups 
• Different kinds of Fourier coefficients 
• How to relate them to each other 
• Simplification for small automorphic representations 
• Recent work* 
• String theory applications

*) Including joint work with Gourevitch, Kleinschmidt, Persson and Sahi



Motivation
for studying Fourier coefficients

See [Diamond–Shurman, §1.2] for review.

Theorem:

Let rk(n) = #(integer solutions to n = x2
1 + x2

2 + · · ·+ x2
k)

<latexit sha1_base64="4bx5Uivmvt0PU8UfGbE3mLsU7FU="></latexit>

r4(n) = 8
X

0<d|n
4-d

d, n � 1

<latexit sha1_base64="jlhGqF96o+FY8Yd8lA98yPAubwU="></latexit>

Proof:
Consider generating function fk(z) =

1X

n=0

rk(n)e
2⇡inz

<latexit sha1_base64="bdSrvt9+BS1DfxY9sYCxpAFyxhg="></latexit>

(Jacobi four-square theorem) [Jacobi 1829]
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<latexit sha1_base64="bdSrvt9+BS1DfxY9sYCxpAFyxhg="></latexit>

rk1+k2(n) =
X

n1+n2=n

rk1(n1)rk2(n2)

<latexit sha1_base64="8IjypewBM3aASZGaesW+gxP4Ugo="></latexit>

=) fk1+k2(z) = fk1(z)fk2(z)
<latexit sha1_base64="e8to3xCPlnMVStNyLL1KQalJeqQ="></latexit>

Theorem: [Jacobi 1829]
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=) fk1+k2(z) = fk1(z)fk2(z)
<latexit sha1_base64="e8to3xCPlnMVStNyLL1KQalJeqQ="></latexit>

fk(z) =
�
f1(z)

�k
<latexit sha1_base64="qYodUIzixXAZN2cRlNMJfZ4dsSs="></latexit>

r1(n) =

(
2 if square
0 oterhwise

<latexit sha1_base64="70rtBTOzaavrMNrg6tKQUqd9HP8="></latexit>

f1(z) = #(z) :=
X

d2Z
e2⇡id

2z

<latexit sha1_base64="Blsm1bdCZfBBSP0I0T0ZyG6bzbo="></latexit>

Jacobi theta function

Let rk(n) = #(integer solutions to n = x2
1 + x2

2 + · · ·+ x2
k)

<latexit sha1_base64="4bx5Uivmvt0PU8UfGbE3mLsU7FU="></latexit>

n = x2
1

<latexit sha1_base64="eB48Fr9rrvA7nakwgqqbY9eRbTM="></latexit>
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<latexit sha1_base64="Blsm1bdCZfBBSP0I0T0ZyG6bzbo="></latexit>

Jacobi theta function

Satisfy:
(1). fk(z + 1) = fk(z)

<latexit sha1_base64="99fBSC9/GRDhXio6A+icoFO7P6U="></latexit>

9
>>=

>>;
Will come back to this later

<latexit sha1_base64="IeWNY33TUVrM4SALbj7D9rKvMyI="></latexit>

(2). fk(
z

4z+1 ) = (4z + 1)k/2fk(z)
<latexit sha1_base64="fCS7h6/SUd/XinI+e3dw2mAjqw4="></latexit>



Motivation
for studying Fourier coefficients

[Diamond–Shurman, Theorem 3.5.1]

fk(z) =
�
f1(z)

�k
<latexit sha1_base64="qYodUIzixXAZN2cRlNMJfZ4dsSs="></latexit>

r1(n) =

(
2 if square
0 oterhwise

<latexit sha1_base64="70rtBTOzaavrMNrg6tKQUqd9HP8="></latexit>Satisfy:
(1). fk(z + 1) = fk(z)

<latexit sha1_base64="99fBSC9/GRDhXio6A+icoFO7P6U="></latexit>

The space of functions satisfying (1) and (2) is finite-dimensional
for each k after also adding a condition on polynomial growth.

<latexit sha1_base64="PKztLubgPxYM0UJEvXPbAJjldyI="></latexit>

For k = 4 the space is two-dimensional.
<latexit sha1_base64="1t5qt3FNP5e+JSyR2eeuXWy0FVo="></latexit>

(Riemman-Roch)
<latexit sha1_base64="5eyll35ieM3K+wlZ6dhp8E1Gb0Q="></latexit>

(2). fk(
z

4z+1 ) = (4z + 1)k/2fk(z)
<latexit sha1_base64="fCS7h6/SUd/XinI+e3dw2mAjqw4="></latexit>



Motivation
for studying Fourier coefficients

See [Diamond–Shurman, §1.2] for review.

Basis of Eisenstein series whose Fourier coefficients are known
<latexit sha1_base64="u/kSHjDq7zOlt//fZPiK7lCw7UU="></latexit>

r4(n) = 8
X

0<d|n
4-d

d, n � 1

<latexit sha1_base64="jlhGqF96o+FY8Yd8lA98yPAubwU="></latexit>

By matching first two coefficients:
<latexit sha1_base64="ctjTSEAMqOtfTCx0pyUyhmEtSh4="></latexit>

The space of functions satisfying (1) and (2) is finite-dimensional
for each k after also adding a condition on polynomial growth.

<latexit sha1_base64="PKztLubgPxYM0UJEvXPbAJjldyI="></latexit>

For k = 4 the space is two-dimensional.
<latexit sha1_base64="1t5qt3FNP5e+JSyR2eeuXWy0FVo="></latexit>

(Riemman-Roch)
<latexit sha1_base64="5eyll35ieM3K+wlZ6dhp8E1Gb0Q="></latexit>

<latexit sha1_base64="0zI0BoyCHYYqnHTI/aM6opqS+yg="></latexit>



H = {z 2 C : Im z > 0}
<latexit sha1_base64="JByKzy6eL3CzfFEImnU4ztEVM3s="></latexit>

Modular forms

Satisfying:

Function f : H ! C on the upper half plane
<latexit sha1_base64="2Hr1ZFC0a25584KjrdY2b2m3+n0=">AAAHAnicjVRbbxw1FJ4tdCkLhRQeebHYVvAA0U7SUIKItFFKlJXSpE2TtCKzijyeMzuj2B7L9jRZuX7jvyDxhnjlj/BvOJ7ddi8JEZ6Hsc/98p2TKl4a2+v907rzwYd32x/d+7jzyaf3P/t85cEXp6aqNYMTVvFKv06pAV5KOLGl5fBaaaAi5fAqvdgJ/FdvQJuyksd2rGAo6EiWecmoRdL5yu9JCqNSOlHKUtEReLe22VPWdz </latexit>

f(�(z)) = (cz+d)kf(z) for all � 2 SL2(Z) for some weight k 2 N
<latexit sha1_base64="pmPq6o8FzWFkMP8ly9X8GGnXkLA="></latexit>

•  

• Holomorphic

• Polynomial growth

SL2pRq ö

H : � “
ˆ
a b
c d

˙
P SL2pRq �pzq “ az ` b

cz ` d
<latexit sha1_base64="cFwWm1bQISm9BWwWqDpZ7bRvv88="></latexit>

(1). f2k(z + 1) = f2k(z)

(2). f2k(
z

4z+1 ) = (4z + 1)kf2k(z)
<latexit sha1_base64="6WRIfxdlvDrS5JjJlVQXFTPyOVI="></latexit>

� = ±( 1 1
0 1 )

<latexit sha1_base64="x0WoHAb9xR083q6pT4ZJ91hDlh0="></latexit>

9
=

; () f2k(�(z)) = (cz + d)kf2k(z)

<latexit sha1_base64="mVF5h33qo+467ynSjcdBruH+8QM="></latexit>

� = ±( 1 0
4 1 )

<latexit sha1_base64="rMmQQo8XCZO64gKu2R86Hv2HFyM="></latexit>

�
<latexit sha1_base64="TSJtuZ0WjsWnzesDcn58gfYVHgo="></latexit>

Generate
� ✓ SL2(Z)
of finite index

<latexit sha1_base64="dqpkaLrjrhK+ZniMPH+BIM+X8wc="></latexit>



H = {z 2 C : Im z > 0}
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f(�(z)) = (cz+d)kf(z) for all � 2 SL2(Z) for some weight k 2 N
<latexit sha1_base64="pmPq6o8FzWFkMP8ly9X8GGnXkLA="></latexit>

•  

• Holomorphic

• Polynomial growth

�
<latexit sha1_base64="TSJtuZ0WjsWnzesDcn58gfYVHgo="></latexit>

Gk(z) =
X

(c,d)2Z2

(c,d) 6=(0,0)

1

(cz + d)k

<latexit sha1_base64="g9i5AMLYWGS0Gp1OZJIdTUVtca0="></latexit>

Typical example: holomorphic Eisenstein series



Goal v0.1

Compute Fourier coefficients of automorphic forms

Group theory upgrade:

H = {z 2 C : Im z > 0}
<latexit sha1_base64="JByKzy6eL3CzfFEImnU4ztEVM3s="></latexit>

⇠= SL2(R)/SO2(R)
<latexit sha1_base64="Uqolzo/wFoaps0gZx383e7bivDE="></latexit>

z = g(i) ! gSO2(R)
<latexit sha1_base64="b1ecL9k9gP6ZnzVm56pE7e6oe6I="></latexit>

� =

✓
a b
c d

◆
2 SL2(R) �(z) =

az + b

cz + d
SO2(R) = Stab(i)

<latexit sha1_base64="yfeJ43fuCaCzJ/c0JDvLsK93MZo="></latexit>

Modular forms Automorphic forms

SL2
<latexit sha1_base64="jR2rzHGH5hIXRa72TOTtg/03GJ8="></latexit>

G
<latexit sha1_base64="lRdmV9GrY8s7xfA+skg3tk3Z9BY="></latexit>

GLn
<latexit sha1_base64="naFz6836eHV7AplneEX96nZ5sEA="></latexit>

SLn
<latexit sha1_base64="zVXlNT8FHy2K1y4NBGHtA3HWXmA="></latexit>

E6
<latexit sha1_base64="L7CLIMakGVeIYt2AEcZ3KfvFUD0="></latexit>

E7
<latexit sha1_base64="Og+yh30TnvVZw/3OPEKBIyKT4Lw="></latexit>

E8
<latexit sha1_base64="609HCk/u5HfG/sMQQFeMtxPV+24="></latexit>

SOn,n
<latexit sha1_base64="pED6MHNfZkIcKPoX/h7fA/MsXYg="></latexit>
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SL2
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G
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E7
<latexit sha1_base64="Og+yh30TnvVZw/3OPEKBIyKT4Lw="></latexit>

E8
<latexit sha1_base64="609HCk/u5HfG/sMQQFeMtxPV+24="></latexit>

SOn,n
<latexit sha1_base64="pED6MHNfZkIcKPoX/h7fA/MsXYg="></latexit>

g(i) = x+ iy
<latexit sha1_base64="rSpAxABzjQ73v7O32npKLQlgWts="></latexit>

f(z)
<latexit sha1_base64="pgWloD5RewTbKngZhp4m8YqhQ+U="></latexit>

f(g)
<latexit sha1_base64="ihiX8FwIqpwwrEGucUKOKmSvfTU="></latexit>

f(�g)
<latexit sha1_base64="yiio1l+NzG7j5gZWpL512Pzu9VA="></latexit>

f(�(z))
<latexit sha1_base64="yvRHE0u7t7C9BY1hy+MrP/TR1CM="></latexit>

Representatives g =
⇣p

y x
0 1/

p
y

⌘
=

⇣
1 x
0 1

⌘⇣p
y 0
0 1/

p
y

⌘

<latexit sha1_base64="0t6cUK0F3LNqcrdOma0gCwt5TtA=">AAAHyXicjVRLc9s2EKacpErVV9wce8FUSdtDq4p23MQHz8jjNGNNHTtxbCcTU+MByaXIMQAyAGhLRXDqX+ylf6WnLijFEmXFDXggsI9vF4tvNyxYpnS3+09j5dbtO581737e+uLLr77+5t7qtycqL2UEx1HOcvkmpApYJuBYZ5rBm0IC5SGD1+H5jtO/vgCpslwc6XEBA06HIkuyiGoUna02eBDCMBOGZyIr6BCsWdvsFtq2Wo </latexit>



Automorphic forms

Automorphic invariant: '(�g) = '(g) for all � 2 G(Z).
<latexit sha1_base64="yWLbNuSWZKCHVVWe3li0iNyG9AE="></latexit>

•  

Compare @f = 0
<latexit sha1_base64="QNURf43AS74vAXGetq0CmtukL1Q="></latexit>

K-finiteness: span{g 7! '(gk) : k 2 K} is finite dimensional.
<latexit sha1_base64="0Xv7wmvu9Hq7WTJ4LURk/iMXYCA="></latexit>

•  

• Polynomial growth

Often take ' : G(R)/K ! C.
<latexit sha1_base64="2qOCxbMiOlLCJ5C0J85F96mhw8A="></latexit>

Smooth function ' : G(R) ! C satisfying:
<latexit sha1_base64="SIzQi1eFJk9fE3c34HswEezBRK4=">AAAHJ3icjVRbb9s2FJbb1Wu9bku7x74Qc4t1wGZYSbMubQM4SNfFQJq0ubVYZAQUdWQRISmBpJIYrP7OgP2avQ3b4/7JDmWvviQLRj2IPJfv3E9cCG5st/tX48bNT241P719p/XZ3c+/+HLp3v0jk5eawSHLRa7fx9SA4AoOLbcC3hcaqIwFvItPNz3/3Rlow3N1YEcFDCQdKp5yRi2STpZ+jWIYcuUkV7ygQ6jc8lq3sFWrFW </latexit>

•  Annihilated by polynomials in G-invariant differential operators.
<latexit sha1_base64="kTWk3DIPjWCv1Ov6eZZXIljgkgQ="></latexit>

Maximal compact subgroup.
<latexit sha1_base64="HDq1DTyptT4eVo85ZKFrc1u6wlw="></latexit> For G(R) = SL2(R), K = SO2(R).

<latexit sha1_base64="ZwVTFpafQYUmp3agzJca89P29TE="></latexit>



SL2 Eisenstein series
Typical example of automorphic form on H = SL2(R)/ SO2(R)

<latexit sha1_base64="z3BB7rRBRxR4TVQ6mei6Ph4gsKc="></latexit>

=
X

�2B(Z)\ SL2(Z)
(Im �(z))s

<latexit sha1_base64="Xsuo0bCjsLDYYdS9AIhOp7Y7QOI="></latexit>

B =
n✓⇤ ⇤

0 ⇤

◆
2 SL2

o

<latexit sha1_base64="HP1dS60KA/DCeW0K8kYemYccbKg="></latexit>

Compare with the holomorphic Eisenstein series, a modular form of weight k
<latexit sha1_base64="dloaw5yyXJUr3630JJ1gf7HXLuc="></latexit>

Gk(z) =
X

(c,d)2Z2

(c,d) 6=(0,0)

1

(cz + d)k

<latexit sha1_base64="g9i5AMLYWGS0Gp1OZJIdTUVtca0="></latexit>

@Gk = 0
<latexit sha1_base64="u2iVX+yPKm8fv0jgjZf58+N2qQA="></latexit>

�
�� s(s� 1)

�
Es = 0

<latexit sha1_base64="Bf6qUFcgv6znHihP6oDjlNGidsk="></latexit>

� = 4y(@2
x + @2

y)
<latexit sha1_base64="hF93zl8tNjJB8qHKi36jY2CwG0c="></latexit>

Non-holomorphic Eisenstein series

s 2 C
<latexit sha1_base64="wpMuGJZYhu5Q7SQYh7ZLbCEZ108="></latexit>

Es(z, z) =
1

2

X

(c,d)2Z2

gcd(c,d)=1

(Im z)s

|cz + d|2s

<latexit sha1_base64="1m0bp/Az6ulDWMuwFTx20BgV5T4="></latexit>

Es invariant under SL2(Z) while Gk transforms with weight k.
<latexit sha1_base64="fAv97rTrxlQxAHGxECc6RDwnfZw="></latexit>



SL2 Eisenstein series
Typical example of automorphic form on H = SL2(R)/ SO2(R)

<latexit sha1_base64="z3BB7rRBRxR4TVQ6mei6Ph4gsKc="></latexit>

=
X

�2B(Z)\ SL2(Z)
(Im �(z))s

<latexit sha1_base64="Xsuo0bCjsLDYYdS9AIhOp7Y7QOI="></latexit>

B =
n✓⇤ ⇤

0 ⇤

◆
2 SL2

o

<latexit sha1_base64="HP1dS60KA/DCeW0K8kYemYccbKg="></latexit>

Let �s(g) = Im
�
g(i)

�s.
<latexit sha1_base64="SXT15SEZTfqL4jT0z20rc6b+Ppk="></latexit>

To be able to generalize to other groups:

g =

✓
1 x
0 1

◆✓p
y 0
0 1/

p
y

◆
k

<latexit sha1_base64="oZ+9qnbLQmvUJJvo8GGcyCO6eMU="></latexit>

k 2 SO2(R)
<latexit sha1_base64="T0tX/zpzj+2yu2kpLpE5kqYY9Hk="></latexit>

z = x+ iy
<latexit sha1_base64="JVeRSbRH/V66jT2z3Kg7nTKml4s="></latexit>

Strictly upper triangular 

Diagonal
�! g = nak

<latexit sha1_base64="wJ+steegEl5YNnV2K7eH8WF3ZhY="></latexit>

k 2 K = SOn(R)
<latexit sha1_base64="wK6QJCgijILinEKB/m2NWREi7qM="></latexit>

Es(g) =
X

�2B(Z)\ SL2(Z)
�s(�g)

<latexit sha1_base64="EKIYIPWDsLCkt9TO7i1pyZDl/3w="></latexit>

G = SL2:
<latexit sha1_base64="0BtMrnWlLr8FemjEfbZwVL56370=">AAAHSnicjVTdbts2FJa71u3c/aT7udqNMLfYLjbDSpq1GRAgQbomBtK4jZO0WGQYlHRkESEpgaSaGCyxh9pr7AX2AHuB3Q272aHs1ZadBaMuRJ7z8TuH5y8qGFW62/29ceuD23ead+992Lr/0ceffLr24LMzlZcyhtM4Z7l8ExEFjAo41VQzeFNIIDxi8Dq62HP6129BKpqLEz0pYMjJWNCUxkSjaLT2SxjBmArDqaAFGYM161 </latexit>

E~s(g) =
X

�2B(Z)\ SLn(Z)
�~s(�g)

<latexit sha1_base64="FSwyNI5ZazgqN04uvlID7+ox64s="></latexit>

G = SLn:
<latexit sha1_base64="Uya+qDy0i78Gwz2vcWD51et3mDA=">AAAHSnicjVTdbts2FJa71u3c/aT7udqNMLfYLjbDSpq1GRAgQbomBtK4jZO0WGQYlHRkESEpgaSaGCyxh9pr7AX2AHuB3Q272aHs1ZadBaMuRJ7z8TuH5y8qGFW62/29ceuD23ead+992Lr/0ceffLr24LMzlZcyhtM4Z7l8ExEFjAo41VQzeFNIIDxi8Dq62HP6129BKpqLEz0pYMjJWNCUxkSjaLT2SxjBmArDqaAFGYM161 </latexit>

Non-holomorphic Eisenstein series

Es(z, z) =
1

2

X

(c,d)2Z2

gcd(c,d)=1

(Im z)s

|cz + d|2s

<latexit sha1_base64="1m0bp/Az6ulDWMuwFTx20BgV5T4="></latexit>

s 2 C
<latexit sha1_base64="wpMuGJZYhu5Q7SQYh7ZLbCEZ108="></latexit>



SL2 Eisenstein series

g =

✓
1 x
0 1

◆✓p
y 0
0 1/

p
y

◆
k

<latexit sha1_base64="oZ+9qnbLQmvUJJvo8GGcyCO6eMU="></latexit>

k 2 SO2(R)
<latexit sha1_base64="T0tX/zpzj+2yu2kpLpE5kqYY9Hk="></latexit>

z = x+ iy
<latexit sha1_base64="JVeRSbRH/V66jT2z3Kg7nTKml4s="></latexit>

Strictly upper triangular 

Diagonal
�! g = nak

<latexit sha1_base64="wJ+steegEl5YNnV2K7eH8WF3ZhY="></latexit>

k 2 K = SOn(R)
<latexit sha1_base64="wK6QJCgijILinEKB/m2NWREi7qM="></latexit>

Es(g) =
X

�2B(Z)\ SL2(Z)
�s(�g)

<latexit sha1_base64="EKIYIPWDsLCkt9TO7i1pyZDl/3w="></latexit>

G = SL2:
<latexit sha1_base64="0BtMrnWlLr8FemjEfbZwVL56370=">AAAHSnicjVTdbts2FJa71u3c/aT7udqNMLfYLjbDSpq1GRAgQbomBtK4jZO0WGQYlHRkESEpgaSaGCyxh9pr7AX2AHuB3Q272aHs1ZadBaMuRJ7z8TuH5y8qGFW62/29ceuD23ead+992Lr/0ceffLr24LMzlZcyhtM4Z7l8ExEFjAo41VQzeFNIIDxi8Dq62HP6129BKpqLEz0pYMjJWNCUxkSjaLT2SxjBmArDqaAFGYM161 </latexit>

E~s(g) =
X

�2B(Z)\ SLn(Z)
�~s(�g)

<latexit sha1_base64="FSwyNI5ZazgqN04uvlID7+ox64s="></latexit>

G = SLn:
<latexit sha1_base64="Uya+qDy0i78Gwz2vcWD51et3mDA=">AAAHSnicjVTdbts2FJa71u3c/aT7udqNMLfYLjbDSpq1GRAgQbomBtK4jZO0WGQYlHRkESEpgaSaGCyxh9pr7AX2AHuB3Q272aHs1ZadBaMuRJ7z8TuH5y8qGFW62/29ceuD23ead+992Lr/0ceffLr24LMzlZcyhtM4Z7l8ExEFjAo41VQzeFNIIDxi8Dq62HP6129BKpqLEz0pYMjJWNCUxkSjaLT2SxjBmArDqaAFGYM161 </latexit>

~s 2 Cr  ! � = 2s1⇤1 + . . . 2sr⇤r
<latexit sha1_base64="GfWx9THrfGWOKRVy7kFcQ62WvUs="></latexit>

weight

Manifestly invariant under G(Z) = SLn(Z)
<latexit sha1_base64="8mA8VgJBBzJnx54ZT8b8h/88vVs="></latexit>

For SL2 this means that ' = Es is periodic in x.
<latexit sha1_base64="aeyNGYpHXVUTXUa+y3tJAUjEZHQ="></latexit>

In general: “periodic” in the variables of n.
<latexit sha1_base64="DyqVuaAR37UJUS5d36Rrxnp2Cas="></latexit>



Core problem

What does it mean to be periodic?

| {z }
<latexit sha1_base64="oa9z3Tj4bFhImMZeeFkxwZwVaQ8="></latexit> ⇣ 1 x+a z+c+ay

1 y+b
1

⌘

<latexit sha1_base64="8Rj5wGW+ESEVlJFyOI+VYOeddkE="></latexit>

g 2 N(R)
<latexit sha1_base64="TFezLbam2IgWvBuQcz7+8t1+woc="></latexit> z }| {

<latexit sha1_base64="n5co9zpQ84CR+aw3Vr4RVTc6kzk="></latexit>

'
�⇣ 1 a c

1 b
1

⌘⇣
1 x z

1 y
1

⌘�
= '

�⇣ 1 x z
1 y

1

⌘�

<latexit sha1_base64="sgocCu/CrsvWnCdJGjzwcs4ZieE="></latexit>

z }| {
<latexit sha1_base64="n5co9zpQ84CR+aw3Vr4RVTc6kzk="></latexit>

� 2 N(Z)
<latexit sha1_base64="HLiUxA6Llq5xCv3otqwd1ydD0zk="></latexit>

Consider a function ' on the Heisenberg group
H3(R) = N(R) =

n⇣
1 x z

1 y
1

⌘
: x, y, z 2 R

o

<latexit sha1_base64="ZGVSEjNAM0BnlbxNm/J6ZcO00DI="></latexit>

How to Fourier expand it?



Core problem

Simply expanding ' in x, y and z using the Fourier modes
e2⇡i(mx+ny+kz) does not work!

<latexit sha1_base64="MDDZfeNZfvTKuM1zF2G1FDyQoMY="></latexit>

Invariant under

8
>><

>>:

x ! x+ a

y ! y + b

z ! z + c

while ' is not.

<latexit sha1_base64="TQ3t4NkKZh5EI7GXqMZRrDRStt8="></latexit>

| {z }
<latexit sha1_base64="oa9z3Tj4bFhImMZeeFkxwZwVaQ8="></latexit> ⇣ 1 x+a z+c+ay

1 y+b
1

⌘

<latexit sha1_base64="8Rj5wGW+ESEVlJFyOI+VYOeddkE="></latexit>

'
�⇣ 1 a c

1 b
1

⌘⇣
1 x z

1 y
1

⌘�
= '

�⇣ 1 x z
1 y

1

⌘�

<latexit sha1_base64="sgocCu/CrsvWnCdJGjzwcs4ZieE="></latexit>

First step: expand in z.
<latexit sha1_base64="d2wAM2vbkFbmR5WovPSz8LPkYqo="></latexit>

+ ay
<latexit sha1_base64="9i85/1xcJkwt8jVT/YxJdoSHeww="></latexit>



Core problem
Start with the (abelian) center: Z(R) =

n⇣
1 z
1
1

⌘
: z 2 R

o

<latexit sha1_base64="CGesqpdW0OZfWjo9Ki6+4dX4N/0="></latexit>

'(g) =
X

k2Z
FZ,k['](g)

<latexit sha1_base64="j8AQA775jD+isgcgDE5GGETdyd0="></latexit>

=
X

m,n2Z
FN,m,n['](g) +

X

k 6=0

FZ,k['](g)

<latexit sha1_base64="+jbyIN2OP7n982zqS4ITtpLTRHw="></latexit>

FZ,k['](g) =

Z

Z\R

'
�⇣ 1 z0

1
1

⌘
g
�
e�2⇡ikz0

dz0

<latexit sha1_base64="wr0E6MXg823WnkLSDTg+8zDtUbI="></latexit>

FN,m,n['](g) =

Z

(Z\R)3
'
�✓ 1 x0 z0

1 y0

1

◆
g
�
e�2⇡i(mx0+ny0) dx0dy0dz0

<latexit sha1_base64="BAXCTAaJ/Fp7DCMeaTrx10io0d4="></latexit>

FZ,0['](g) is periodic in x and y. (Absorb z-shift in z0-integration)
<latexit sha1_base64="jwEgB1M2cwcS783SmVXmlzeVa9A="></latexit>



Core problem

Group theory upgrade
Z

N(Z)\N(R)

'(ug) m,n(u)
�1 du

<latexit sha1_base64="XO1Fohp+JWcRARMVJX4SlvAVkg4="></latexit>

Character

 (uu0) =  (u) (u0)  (u) = 1 for u 2 N(Z)
<latexit sha1_base64="qD9dU62Q3k0x/cSM7aJ63FK5Be8="></latexit>

FN,m,n['](g) =

Z

(Z\R)3
'
�✓ 1 x0 z0

1 y0

1

◆
g
�
e�2⇡i(mx0+ny0) dx0dy0dz0

<latexit sha1_base64="BAXCTAaJ/Fp7DCMeaTrx10io0d4="></latexit>



Core problem

Z

N(Z)\N(R)

'(ug) m,n(u)
�1 du

<latexit sha1_base64="XO1Fohp+JWcRARMVJX4SlvAVkg4="></latexit>

= W m,n Whittaker coefficient
<latexit sha1_base64="OpzkZz5VSMuUBiQBPDDsL75XNNw="></latexit>

N =
n⇣

1 ⇤ ⇤
1 ⇤
1

⌘o

<latexit sha1_base64="SA/FUgvPsNBGlUMrV4OqBjfI3YM="></latexit>

U =
n⇣

1 ⇤ ⇤
1
1

⌘o

<latexit sha1_base64="2bOmbE6NUnHjWpr6Lew+oVdu4wM="></latexit>

Maximal parabolic Fourier coefficients

Different unipotent subgroups:

Different kinds of Fourier coefficients

u is unipotent if (1� u)N = 0 for some N
log u = �

PN�1
k=1

1
k (1� u)k

<latexit sha1_base64="X+mH/MXXL3SY364XM65sJKkJcMw="></latexit>



Parabolic subgroups

�1
<latexit sha1_base64="TZ/IZi7SUm6MoDM9rPTfMKlLvI8="></latexit>

�1
<latexit sha1_base64="TZ/IZi7SUm6MoDM9rPTfMKlLvI8="></latexit> �2

<latexit sha1_base64="oAbyQWFpGLh44Yld+yBh7s4ChYg="></latexit>

�2
<latexit sha1_base64="oAbyQWFpGLh44Yld+yBh7s4ChYg="></latexit>

�3
<latexit sha1_base64="W0OcWRBP6S9SFgYwT2rcOf0QlEM="></latexit>

�3
<latexit sha1_base64="W0OcWRBP6S9SFgYwT2rcOf0QlEM="></latexit>

For GLn and SLn a parabolic subgroup P is given by an integer
partition � of n.

<latexit sha1_base64="kizmpS69ivnqcN8LneEd9GjtNSA="></latexit>

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

(standard)

Levi Unipotent



Parabolic subgroups
For GLn and SLn a parabolic subgroup P is given by an integer
partition � of n.

<latexit sha1_base64="kizmpS69ivnqcN8LneEd9GjtNSA="></latexit>

1

1

1

1

1

1

0

BBBBBBBBB@

1

CCCCCCCCCA

<latexit sha1_base64="IpVoQIoHRFjCoRxRTyHzv5zLXNU="></latexit>

<latexit sha1_base64="K+Ftu1vBtfeUpqmgewAX0bFkbvw="></latexit>

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

In general, described by set of simple roots.
Blue nodes in a Dynkin diagram.

<latexit sha1_base64="cCwhh1sHZ3/1dq1P8tMtr4N5yQU="></latexit>

(standard)



Parabolic subgroups
For GLn and SLn a parabolic subgroup P is given by an integer
partition � of n.

<latexit sha1_base64="kizmpS69ivnqcN8LneEd9GjtNSA="></latexit>

1

1

1

1

1

1

0

BBBBBBBBB@

1

CCCCCCCCCA

<latexit sha1_base64="IpVoQIoHRFjCoRxRTyHzv5zLXNU="></latexit>

<latexit sha1_base64="K+Ftu1vBtfeUpqmgewAX0bFkbvw="></latexit>

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

In general, described by set of simple roots.
Blue nodes in a Dynkin diagram.

<latexit sha1_base64="cCwhh1sHZ3/1dq1P8tMtr4N5yQU="></latexit>

(standard)



Parabolic subgroups

P = L U
<latexit sha1_base64="VaE8auUNZIUkJ94QNxfgBEtMJxw="></latexit>

In general, described by set of simple roots.
Blue nodes in a Dynkin diagram.

<latexit sha1_base64="cCwhh1sHZ3/1dq1P8tMtr4N5yQU="></latexit>

<latexit sha1_base64="il0azKBdc+PEfOYGD+N8g1IncTI="></latexit>

Minimal parabolic (Borel) B
<latexit sha1_base64="4qHpzUvMYLwIIIW1o4XqICNIlE0="></latexit> Maximal U = N . Small L = torus.
<latexit sha1_base64="1G/UD8CWBk1CiYcHTW6hkb0kbLE="></latexit>

<latexit sha1_base64="/KNDFuHjDvpurayUc8hXvwhnbo0="></latexit>

Maximal parabolic P↵
<latexit sha1_base64="AufjHmw+mGwD/Ts139wERl3S5JY="></latexit> Small U . Large L.
<latexit sha1_base64="DV5u0Dry6/DkZAtTlGCgJ+VjB30="></latexit>

↵
<latexit sha1_base64="RA4USk6MLogZwjrbUd7GXLN0WKs="></latexit>

Semi-simple part of L may be read from the Dynkin diagram.
<latexit sha1_base64="ZVCWyZVSyv0r0Txx1JMrJG8miEk="></latexit>

Type A1 ⇥A3.
<latexit sha1_base64="5uQWHIy5TrfoVk6g6Mz0IIMXtEA="></latexit>

| {z }
<latexit sha1_base64="xTe7qSnWrr160ZalG710NJXKN98="></latexit>



Parabolic Fourier coefficients
✓

1 ⇤ ⇤ ⇤
1
1
1

◆ ✓
1 ⇤ ⇤
1 ⇤ ⇤
1
1

◆ ✓
1 ⇤
1 ⇤
1 ⇤
1

◆

<latexit sha1_base64="g3vDgRRX1m8fRZm/XUhW2oxkXU0="></latexit>

<latexit sha1_base64="9cm/23usvJubuiKvSYevEdMloD8="></latexit> <latexit sha1_base64="jadN65p1VG/7/mMtKVhGIBip5Dg="></latexit>

<latexit sha1_base64="NS/YDnCf3gOQqqOfwNpIIiL8+iI="></latexit>

✓
1 ⇤ ⇤ ⇤
1 ⇤ ⇤
1
1

◆ ✓
1 ⇤ ⇤
1 ⇤ ⇤
1 ⇤
1

◆

<latexit sha1_base64="SEvvnu1hAkpBUR7FJkL7d613VjE="></latexit>

<latexit sha1_base64="BcseMwGGLYDd/Wibz2t3cnuVFlg="></latexit><latexit sha1_base64="1w7rw/2BqZSThA1FzwmjhCR6r9U="></latexit>

Maximal parabolic

✓
1 ⇤ ⇤ ⇤
1 ⇤ ⇤
1 ⇤
1

◆

<latexit sha1_base64="KteEXs9Nxd0yJdBlmf9N+NeG/xM="></latexit>

<latexit sha1_base64="P6ozmUDwmd9hnEDRAcWmsZ7f5uA="></latexit>

Borel

FU, ['](g) =

Z

U(Z)\U(R)

'(ug) �1(u) du

<latexit sha1_base64="1RBkO/gQ7xGwmBbclnGVvuLMGGw="></latexit>

Fourier coefficient:

SL4
<latexit sha1_base64="1Xva4Q/O24A19x8JBzLvkERqoWc=">AAAIBnicjVVfb9s2EFe6rU69f+n2uBdhbrE9ZIZlO6nzEMBZ0jYG0riNk7RoZBiUdLYJU39AUk08lu/7NHsb9rqv0U+zHSUvluysKAVI5N2Pvzve8U5ewqiQjcaHjXufff7F/crmg+qXX339zbdbD7+7FHHKfbjwYxbzNx4RwGgEF5JKBm8SDiT0GLz2ZodG//odcEHj6FzOExiGZBLRMfWJRNFoS7geTGikQhrRhExAq+ZeI5 </latexit>

Character on U
(Fourier mode)

<latexit sha1_base64="P1M+cl2tdaGgMoH+3KyN7MWI2XQ="></latexit>

U :
<latexit sha1_base64="WEZfsXqG4EuuvrMFnITvjPQiurI=">AAAI/nicjVVbb9s2FJa7rfO0W7s97oVYUKwDXNfKpU02BEjW9JKhbdomaYtZRkBRxzZhUhJIqonLENj/2PvehmFv+yfD3rZ/skPLTSw7K0oDFnnOx+/w3MikEFybTufvxqX33v/g8ofNj8KPP/n0s8+vXP3iuc5LxeCQ5SJXLxOqQfAMDg03Al4WCqhMBLxIRne8/sUrUJrn2YEZF9CTdJDxPmfUoOjoauPHOIEBz6zkGS/oAJ </latexit>



Goal v1.0



Goal

Compute parabolic Fourier coefficients of automorphic forms

v1.0

Motivation



Motivation

[Green–Gutperle 97, Günaydin–Neitzke–Pioline–Waldron 06, Green–Miller–Vanhove 15] 
Reviewed in [Fleig–HG–Kleinschmidt–Persson 18]

Particular ~s $ � determined by string theory.
<latexit sha1_base64="DTJbdFqp2HW1H6EcOHu+W9iYi5s="></latexit>

Small automorphic representations

Space-time = R10�d ⇥ T d

<latexit sha1_base64="FZ7bdmIfFc85H96jRgtYFSPiCJU=">AAAIJnicjVVbb9s2FJa7re68W7o97mHC3GIdkBiWnaTOQwBnSdsYSJM2txaL3ICSji3C1AUk1cRj+Sv2J/Zr9jYMe9vf2NsOJS+25KwoDcjiOR+/w3OVlzIqZLv9V+3ORx9/crd+79PGZ59/8eVXK/e/PhdJxn048xOW8NceEcBoDGeSSgavUw4k8hi88ia7Rv/qLXBBk/hUTlMYRmQc0xH1iUTR5cqvrgdjGquIxjQlY9Cqs9 </latexit>

d-dimensional torus
<latexit sha1_base64="tj2EOxk0PcuaWFOtne89lVF4AIk="></latexit>

Eisenstein series E~s on G = Ed+1.
<latexit sha1_base64="eG4IWJVO1CjIorTZ6PmKy+QyoL0="></latexit>

<latexit sha1_base64="Zf9dN9vlpVPqNWuJKJWz1E+hx10="></latexit> 1 3 4 5 6 7 8

2

Quantum corrections to graviton scattering amplitudes in string
theory are described by automorphic forms on simply-laced
groups.

<latexit sha1_base64="jGRSFKtjE1RfyyNvPESCV3EZAn4=">AAAIlnicjVVbTyM3FJ7Qdpumt6V9qdQXq2jVPrBRJgEWHqigwAISyx12VSZCnpmTxMp4PLI9QOr1b+hr+9P6b3o8k5JMQlfrSBP7nM/fOT4XO8wSpnSr9U9t4ZNPP3v2ef2Lxpdfff3Nt88Xv7tWIpcRXEUiEfJdSBUkLIUrzXQC7zIJlIcJvA2HO07/9g6kYiK91KMMupz2U9ZjEdUoul2sLQQh9FlqOEtZRvtgTXujlWnbaA </latexit>

http://www.cambridge.org/core_title/gb/502216


Motivation

[Green–Gutperle 97, Günaydin–Neitzke–Pioline–Waldron 06, Green–Miller–Vanhove 15] 
Reviewed in [Fleig–HG–Kleinschmidt–Persson 18]

Particular ~s $ � determined by string theory.
<latexit sha1_base64="DTJbdFqp2HW1H6EcOHu+W9iYi5s="></latexit>

Eisenstein series E~s on simply-laced groups.
<latexit sha1_base64="PgCsfjOZqoy+p8+2RTatPnctYp8="></latexit>

≈Small automorphic representations

Few non-vanishing Fourier coefficients
Defining property:

Will be made more precise when we consider orbits of Fourier coefficients. 

<latexit sha1_base64="Zf9dN9vlpVPqNWuJKJWz1E+hx10="></latexit> 1 3 4 5 6 7 8

2

http://www.cambridge.org/core_title/gb/502216


Motivation
Different parabolic subgroups study different limits and objects in string theory.

<latexit sha1_base64="wMlnXXUUbzwXBvfARWSBMzV/chE="></latexit>

• String perturbation limit
D-instantons, NS5-instantons

<latexit sha1_base64="f9iOObbSEvKyd/V0UgsIFuBA7rE="></latexit>

• M-theory limit
M2, M5-instantons

<latexit sha1_base64="6xR53eMrM3gdPKWkOdYfDPX8R5w="></latexit>

• Decompactification limit
Higher dimensional BPS states, black holes Ed+1 ! Ed

<latexit sha1_base64="bTGHEuu0f9/LamjOhRAFuHuSPqw="></latexit>



What is known?
1 3 4 5 6 7 8

2

<latexit sha1_base64="t+40jjrEpgAt2oUgUpHp4qDuSk0="></latexit>

SL2(R) SL2(R)⇥ R+ SL3(R)⇥ SL2(R) SL5(R) Spin5,5(R)
<latexit sha1_base64="+gd7hKiNS00YY2nFL/44VEFL7Y4="></latexit>

rankG  5:
<latexit sha1_base64="I8BEwLYmrr0UhrHxge9VciIlnAc="></latexit>

Maximal parabolic Fourier coefficients reviewed in [Green–Miller–Vanhove 15]

E6, E7, E8
<latexit sha1_base64="T/7iniuA7rgf92fu5MEbGMlwPzI="></latexit>

<latexit sha1_base64="6xR53eMrM3gdPKWkOdYfDPX8R5w="></latexit>

Decompactification limit computed in [Bossard–Pioline 17, Bossard–Kleinschmidt 16]

Eisenstein series well-defined [Garland 06] (affine), [Carbone–Lee–Liu 17] (rank 2 hyperbolic)
Kac–Moody (e.g. E9, E10, E11)

<latexit sha1_base64="y5xutwdjv9E48UIwCD1pqZfM9X0="></latexit>

Constant mode Whittaker coefficient: [Garland 01, Fleig–Kleinschmidt 12]
Generic Whittaker coefficient (p-adic): [Patnaik 17] (affine)

http://dx.doi.org/10.1007/s00208-016-1428-8


Strategy

Many Fourier coefficients of automorphic forms are difficult to 
compute directly.

Strategy:
When possible, write the latter (F) in terms of the former (W).

<latexit sha1_base64="TRgMSlc292qKD8MUS0sVD/8BA24=">AAAHFXicjVRbb9s2FJa71e20S9PtcS/E3GId0BpWsqzrQwAH6YIESJM2zaVoZASUdGQRISmBpJoYLH9Hf03fhr1ur/s3O5Td+RIvGA1D5Pk+nnN4bknFmTa93t+tW599frt95+4X4Zdfff3NvZX7357oslYpHKclL9WbhGrgTMKxYYbDm0oBFQmH0+Riy+On70BpVsojM6pgIOhQspyl1KDofOWvOIEhk1YwySo6BGdXn/Uq48 </latexit>

Wanted: (maximal) parabolic Fourier coefficients
✓

1 ⇤ ⇤ ⇤
1
1
1

◆

<latexit sha1_base64="qp26h2U+15WKYJsmbWhY84XUf/4="></latexit>

Large L. Direct computation difficult.
<latexit sha1_base64="1eyxA+rp3iMOt/55QoRND9hK7K0=">AAAHonicjVVfb9s2EJe7de68f8n2uBdhTrE9ZIZVJ036EMBBsjYe3LiJk7RYZASUdLIIk5RAUk0MVp9on2hP+yo7yl5s2VkwGrDIux/v/x2DjFGl2+2/ak8++/zpF/VnXza++vqbb7/b2Pz+SqW5DOEyTFkqPwREAaMCLjXVDD5kEggPGLwPJkeW//4jSEVTcaGnGYw4GQsa05BoJN1s/OkHMKbCcCpoRsZQmM5+O9NFo+FLMh </latexit>

F
<latexit sha1_base64="+MVqmfpjN+9XjraQ51d7pRoKDqU="></latexit>

(Theorem I)

Known: Whittaker coefficients.
✓

1 ⇤ ⇤ ⇤
1 ⇤ ⇤
1 ⇤
1

◆

<latexit sha1_base64="K6PzpXxbAJO8KKFLnA3HeJqCQ6E="></latexit>

W
<latexit sha1_base64="NJHWaPcFPIEnZK9unlgL9wtOe/c="></latexit>Determined by its values on L = torus (small)

<latexit sha1_base64="+TKw7LwB1QOyTW5TLlVvSE48R3Q=">AAAHmHicjVVtb9s2EJbbde68t3T9tn0h5hbrgNSw6rz1QwAHyZoYSJM2by0aGQElnWzCJCWQVBKD1Y/Zz9qn/ZUdZa+27CwYDVjk3cPnjne8Y5hxpk27/VftwcOvHn1df/xN49vvvv/hx5UnP13oNFcRnEcpT9XHkGrgTMK5YYbDx0wBFSGHD+Fo1+k/XIPSLJVnZpxBX9CBZAmLqEHR1cqfQQgDJq1gkmV0AIXtbLUzUzQaga </latexit>

Casselman–Shalika formula.



Core strategy example v0.1

Parabolic Fourier coefficient in terms of Whittaker coefficients

Let G = SL4, U =
n✓ 1 ⇤ ⇤ ⇤

0 1 0 0
0 0 1 0
0 0 0 1

◆o
and  �1

⇣✓ 1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆⌘
= e2⇡i(m1x1+m2x2+m3x3)

<latexit sha1_base64="0M5VVaJTyHh0ljtmyEr0ljGxWNA="></latexit> m1,m2,m3 2 Z
<latexit sha1_base64="XHsfU8jmDJlVL5stKlEHp7WZvpM="></latexit>

For now, assume m1 = 1
<latexit sha1_base64="LIAlTveXxd44d9dbrWZ9YG3RcMc="></latexit>

FU, ['](g) =

Z

(Z\R)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
e2⇡i(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

?

Wm1,m4,m6 ['](g) =

Z

(Z\R)6
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 x6
0 0 0 1

◆
g
⌘
e2⇡i(m1x1+m4x4+m6x6) d6x

<latexit sha1_base64="ebLqRzUsKwFSgIlhTYDvlbSKlp4="></latexit>



Core strategy example v0.1

Parabolic Fourier coefficient in terms of Whittaker coefficients

Let G = SL4, U =
n✓ 1 ⇤ ⇤ ⇤

0 1 0 0
0 0 1 0
0 0 0 1

◆o
and  �1

⇣✓ 1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆⌘
= e2⇡i(m1x1+m2x2+m3x3)

<latexit sha1_base64="0M5VVaJTyHh0ljtmyEr0ljGxWNA="></latexit> m1,m2,m3 2 Z
<latexit sha1_base64="XHsfU8jmDJlVL5stKlEHp7WZvpM="></latexit>

For now, assume m1 = 1
<latexit sha1_base64="LIAlTveXxd44d9dbrWZ9YG3RcMc="></latexit>

FU, ['](g) =

Z

(Z\R)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
e2⇡i(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

Let �0 =

✓
1 0 0 0
0 1 0 0
0 �m2 1 0
0 �m3 0 1

◆
2 SL4(Z).

<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: '(g0) = '(�0g0).
<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
= '

⇣
�0

✓
1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆
��1
0 �0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= '
⇣✓ 1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation



Core strategy example v0.1

FU, ['](g) =

Z

(Z\R)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
e2⇡i(x1+m2x2+m3x3) d3x

<latexit sha1_base64="MZf2NiunsPMdXUsl4Hlv3lomRek="></latexit>

Let �0 =

✓
1 0 0 0
0 1 0 0
0 �m2 1 0
0 �m3 0 1

◆
2 SL4(Z).

<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: '(g0) = '(�0g0).
<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
= '

⇣
�0

✓
1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆
��1
0 �0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= '
⇣✓ 1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation

Thus, with a shift in the x1 integration variable
<latexit sha1_base64="mMlgbaNaWT01EQdPxgy3mUK+WbE="></latexit>

FU, ['](g) =

Z

(Z\R)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘
e2⇡ix1 d3x

<latexit sha1_base64="eyTR/NlU1LUy9opoQHhdyrkLAnQ="></latexit>



Core strategy example v0.1

Let �0 =

✓
1 0 0 0
0 1 0 0
0 �m2 1 0
0 �m3 0 1

◆
2 SL4(Z).

<latexit sha1_base64="SlgPLGDFL/2UHaj/KIiry8Ltm88="></latexit>

Automorphic invariance gives: '(g0) = '(�0g0).
<latexit sha1_base64="m2JW1qEhVCcuWNKSu29ZuQHm4BI="></latexit>

'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
= '

⇣
�0

✓
1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆
��1
0 �0g

⌘

<latexit sha1_base64="QnF1axAfTeIXKDlCjgTQB/Hd6a0="></latexit>

= '
⇣✓ 1 x1+m2x2+m3x3 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘

<latexit sha1_base64="IANpTqPCHnFojjZDijZ0HH2l3OA="></latexit>

Step 1: Conjugation

Thus, with a shift in the x1 integration variable
<latexit sha1_base64="mMlgbaNaWT01EQdPxgy3mUK+WbE="></latexit>

FU, ['](g) =

Z

(Z\R)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘
e2⇡ix1 d3x

<latexit sha1_base64="eyTR/NlU1LUy9opoQHhdyrkLAnQ="></latexit>

To do the same with any m1 6= 0 would need to conjugate with

�0 =

 1 0 0 0
0 1 0 0
0 �m2

m1
1 0

0 �m3
m1

0 1

!
2 SL4(Q).

<latexit sha1_base64="H5ibCsMJrUVEAaNPiAkNU1dLnvE="></latexit>

But automorphic invariance only for SL4(Z).
<latexit sha1_base64="hIEcqdrPYkvXS+BAGHPAfRc99fw="></latexit>



Tool: Adelic lift

Automorphic forms on G(R)
<latexit sha1_base64="dGySCfKzUb9ODFRnWWNOkteDEpg=">AAAHn3icjVVbb9s2FJbbde68W9q9DNiLWrdYB2SGVSe9PARwkK5JgDRJc2u3yAgo6sgiTFICSTUxWP2D/cH9jb3uZYeyW1t2FowBYvKcj985PDdFOWfadLt/NW7d/uLOl827X7W+/ubb775fuXf/TGeFonBKM56p9xHRwJmEU8MMh/e5AiIiDu+i0ZbTv/sASrNMnphxDgNBhpIljBKDoouVP8MIhkxawSTLyRBK23vRzU3Zao </latexit>

Automorphic forms on G(A)
<latexit sha1_base64="nzG8dbS0h1Qr005MuiZlhLCqZoM="></latexit>

Adelic lift

Z\R-Fourier coefficients
<latexit sha1_base64="RHkEz0vVWkFjaOVSW63gZXoV3mE="></latexit>

Restrict

Q\A-Fourier coefficients
<latexit sha1_base64="Ok67m1XWEM7moZk1v1RA9g5GobM="></latexit>

Compute

For details see [Fleig–Gustafsson–Kleinschmidt–Persson 18, §2, §6]

Adeles A � R
<latexit sha1_base64="yD/6upT+6FTHFG/hlh6U4hP0JDA="></latexit>

http://www.cambridge.org/core_title/gb/502216


The ring of adeles

R
<latexit sha1_base64="lMHJ8xbpciB77Mh/cG9JFn9+2mo="></latexit>

Q
<latexit sha1_base64="VdvON4yFC+6MxS6Ve/D7vCied8M="></latexit>

Completion of  
Cauchy sequences

Standard norm | · |
<latexit sha1_base64="dtmYOVw0Yef4wRgceORJQJEgXaA="></latexit>

Q
<latexit sha1_base64="VdvON4yFC+6MxS6Ve/D7vCied8M="></latexit> p-adic norm | · |p

<latexit sha1_base64="PnD20ZU5paDo/f8bT1dTcJyxHPM="></latexit>

Qp
<latexit sha1_base64="PWTuqKC42NkyBrOCfosAKsvPpOM="></latexit>

For a prime p and x 2 Q prime factorized as x = pk1
1 · · · pkn

n we
define the p-adic norm

<latexit sha1_base64="yfvm4sUitURHqv8ajHv16jT3348="></latexit>

|x|p =

(
p�ki
i if p = pi for any i

1 otherwise
<latexit sha1_base64="wMiQFcDyXqXUUncGB3xnse/lVSc="></latexit>

Ring of adeles: A = R⇥
Y0

prime p

Qp

<latexit sha1_base64="LaGdlQIHEzOx3BKqN0FDe7MkYVs="></latexit>

Q embeds diagonally in A: Q 3 q 7! (q; q, q, . . .) 2 A.
<latexit sha1_base64="JPs1CQHwabkVyn67qsmPFfTKx4A="></latexit> Q is discrete in A and Q\A is compact.

<latexit sha1_base64="WMMvdasDKy4KEaHkSnf/6RYMDls="></latexit>



Dictionary

For details see [Fleig–Gustafsson–Kleinschmidt–Persson 18, §2, §6]

f(x) =
X

m2Z

Z

Z\R

f(x+ ⇠)e2⇡im⇠ d⇠

<latexit sha1_base64="VnaIAwpaBxSgMxLn3ETMtmSryuE="></latexit>

f(x) =
X

m2Q

Z

Q\A

f(x+ ⇠)e(m⇠) d⇠

<latexit sha1_base64="QcPnZBXUBTr+FEN01McbjIl23w8="></latexit>

Fourier expansion on Z\R
<latexit sha1_base64="I35PuJD8AGpG7QtTjXR8oUGpyvM="></latexit>

Fourier expansion on Q\A
<latexit sha1_base64="5UqDH6UCkAGsMvoXBYIR5G5cHEk="></latexit>

U(Q)\U(A)
<latexit sha1_base64="lRet2oHr0F1bxfwx9RJ/vfbr+4E="></latexit>

U(Z)\U(R)
<latexit sha1_base64="D1XdJNSNS3bWW7gV4jcWis4X7pg="></latexit>

G(Z)-invariant
<latexit sha1_base64="QBbxnsrNNFsnkFj4EmSYTAIo1yU="></latexit>

G(Q)-invariant
<latexit sha1_base64="xVGyPhbvcBXYs+QIAXMpNknuoLQ="></latexit>

http://www.cambridge.org/core_title/gb/502216


Core strategy example

m1,m2,m3 2 Q
<latexit sha1_base64="9TljU/FmmJEHwEuG2675I6NMTpY="></latexit>

m1 6= 0
<latexit sha1_base64="xoNu7XKn5RVm//Skn3/B0iEwzeE="></latexit>FU, ['](g) =

Z

(Q\A)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
e(m1x1 +m2x2 +m3x3) d

3x

<latexit sha1_base64="SkPGBUJVfDHeE/bYVWHxO+fei9w="></latexit>

Let G = SL4, U =
n✓ 1 ⇤ ⇤ ⇤

0 1 0 0
0 0 1 0
0 0 0 1

◆o
and  �1

⇣✓ 1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆⌘
= e(m1x1 +m2x2 +m3x3)

<latexit sha1_base64="tXYWf0Zl1pgnm0veFzIpad5KkMY="></latexit>

FU, ['](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

�2�4

W m1,m4,m6
['](��0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>

Maximal parabolic 
Fourier coefficient

Translated Whittaker coefficients

Theorem

v1.0

2 SL4(Q)
<latexit sha1_base64="B9a3Ou+F00doe/wmKK9BMoVwyqM="></latexit>z}|{

<latexit sha1_base64="nrTHGI0tep33VK9IqDKoo1Jrwfg="></latexit>



Core strategy example

m1,m2,m3 2 Q
<latexit sha1_base64="9TljU/FmmJEHwEuG2675I6NMTpY="></latexit>

m1 6= 0
<latexit sha1_base64="xoNu7XKn5RVm//Skn3/B0iEwzeE="></latexit>FU, ['](g) =

Z

(Q\A)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
g
⌘
e(m1x1 +m2x2 +m3x3) d

3x

<latexit sha1_base64="SkPGBUJVfDHeE/bYVWHxO+fei9w="></latexit>

Let G = SL4, U =
n✓ 1 ⇤ ⇤ ⇤

0 1 0 0
0 0 1 0
0 0 0 1

◆o
and  �1

⇣✓ 1 x1 x2 x3
0 1 0 0
0 0 1 0
0 0 0 1

◆⌘
= e(m1x1 +m2x2 +m3x3)

<latexit sha1_base64="tXYWf0Zl1pgnm0veFzIpad5KkMY="></latexit>

FU, ['](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

�2�4

W m1,m4,m6
['](��0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>

Theorem

Proof:

Step 1: Conjugation (as before) �0 =

 1 0 0 0
0 1 0 0
0 �m2

m1
1 0

0 �m3
m1

0 1

!
2 SL4(Q).

<latexit sha1_base64="Eo6ssrmWJ4W0MQ/yoTYNMMO6PKY="></latexit>

FU, ['](g) =

Z

(Q\A)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘
e(m1x1) d

3x

<latexit sha1_base64="ZhDDgrd+1f2cYCSk/d4T2gHjOUk="></latexit>



Core strategy example

FU, ['](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

�2�4

W m1,m4,m6
['](��0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>

Theorem

Proof:

Step 1: Conjugation (as before) �0 =

 1 0 0 0
0 1 0 0
0 �m2

m1
1 0

0 �m3
m1

0 1

!
2 SL4(Q).

<latexit sha1_base64="Eo6ssrmWJ4W0MQ/yoTYNMMO6PKY="></latexit>

FU, ['](g) =

Z

(Q\A)3
'
⇣✓ 1 x1 x2 x3

0 1 0 0
0 0 1 0
0 0 0 1

◆
�0g

⌘
e(m1x1) d

3x

<latexit sha1_base64="ZhDDgrd+1f2cYCSk/d4T2gHjOUk="></latexit>

Step 2: Further expansion along next row

FU, ['](g) =
X

m4,m52Q

Z

(Q\A)5
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 0
0 0 0 1

◆
�0g

⌘
e(m1x1+m4x4+m5x5) d

5x

<latexit sha1_base64="YrrTOTrOBVmzVZ/yjBVe7tPRmA0="></latexit>



Core strategy example

Step 2: Further expansion along next row

FU, ['](g) =
X

m4,m52Q

Z

(Q\A)5
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 0
0 0 0 1

◆
�0g

⌘
e(m1x1+m4x4+m5x5) d

5x

<latexit sha1_base64="YrrTOTrOBVmzVZ/yjBVe7tPRmA0="></latexit>

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
[
n✓ 1 0 0 0

0 1 0 0
0 0 0 1
0 0 �1 m

◆
: m 2 Q

o
if m4 6= 0.

<latexit sha1_base64="X5EacjZNEJpQIt1fsf7JUGkxXFs="></latexit>

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
otherwise.

<latexit sha1_base64="lfuwI6neVMjhQ2vAPY+/TGlUiWU="></latexit>

Step 3: Conjugation for each m4
<latexit sha1_base64="zdOlY1P9MTaytyjozF//TbXqm1s="></latexit>

FU, ['](g) =
X

m42Q

X

�2�4

Z

(Q\A)5
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 0
0 0 0 1

◆
��0g

⌘
e(m1x1+m4x4) d

5x

<latexit sha1_base64="s5jhe/Hu6PSNoJADqv3DMTQj9qI="></latexit>

Step 4: Expand further



Core strategy example

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
[
n✓ 1 0 0 0

0 1 0 0
0 0 0 1
0 0 �1 m

◆
: m 2 Q

o
if m4 6= 0.

<latexit sha1_base64="X5EacjZNEJpQIt1fsf7JUGkxXFs="></latexit>

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
otherwise.

<latexit sha1_base64="lfuwI6neVMjhQ2vAPY+/TGlUiWU="></latexit>

Step 3: Conjugation for each m4
<latexit sha1_base64="zdOlY1P9MTaytyjozF//TbXqm1s="></latexit>

FU, ['](g) =
X

m42Q

X

�2�4

Z

(Q\A)5
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 0
0 0 0 1

◆
��0g

⌘
e(m1x1+m4x4) d

5x

<latexit sha1_base64="s5jhe/Hu6PSNoJADqv3DMTQj9qI="></latexit>

Step 4: Expand further

=
X

m4,m62Q

X

�2�4

Z

(Q\A)6
'
⇣✓ 1 x1 x2 x3

0 1 x4 x5
0 0 1 x6
0 0 0 1

◆
��0g

⌘
e(m1x1+m4x4+m6x6) d

6x

<latexit sha1_base64="WW+6AJuVyFk1mjDkhlc/tk6DiGI="></latexit>

Nz }| {
<latexit sha1_base64="ct1gxnCgmQlVqbYh6i+phXcq5CA="></latexit>

FU, ['](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

�2�4

W m1,m4,m6
['](��0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>



Core strategy example

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
[
n✓ 1 0 0 0

0 1 0 0
0 0 0 1
0 0 �1 m

◆
: m 2 Q

o
if m4 6= 0.

<latexit sha1_base64="X5EacjZNEJpQIt1fsf7JUGkxXFs="></latexit>

�4 =
n✓ 1 0 0 0

0 1 0 0
0 0 1 0
0 0 0 1

◆o
otherwise.

<latexit sha1_base64="lfuwI6neVMjhQ2vAPY+/TGlUiWU="></latexit>

FU, ['](g)
<latexit sha1_base64="k7d1kxtBTl+KtnZL6WPbyvgfkn4="></latexit>

=
X

m4,m62Q

X

�2�4

W m1,m4,m6
['](��0g)

<latexit sha1_base64="3FG9RTgNpbdfzu3tSSi4GTEBoT8="></latexit>

Compare with [Piatetski-Shapiro 79, Shalika 74] for cusp form.

Other simplifications for small automorphic representations.

<latexit sha1_base64="0zI0BoyCHYYqnHTI/aM6opqS+yg="></latexit>

�0 =

 1 0 0 0
0 1 0 0
0 �m2

m1
1 0

0 �m3
m1

0 1

!
2 SL4(Q).

<latexit sha1_base64="Eo6ssrmWJ4W0MQ/yoTYNMMO6PKY="></latexit>



Nilpotent orbits
Character  on U(A)

<latexit sha1_base64="ww+nCu9NZ5oinbQtq57XVIpkRoU="></latexit>

Nilpotent element y 2 g(Q)
<latexit sha1_base64="RZCUm5JhFXtCVgLok7z/t2Kdbaw="></latexit>

 y(u) = e(hy, log ui) h · , · i Killing form
<latexit sha1_base64="9gyD0tJRSt8MdnCr0pZ9ED5b83k="></latexit>

FU, y ['](g) = F�U��1, �y��1
['](�g)

<latexit sha1_base64="vkPWh75e4yx17uO4V3Qh3cQaoI4="></latexit>

� 2 G(Q)
<latexit sha1_base64="kRIqN9Sza4D64aqM0Dr46KPU9EE="></latexit>

FU, y ['] ⌘ 0 () F�U��1, �y��1
['] ⌘ 0

<latexit sha1_base64="vo2kXQAz9DJVEk33IaptLYzzW0c="></latexit>

Nilpotent orbit Oy = {�y��1 : � 2 G(Q)}
<latexit sha1_base64="ymzMV/OJVb2gcTWC7lSeBO1mnps="></latexit>

Partial ordering
Omin

<latexit sha1_base64="+t4P0GL4DhCyhrtOb7S/Le8ggyc="></latexit>

Ontm
<latexit sha1_base64="tCc3AOanR1MvHkOOFVaV5mRhl6g="></latexit>

Otriv
<latexit sha1_base64="My6m1Lo2RGikh/ETNQY0edqOFPQ="></latexit>

(6)

(51)

(42)

(411) (33)

(321)

(3111) (222)

(2211)

(21111)

(111111)
<latexit sha1_base64="JD5ZhBCkfmMNrtPuw6ioHRIqeqs="></latexit>

SL6
<latexit sha1_base64="jvJOkp7LET2JxOF492yr7b450sE="></latexit>

C
<latexit sha1_base64="0OOMCCTIx0G+DPdXD9N8i+6RStk="></latexit>



Small automorphic 
representations

An automorphic representation ⇡ is characterized by a set of
nilpotent orbits WF(⇡) called its wave-front set.

<latexit sha1_base64="OW/eHNxd55CopJaPAGXohtCtyBY="></latexit>

Minimal automorphic representation:
WF(⇡min) contains Omin but no larger orbit.

<latexit sha1_base64="MDYSRbsG2l0wEHG+kfcN9rD0eCg="></latexit>

Next-to-minimal automorphic representation:
WF(⇡ntm) contains Ontm but no larger orbit.

<latexit sha1_base64="ejzS9w6ESiwmOhKnrM2mbQamMtI="></latexit>

[Gomez–Gourevitch–Sahi 17]If Oy 62 WF(⇡) then FU, y ['] ⌘ 0 for ' 2 ⇡
<latexit sha1_base64="otyg7OpUhwcGBFYIv0gW0zpZATQ="></latexit>

Size of orbit  Size of automorphic representation⟷

(Similar local statements by Matumoto and Mœglin–Waldspurger)



Small automorphic 
representations

An automorphic representation ⇡ is characterized by a set of
nilpotent orbits WF(⇡) called its wave-front set.

<latexit sha1_base64="OW/eHNxd55CopJaPAGXohtCtyBY="></latexit>

[Gomez–Gourevitch–Sahi 17]If Oy 62 WF(⇡) then FU, y ['] ⌘ 0 for ' 2 ⇡
<latexit sha1_base64="otyg7OpUhwcGBFYIv0gW0zpZATQ="></latexit>

≈Small automorphic representations

Few non-vanishing Fourier coefficients
Defining property:



Small automorphic 
representations

Few non-vanishing Fourier coefficients
Defining property:

SL4 example: Whittaker coefficients specified by character
<latexit sha1_base64="cetx1UmNrDn1hFDm1tW+bgDgTsY="></latexit>

 m1,m2,m3

⇣✓ 1 x1 ⇤ ⇤
0 1 x2 ⇤
0 0 1 x3
0 0 0 1

◆⌘
= e(m1x1 +m2x2 +m3x3)

<latexit sha1_base64="v/XSdRs4G71nv45wCVpk2Hcq2xc="></latexit>

Maximally degenerate
Minimal representation: only W with characters  m1,0,0,  0,m2,0,  0,0,m3 survive.

<latexit sha1_base64="Sh2RW1M4t0LdYf1xlFGdBu4Ollw="></latexit>

Next-to-minimal representation: also  m1,0,m3 survive.
<latexit sha1_base64="J0ccj0lakFtvXahbli9NeLeRa58="></latexit>



Realizations

~s 2 Cr  ! � = 2s1⇤1 + . . . 2sr⇤r
<latexit sha1_base64="xpeAyuhOvk7aIhrltCP0CUoqbg0="></latexit>

E~s(g) =
X

�2B(Z)\G(Z)
�~s(�g)

<latexit sha1_base64="Gjdh20BJi1Y7NyIP1wttA6bDJoY="></latexit>

For E6, E7, E8:
<latexit sha1_base64="fSBsiK10fGiKO0TvOrtriYRuTYc="></latexit>

For SLn, (n > 3):
<latexit sha1_base64="thUvC56VXlOdpie5tYON4fZ+1Uw="></latexit>

E(s,0,...,0)(g) is in a minimal automorphic representation.
<latexit sha1_base64="38QeziWjnzP6b1KCyXrXR7+InJg="></latexit>

E(0,s,...,0)(g) is in a next-to-minimal automorphic representation.
<latexit sha1_base64="76Vwoul7KtaY6YapDBFyikqOToc="></latexit>

�~s(g) = �~s(nak) = a�

<latexit sha1_base64="Dy/652bbVpJrd9Wa0ZFqANWfCxo="></latexit>

E(3/2,0,...,0)(g) is in a minimal automorphic representation.
<latexit sha1_base64="jh39rLVkT90MfPmHSeJ8qOKglI4="></latexit>

E(5/2,0,...,0)(g) is in a next-to-minimal automorphic representation.
<latexit sha1_base64="o9Pw0UeJb85jBFnLDh4ZwbcJSgo="></latexit>

[Fleig–HG–Kleinschmidt–Persson 18, Table 6.2]

http://www.cambridge.org/core_title/gb/502216


BPS-orbits and character orbits

P = L U
<latexit sha1_base64="ZBlKBWWDL6eoW6/d+AzETpLepiw="></latexit>

�U��1 = U for � 2 L(Q)
<latexit sha1_base64="xkX+d6KTGo3GqcnxcK5AZGKSIS0="></latexit>

FU, y ['](g) = F�U��1, �y��1
['](�g)

<latexit sha1_base64="vkPWh75e4yx17uO4V3Qh3cQaoI4="></latexit>

= FU, �y��1 ['](�g)
<latexit sha1_base64="9U3MXMjlKhAfWbhuu6oVKokkrpo="></latexit>

Character orbit

• Decompactification limit
Higher dimensional BPS states, black holes <latexit sha1_base64="3kligRbS9dXN2cKsG53sxCmHG0w="></latexit>

G = E7, L ⇠= GL1 ⇥E6
<latexit sha1_base64="BDG1ymVeXCl8LyMEYZ54gxwyeF0="></latexit>

E7 automorphic form in 4-dimensional scattering amplitudes.
<latexit sha1_base64="lNyKw7R9T3CBBiSfoUV3pOQInSw="></latexit>

E6 parabolic contains information about particle states in
5-dimensions that are protected supersymmetry: BPS states.

<latexit sha1_base64="XLDGofCwZBEGU7pn2QuI3vXUcz4="></latexit>

(Short representations of a Z2-graded algebra.)
<latexit sha1_base64="krFccTMPNFP65q+T/B8AU8HRu58="></latexit>



BPS-orbits and character orbits
• Decompactification limit

Higher dimensional BPS states, black holes <latexit sha1_base64="3kligRbS9dXN2cKsG53sxCmHG0w="></latexit>

G = E7, L ⇠= GL1 ⇥E6
<latexit sha1_base64="BDG1ymVeXCl8LyMEYZ54gxwyeF0="></latexit>

Classified by their (GL1 ⇥E6)-orbits:
<latexit sha1_base64="mbkW87I5HwvG0OVnN/99hogboZs="></latexit>

Name Dimension
1
8 -BPS 27

1
4 -BPS 26

1
2 -BPS 17

<latexit sha1_base64="lao0xOZdKP2r9NxxuXuleMRW/ic="></latexit>

BPS states specified by 27
electromagnetic charges.

<latexit sha1_base64="vG55cUKerVQosWYRGVPjHwx1yQc="></latexit>

Fourier modes on U (characters)
are specified by 27 integers.

<latexit sha1_base64="NX6bRWSN+zZVxcy2dH7ODZsE3Wo="></latexit>

With L acting in the same way.
<latexit sha1_base64="vj8tzBBKqSI7ldHmmlKok5HfUVQ="></latexit>

Vanishing properties from intersection with G-orbits in WF(⇡)
<latexit sha1_base64="e36/So9z38SqMkpA1h/H/nglxjk="></latexit>

G-orbit Vanishes for:

O(3A1)00 ⇡triv, ⇡min, ⇡ntm

Ontm ⇡triv, ⇡min

Omin ⇡triv

<latexit sha1_base64="jgZDEbuf4Jvr+vpiJu6wWgeKbJE="></latexit>



Reduction principle

Theorem I [Gourevitch–HG–Kleinschmidt–Persson–Sahi 18].

<latexit sha1_base64="sJYaik0pg18H33BsxGfeb2evSo4="></latexit>

This is possible for automorphic forms in 
minimal and next-to-minimal automorphic 
representations of simply-laced groups. 
For other cases we give the coefficients 
that would replace       in this statement: 
so called Levi-distinguished coefficients.

W
<latexit sha1_base64="WfyKmF65JdJopsXLROw98EKh/+0="></latexit>

Any number field, any central extension of reductive group, any representation.

When possible, write parabolic Fourier coefficient in terms of Whittaker coefficients.
<latexit sha1_base64="ayi32eHV108mYt/QGWa9N2F8N9E="></latexit> F

<latexit sha1_base64="ARXkMLecuC9i0dKkXBlUSo+7PLg="></latexit>

W
<latexit sha1_base64="5SC6AdETwqc7T6BYbdE9BmpQetk="></latexit>



Explicit formulas
Theorem II [Gourevitch–HG–Kleinschmidt–Persson–Sahi 19].
Formulas for expressing maximal parabolic Fourier coefficients,
and ' itself, in terms of Whittaker coefficients for minimal and
next-to-minimal representations of simply-laced groups.

<latexit sha1_base64="JrNsAAJutup6k8r3ixJyhDtEqgA="></latexit>

Certain coset representatives
in G(Q) specified in paper.

<latexit sha1_base64="rssQUGFA/4UgrGWhzecrBvhIe2s="></latexit>

FU↵1 , 
['](g) = W ['](g) +

5X

i=3

X

�2�i

X

y02g⇥
�↵i

(Q)

W y+y0 ['](�g)

<latexit sha1_base64="Psd865m+GKC4XzA98gF+oT+rLhU="></latexit>

Example G = SO5,5:
<latexit sha1_base64="rNB45YKaCiRXWguHFM/tTn3rOCI="></latexit>

Character  =  y with y 2 g⇥�↵1
(Q) in a minimal orbit.

<latexit sha1_base64="nfSFuUzRBPE4sgNJS7wyi8PDH3I="></latexit>

' next-to-minimal, U↵1 analogous to first row
<latexit sha1_base64="RdRjUq6H0pUmnVPuU5H3uRlRCiQ="></latexit>

Maximally degenerate



Summary

• Solved Jacobi's four-squares-problem by Fourier expanding modular forms 
• From modular forms to automorphic forms 
• How to Fourier expand periodic functions on groups 
• Small automorphic representations have few non-vanishing Fourier coefficients 
• Write parabolic Fourier coefficients in terms of Whittaker coefficients



Thank you!

https://hgustafsson.se

http://hgustafsson.se



