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• Construct first toy lattice model describing Schur polynomials.

• See how lattice models can be used to prove identities.

• Define the spherical Whittaker functions we study.

• Refine to Iwahori Whittaker functions by adding colors to lattice model.

• Metaplectic covers and Whittaker functions.

• Iwahori–metaplectic duality.



Why lattice models?



Why lattice models?

• Powerful toolbox from statistical mechanics to manipulate models 

and prove identities.



Why lattice models?

• Powerful toolbox from statistical mechanics to manipulate models 

and prove identities.

• Building new bridges between widely different mathematical objects. 

(See also Paper 0).



Why lattice models?

• Powerful toolbox from statistical mechanics to manipulate models 

and prove identities.

• Building new bridges between widely different mathematical objects. 

(See also Paper 0).

• Surprisingly effective at describing these representation theoretical 

objects: bijection of data, highly constrained by solvability conditions.



Why lattice models?

• Powerful toolbox from statistical mechanics to manipulate models 
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• Building new bridges between widely different mathematical objects. 

(See also Paper 0).

• Surprisingly effective at describing these representation theoretical 

objects: bijection of data, highly constrained by solvability conditions.

• Generator of ideas and conjectures.
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Five different vertex configurations:



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

�
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

�+ ⇢

<latexit sha1_base64="Zrt7wbO39zHrCVzlpcvBiJjgfsM="></latexit>

SSYT ←→



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

�
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

�+ ⇢

<latexit sha1_base64="Zrt7wbO39zHrCVzlpcvBiJjgfsM="></latexit>

SSYT ←→

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="5AYBhQSPcB7Sq9fwpYh0Vbl11NA="></latexit>

wt(T )

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

�
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

�+ ⇢

<latexit sha1_base64="Zrt7wbO39zHrCVzlpcvBiJjgfsM="></latexit>

SSYT ←→

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="5AYBhQSPcB7Sq9fwpYh0Vbl11NA="></latexit>

wt(T )

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

�
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

�+ ⇢

<latexit sha1_base64="Zrt7wbO39zHrCVzlpcvBiJjgfsM="></latexit>

SSYT ←→

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )

<latexit sha1_base64="PwRVs5yC+kD5z5vhH6OD2Z50ZMI="></latexit>Introduce row parameters z1, . . . , zr 2 C



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="5AYBhQSPcB7Sq9fwpYh0Vbl11NA="></latexit>

wt(T )

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="PJFnFUPSKfCZS7brwyoGgkgbJDY="></latexit>

�
<latexit sha1_base64="LeP+GwMCk/BDe2trCZa6SqzxrnE="></latexit>

�+ ⇢

<latexit sha1_base64="Zrt7wbO39zHrCVzlpcvBiJjgfsM="></latexit>

SSYT ←→

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )

<latexit sha1_base64="PwRVs5yC+kD5z5vhH6OD2Z50ZMI="></latexit>Introduce row parameters z1, . . . , zr 2 C
<latexit sha1_base64="XBbQhCn1e5qIlEPgfdVneGGCkXE="></latexit>

and vertex weights at row i



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z
3

1
z
2

2
z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y <latexit sha1_base64="brIusb57HD9XtfUKFWr2b+GO6Ng="></latexit>

= z
ρ
· (w0z)

wt(T )

<latexit sha1_base64="dlSXJ3RTj1KFwLN/viW/Pq9DPR0="></latexit>

w0(z1, z2, . . . , zr) = (zr, . . . , z2, z1)

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z
3

1
z
2

2
z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y <latexit sha1_base64="brIusb57HD9XtfUKFWr2b+GO6Ng="></latexit>

= z
ρ
· (w0z)

wt(T )

<latexit sha1_base64="dlSXJ3RTj1KFwLN/viW/Pq9DPR0="></latexit>

w0(z1, z2, . . . , zr) = (zr, . . . , z2, z1)

<latexit sha1_base64="55g0ioWyWxXhog198zchihe3lHs="></latexit>

Z(�, z) :=
X

s �+⇢

�(s)

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z
3

1
z
2

2
z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y <latexit sha1_base64="brIusb57HD9XtfUKFWr2b+GO6Ng="></latexit>

= z
ρ
· (w0z)

wt(T )

<latexit sha1_base64="dlSXJ3RTj1KFwLN/viW/Pq9DPR0="></latexit>

w0(z1, z2, . . . , zr) = (zr, . . . , z2, z1)

<latexit sha1_base64="55g0ioWyWxXhog198zchihe3lHs="></latexit>

Z(�, z) :=
X

s �+⇢

�(s)
<latexit sha1_base64="7msN3k3BZ9fF9AXHQOyNQ6AzhnY="></latexit>

= z
⇢
s�(w0z)

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z
3

1
z
2

2
z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Lattice paths
<latexit sha1_base64="gir8kpeTx3nSdz8Ln0nAWv0cxe4="></latexit>

T =
1 3

2

<latexit sha1_base64="PuuYW/YmfSWjJtqd6UT+YrNaXnA="></latexit>

4 3 2 1 0
<latexit sha1_base64="+t9aD+EUJ4w9Rqep1Y0JV+SqQsI="></latexit>

4 3 2 1 0

<latexit sha1_base64="Cky7jnMeruFO2uwlzIUhIq0nGyk="></latexit>

s

<latexit sha1_base64="l8QkSSyAcFWx2B2hL020AVJHh3A="></latexit>

1 zi zi zi 1

Five different vertex configurations:

<latexit sha1_base64="CiVsQiAFZPlUP0SgSsRFaFxcrhg="></latexit>

β(s) :=
Y <latexit sha1_base64="brIusb57HD9XtfUKFWr2b+GO6Ng="></latexit>

= z
ρ
· (w0z)

wt(T )

<latexit sha1_base64="dlSXJ3RTj1KFwLN/viW/Pq9DPR0="></latexit>

w0(z1, z2, . . . , zr) = (zr, . . . , z2, z1)

<latexit sha1_base64="55g0ioWyWxXhog198zchihe3lHs="></latexit>

Z(�, z) :=
X

s �+⇢

�(s)
<latexit sha1_base64="7msN3k3BZ9fF9AXHQOyNQ6AzhnY="></latexit>

= z
⇢
s�(w0z)

<latexit sha1_base64="zz9Nxhef/FchXTptmpnxMFZelZ4="></latexit>

= z
⇢
s�(z)

<latexit sha1_base64="zhVt+76TB1DwzfA7iCFrVVsW9Ko="></latexit>

z1

<latexit sha1_base64="3exi9GxvIFzA+0MDnjFYNN7bvU0="></latexit>

z2

<latexit sha1_base64="tC02X3gR0yqRYaBeU0RTJvOuNk0="></latexit>

z3

<latexit sha1_base64="1mJrZLSbmtDXVF99CC5mup1uR7I="></latexit>

β(s) = z
3

1
z
2

2
z3

<latexit sha1_base64="NBu64893CvVktOaf/np31lDXSVA="></latexit>

z
wt(T )

<latexit sha1_base64="dTa3ruUrvWv9Z2R4UwA3eSZqiXM="></latexit>

s�(z) =
X

T2SSYT(�)

z
wt(T )



Cauchy identity
Usefulness of lattice model

5-vertex 6-vertex



Cauchy identity
<latexit sha1_base64="QKQCfNrR8vezKpATQxPjhzDUzfA="></latexit>X

�

s�(x)s�̂0(y) =

nY

i=1

mY

j=1

(xi + yj) [Macdonald 1992 (0.11')]



Cauchy identity
<latexit sha1_base64="QKQCfNrR8vezKpATQxPjhzDUzfA="></latexit>X

�

s�(x)s�̂0(y) =

nY

i=1

mY

j=1

(xi + yj) [Macdonald 1992 (0.11')]

<latexit sha1_base64="M8yqL7fL4NYjDEL5uLyZQwIAsrE="></latexit>

�̂ = �



Cauchy identity
<latexit sha1_base64="QKQCfNrR8vezKpATQxPjhzDUzfA="></latexit>X

�

s�(x)s�̂0(y) =

nY

i=1

mY

j=1

(xi + yj) [Macdonald 1992 (0.11')]

<latexit sha1_base64="M8yqL7fL4NYjDEL5uLyZQwIAsrE="></latexit>

�̂ = �

<latexit sha1_base64="4wR+ovU7xdVHzWZnZzqC4tqwVjU="></latexit>

� =



Cauchy identity
<latexit sha1_base64="QKQCfNrR8vezKpATQxPjhzDUzfA="></latexit>X

�

s�(x)s�̂0(y) =

nY

i=1

mY

j=1

(xi + yj) [Macdonald 1992 (0.11')]

<latexit sha1_base64="M8yqL7fL4NYjDEL5uLyZQwIAsrE="></latexit>

�̂ = �

<latexit sha1_base64="4wR+ovU7xdVHzWZnZzqC4tqwVjU="></latexit>

� =

<latexit sha1_base64="hhduiqhM3FTOfK4bBFo+m3FzkkI="></latexit>

�̂ =

<latexit sha1_base64="aaKXTqYIzhs2BPTR8kVaD61piBI="></latexit>

<latexit sha1_base64="SLxzDaRqmwPM2q5vjTM1zcJGIFE="></latexit>

m

z }| {



Cauchy identity
<latexit sha1_base64="QKQCfNrR8vezKpATQxPjhzDUzfA="></latexit>X

�

s�(x)s�̂0(y) =

nY

i=1

mY

j=1

(xi + yj) [Macdonald 1992 (0.11')]

<latexit sha1_base64="M8yqL7fL4NYjDEL5uLyZQwIAsrE="></latexit>

�̂ = �

<latexit sha1_base64="4wR+ovU7xdVHzWZnZzqC4tqwVjU="></latexit>

� =

<latexit sha1_base64="hhduiqhM3FTOfK4bBFo+m3FzkkI="></latexit>

�̂ =

<latexit sha1_base64="aaKXTqYIzhs2BPTR8kVaD61piBI="></latexit>

<latexit sha1_base64="SLxzDaRqmwPM2q5vjTM1zcJGIFE="></latexit>

m

z }| {

<latexit sha1_base64="jpHCfJ5U/gT0R5AtXixqplrne/M="></latexit>

µ
0
= µ

<latexit sha1_base64="BFsLvAbwqeWWG8bv5LTGIanULeg="></latexit>

�̂
0
=

flip



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

flip

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

flip

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

flip

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

flip

Symmetry of vertex configurations using arrow description



Cauchy identity

<latexit sha1_base64="2hmwEGFIYEpRlRCqfg1rL8rOtIA="></latexit>

1 z −v z (1− v)z 1

flip

Symmetry of vertex configurations using arrow description

Weights are adjusted for solvability (to satisfy Yang–Baxter equation).



Cauchy identity
<latexit sha1_base64="9jiMMZZ8/quZhpexht7BTwZ5e84="></latexit>

1 z −v z (1− v)z 1

<latexit sha1_base64="rPUyOBhNzpWlJbmhri1tduv/F7c="></latexit>

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(�; z) = z
⇢
Y

i<j

(1− v
zj
zi
)s�(z)



Cauchy identity
<latexit sha1_base64="9jiMMZZ8/quZhpexht7BTwZ5e84="></latexit>

1 z −v z (1− v)z 1

<latexit sha1_base64="rPUyOBhNzpWlJbmhri1tduv/F7c="></latexit>

<latexit sha1_base64="ldXsc2zFGFAivOKh329WuZpDiGk="></latexit>

v = −1

[Tokuyama 1988, Hammel–King 2007, Brubaker–Bump–Friedberg 2009]

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(�; z) = z
⇢
Y

i<j

(1− v
zj
zi
)s�(z)



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)

The identity is obtained by 

splitting up a large lattice 

model into two pieces



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)

The identity is obtained by 

splitting up a large lattice 

model into two pieces

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�

<latexit sha1_base64="P9/8fevM21ZXHbhXhH1xqZ78xgg="></latexit>

Z
top half
�

(y)

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�

<latexit sha1_base64="P9/8fevM21ZXHbhXhH1xqZ78xgg="></latexit>

Z
top half
�

(y)

<latexit sha1_base64="A0w2vp9ZCg6S9/mH89b71TZjFI8="></latexit>

Z
bot half
�

(x)

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�

<latexit sha1_base64="P9/8fevM21ZXHbhXhH1xqZ78xgg="></latexit>

Z
top half
�

(y)

<latexit sha1_base64="A0w2vp9ZCg6S9/mH89b71TZjFI8="></latexit>

Z
bot half
�

(x)

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)
<latexit sha1_base64="G/jRHfIckBuYmBed4O80lZUqmps="></latexit>

=
X

�

Z
bot half
�

(x) · Z top half
�

(y)



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�

flip

<latexit sha1_base64="P9/8fevM21ZXHbhXhH1xqZ78xgg="></latexit>

Z
top half
�

(y)

<latexit sha1_base64="A0w2vp9ZCg6S9/mH89b71TZjFI8="></latexit>

Z
bot half
�

(x)

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)
<latexit sha1_base64="G/jRHfIckBuYmBed4O80lZUqmps="></latexit>

=
X

�

Z
bot half
�

(x) · Z top half
�

(y)



Cauchy identity

[Bump–McNamara–Nakasuji 2014]

<latexit sha1_base64="BMsqXmAsWIHsSMBHNL/niHyJDMA="></latexit>

y1

<latexit sha1_base64="/DjlCZgNxt4vImZrHmgGNfOY7Lw="></latexit>

y2

<latexit sha1_base64="aqg10kPWmRBm8V7meeYdkghQvS0="></latexit>

x1

<latexit sha1_base64="0pj59fCJytXC8GLJZ5zc1uDTPXc="></latexit>

x2

<latexit sha1_base64="dSTOnR92uLA0aRLDzhn+YnD3EqQ="></latexit>

<latexit sha1_base64="MbLYCvFnB6vik9kB4gSXnTFgPOI="></latexit>

<latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit><latexit sha1_base64="6KpgX6P8I+SunJhDtJqooit8ybE="></latexit>

<latexit sha1_base64="GHu+JOALrbxVZkjAT1Sc6Cggbt8="></latexit>P
�

flip

<latexit sha1_base64="P9/8fevM21ZXHbhXhH1xqZ78xgg="></latexit>

Z
top half
�

(y)

<latexit sha1_base64="A0w2vp9ZCg6S9/mH89b71TZjFI8="></latexit>

Z
bot half
�

(x)

<latexit sha1_base64="KSXrL7Mg5LE+LPvLAHq9a01RGvs="></latexit>

Z(x,y)
<latexit sha1_base64="G/jRHfIckBuYmBed4O80lZUqmps="></latexit>

=
X

�

Z
bot half
�

(x) · Z top half
�

(y)

<latexit sha1_base64="D/jjkHQp5vMl3OiNW8xTnEISMkA="></latexit>

nY

i=1

mY

j=1

(xi + yj) =
X

�

s�(x) · s�̂0(y)

flip

<latexit sha1_base64="7SLABJ9AAAn7GPXsoxLd66bvAVs="></latexit>

=
⇒

<latexit sha1_base64="HAnr+cAPCMzBDWp2oX6hoOPd2fs="></latexit>

(v = −1)



Whittaker functions

is secretly a Whittaker function

<latexit sha1_base64="+Wh71CUw0ylNAtLw2G3gCcuahxs="></latexit>

Z(�; z) = z
⇢
Y

i<j

(1− v
zj
zi
)s�(z)



Whittaker functions

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)



Whittaker functions

Irreducible representation
<latexit sha1_base64="mJSU35itKKPJW7ObSF8KVblVYGg="></latexit>

= {f : G → C | f(ng) = ψ(n)f(g)}

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)



Whittaker functions

Irreducible representation
<latexit sha1_base64="mJSU35itKKPJW7ObSF8KVblVYGg="></latexit>

= {f : G → C | f(ng) = ψ(n)f(g)}

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

<latexit sha1_base64="+z7W+jGy76wR5JQYXqiI3N4Ox0c="></latexit>

Whittaker function 2 Wψ(π)

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)



Whittaker functions

Irreducible representation
<latexit sha1_base64="mJSU35itKKPJW7ObSF8KVblVYGg="></latexit>

= {f : G → C | f(ng) = ψ(n)f(g)}

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="+z7W+jGy76wR5JQYXqiI3N4Ox0c="></latexit>

Whittaker function 2 Wψ(π)

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)



Whittaker functions

Irreducible representation
<latexit sha1_base64="mJSU35itKKPJW7ObSF8KVblVYGg="></latexit>

= {f : G → C | f(ng) = ψ(n)f(g)}

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="+z7W+jGy76wR5JQYXqiI3N4Ox0c="></latexit>

Whittaker function 2 Wψ(π)

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)



Whittaker functions

Irreducible representation
<latexit sha1_base64="mJSU35itKKPJW7ObSF8KVblVYGg="></latexit>

= {f : G → C | f(ng) = ψ(n)f(g)}

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="+z7W+jGy76wR5JQYXqiI3N4Ox0c="></latexit>

Whittaker function 2 Wψ(π)

<latexit sha1_base64="K4lDm7efkWY9iWVut6hMoR7ISm0="></latexit>

f 2 π

The Whittaker model is unique if it exists [Gelfand–Kazhdan 1972, Rodier 1973].

<latexit sha1_base64="FeFkxhYWct/1jTg9PJQ0suW1H1w="></latexit>

G = GLr(Qp)

<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="GQ50K9qfrXHXqlxULUfAa+FIpyY="></latexit>

N =

 

1 ∗

1

!

<latexit sha1_base64="akjNKA7fXFieVtrbYXD23DWmxIA="></latexit>

Character
ψ : N → C

×

(generic; standard)

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn

long Weyl group element



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="LbX3bbVNDGLvNvaE0tnJzzXaaQU="></latexit>There is a unique spherical vector f�

z
in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="LbX3bbVNDGLvNvaE0tnJzzXaaQU="></latexit>There is a unique spherical vector f�

z
in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="lk8eF6ASwB5lZQjUHzCKsvHifnY="></latexit>

Right-invariant under K := GLr(Zp)

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="LbX3bbVNDGLvNvaE0tnJzzXaaQU="></latexit>There is a unique spherical vector f�

z
in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="DN+zyAgutwyAsYuDyGqqFKSrK2A="></latexit>

The corresponding (appropriately normalized) spherical Whittaker
function W (f

�

z
) is determined by its values on g = p� as

<latexit sha1_base64="AxkxnjsvpaXhTeSjM9NCdmvh+7Y="></latexit>

W (f
�

z
)(p�) =

Y

i<j

(1− p�1 zj
zi
)s�(z)

<latexit sha1_base64="lk8eF6ASwB5lZQjUHzCKsvHifnY="></latexit>

Right-invariant under K := GLr(Zp)

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="LbX3bbVNDGLvNvaE0tnJzzXaaQU="></latexit>There is a unique spherical vector f�

z
in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="DN+zyAgutwyAsYuDyGqqFKSrK2A="></latexit>

The corresponding (appropriately normalized) spherical Whittaker
function W (f

�

z
) is determined by its values on g = p� as

<latexit sha1_base64="AxkxnjsvpaXhTeSjM9NCdmvh+7Y="></latexit>

W (f
�

z
)(p�) =

Y

i<j

(1− p�1 zj
zi
)s�(z)

<latexit sha1_base64="zsc1iJcAVcKNEl1POLFZ4NiVU+8="></latexit>

= z
−ρ Z(�; z) with v = p−1

<latexit sha1_base64="lk8eF6ASwB5lZQjUHzCKsvHifnY="></latexit>

Right-invariant under K := GLr(Zp)

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Whittaker functions

Whittaker model
<latexit sha1_base64="RQ/rT32K9AChzP2dQ4bzdoEeTJA="></latexit>

⇡
⇠

,−−−→ Wψ(⇡) ⊂ IndGN ( )

Need to specify representation and embedding:

<latexit sha1_base64="4AvdKzmFknFhpo6Efb6TufRylKo="></latexit>

Unramified principal series representation πz given by z 2 (C×)r

<latexit sha1_base64="LbX3bbVNDGLvNvaE0tnJzzXaaQU="></latexit>There is a unique spherical vector f�

z
in πz up to normalization.

[Casselman 1980, Casselman–Shalika 1980]

<latexit sha1_base64="VqTDG8LKGuRY2hxmpyPsdOtyWrk="></latexit> Induced from the Borel subgroup B using an unramified character given by:
p� := diag(p�1 , . . . , p�r ) 7! z

−w0� := z
−�r

1
· · · z−�1

r

<latexit sha1_base64="gaSPSH87zYlcH2nfoXP97SHa74w="></latexit>

� 2 Z
r

<latexit sha1_base64="DN+zyAgutwyAsYuDyGqqFKSrK2A="></latexit>

The corresponding (appropriately normalized) spherical Whittaker
function W (f

�

z
) is determined by its values on g = p� as

<latexit sha1_base64="AxkxnjsvpaXhTeSjM9NCdmvh+7Y="></latexit>

W (f
�

z
)(p�) =

Y

i<j

(1− p�1 zj
zi
)s�(z)

<latexit sha1_base64="zsc1iJcAVcKNEl1POLFZ4NiVU+8="></latexit>

= z
−ρ Z(�; z) with v = p−1

<latexit sha1_base64="lk8eF6ASwB5lZQjUHzCKsvHifnY="></latexit>

Right-invariant under K := GLr(Zp)

<latexit sha1_base64="OZ8GuZxGqMJdpDbC7s/r39b5oFc="></latexit>discrete set of data � 2 Z
r

<latexit sha1_base64="SAAEBPCZ2IlSY1Bor6GtF/axLVo="></latexit>

Wψ(f) : g 7�!

Z
N

f(w0ng)ψ(n)
−1dn



Generalizations
Lattice models for other Whittaker functions



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

Blue terms will be defined in the next slides



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

Representation theory refinement 

Papers 1 & 2

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

Blue terms will be defined in the next slides



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

Number theory generalization 

[Brubaker–Bump–Chinta– 
Friedberg–Gunnells 2012]

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

Representation theory refinement 

Papers 1 & 2

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

Blue terms will be defined in the next slides



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

Number theory generalization 

[Brubaker–Bump–Chinta– 
Friedberg–Gunnells 2012]

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

Representation theory refinement 

Papers 1 & 2

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="5yYFZYkEWu7v62dqJV0bKJtFP/0="></latexit>

Paper 3
<latexit sha1_base64="rv0kNeJA5c1hFd6uqW3WJM3+m9s="></latexit>Iwahori fixed vector
for metaplectic
n-cover G̃ of G

Blue terms will be defined in the next slides



Generalizations

<latexit sha1_base64="5yYFZYkEWu7v62dqJV0bKJtFP/0="></latexit>

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

Number theory generalization 

[Brubaker–Bump–Chinta– 
Friedberg–Gunnells 2012] Representation theory refinement 

Papers 1 & 2

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

Paper 3

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="rv0kNeJA5c1hFd6uqW3WJM3+m9s="></latexit>Iwahori fixed vector
for metaplectic
n-cover G̃ of G

duality

Paper 4

Blue terms will be defined in the next slides



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="5GINiEDKrJg/KsUuXXeXGsLx/xw="></latexit>

unique up to normalization

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="5GINiEDKrJg/KsUuXXeXGsLx/xw="></latexit>

unique up to normalization

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="DZaR3CnLUSwUu/ahf6X2MbUCQLI="></latexit>

f(gk) = f(g) for
k 2 J ⌘ B− (mod p) ⇢ K

Iwahori subgroup



Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="l9t8+h/JKFzBMS1kWTqbSfbWQX4="></latexit>

G =

G

w2W=Sr

BwJ

<latexit sha1_base64="5GINiEDKrJg/KsUuXXeXGsLx/xw="></latexit>

unique up to normalization

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="DZaR3CnLUSwUu/ahf6X2MbUCQLI="></latexit>

f(gk) = f(g) for
k 2 J ⌘ B− (mod p) ⇢ K

Iwahori subgroup

<latexit sha1_base64="QBe4oH/+M8XCiuh/NfhUgCs9orU="></latexit>

B
−

=





∗

∗ ∗







Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="l9t8+h/JKFzBMS1kWTqbSfbWQX4="></latexit>

G =

G

w2W=Sr

BwJ

<latexit sha1_base64="5GINiEDKrJg/KsUuXXeXGsLx/xw="></latexit>

unique up to normalization

<latexit sha1_base64="pWTu+zIbrSpugxrJPaeabwLHRDg="></latexit>

basis enumerated by W = Sr

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="DZaR3CnLUSwUu/ahf6X2MbUCQLI="></latexit>

f(gk) = f(g) for
k 2 J ⌘ B− (mod p) ⇢ K

Iwahori subgroup

<latexit sha1_base64="QBe4oH/+M8XCiuh/NfhUgCs9orU="></latexit>

B
−

=





∗

∗ ∗







Generalizations

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="K11Pqu27QQ5JH/twnR317lriP6A="></latexit>

f�(gk) = f�(g) for
k 2 K := GLr(Zp)

maximal compact

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

<latexit sha1_base64="4+SUvHhA82F3PEyXTaiBbXZUYsY="></latexit>

G = BK
<latexit sha1_base64="FiKg1IjOI6AxXQqUDZbYaorHL88="></latexit>

B =





∗ ∗

∗





<latexit sha1_base64="l9t8+h/JKFzBMS1kWTqbSfbWQX4="></latexit>

G =

G

w2W=Sr

BwJ

<latexit sha1_base64="5GINiEDKrJg/KsUuXXeXGsLx/xw="></latexit>

unique up to normalization

<latexit sha1_base64="pWTu+zIbrSpugxrJPaeabwLHRDg="></latexit>

basis enumerated by W = Sr

<latexit sha1_base64="JZCJFnuPF1m+9YLIGgYbZ9YjM/w="></latexit>

Refinement: f�

z
=

X

w2W

f (w)
z

<latexit sha1_base64="vDCuurk8hzF2S2YRrCNyizHubqs="></latexit>each supported only on BwJ

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="DZaR3CnLUSwUu/ahf6X2MbUCQLI="></latexit>

f(gk) = f(g) for
k 2 J ⌘ B− (mod p) ⇢ K

Iwahori subgroup

<latexit sha1_base64="QBe4oH/+M8XCiuh/NfhUgCs9orU="></latexit>

B
−

=





∗

∗ ∗







Generalizations

On the lattice model side this refinement corresponds to 

assigning a different color to each path, making them distinct.
<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>
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Number theory generalization 

[Brubaker–Bump–Chinta– 
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duality

Paper 4

Blue terms will be defined in the next slides
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Kubota 1969, Bump–Friedberg–Hoffstein 1996, Diaconu-Goldfeld-Hoffstein 2003, Friedberg–
Hoffstein–Lieman 2003, Brubaker–Bump–Chinta–Friedberg–Hoffstein 2006, Brubaker–Bump 

2006, Chinta–Gunnells 2009, Brubaker–Bump–Friedberg 2011, ...

<latexit sha1_base64="MInmVFvpmmRO+gDcgRaxcHajYtw="></latexit>Used for constructing Weyl group multiple Dirichlet series which have,
together with their applications to L-functions, been studied extensively in:



Metaplectic groups

<latexit sha1_base64="5yYFZYkEWu7v62dqJV0bKJtFP/0="></latexit>

<latexit sha1_base64="Y/xiNowW6fHPIkDRv3T5KvusJBA="></latexit>

<latexit sha1_base64="FclNoYbSUfZdbcoVHZWXqC3SsQo="></latexit>

<latexit sha1_base64="Bcu24IamZwkN931f44gJrsTQTb4="></latexit>

<latexit sha1_base64="zhAjvgzQWH9ZE18S2JGsJ2teWYA="></latexit>spherical vector
for G = GLr(Qp)

Paper 3

<latexit sha1_base64="IqHGPbWhXqbGvMOTcRVCJngLrBY="></latexit>spherical vector
for metaplectic
n-cover G̃ of G

<latexit sha1_base64="7aM/WbP2GpvWMPQP4BTWpKW/rg8="></latexit>Iwahori fixed vector
for G = GLr(Qp)

<latexit sha1_base64="rv0kNeJA5c1hFd6uqW3WJM3+m9s="></latexit>Iwahori fixed vector
for metaplectic
n-cover G̃ of G

duality

Paper 4

<latexit sha1_base64="p952Un6GWbmSGuJ+mH5PjtGkfMg="></latexit>

n
r-dimensional

<latexit sha1_base64="otofWfYSPy/vCfSPyccD5ZBJk8A="></latexit>

1-dimensional

<latexit sha1_base64="e14TPx/T1/EO5tENKEIiXypY8mI="></latexit>

|Sr| = r!-dimensional

<latexit sha1_base64="JKukY8CHcGV+ZdRd3Ht+sg/Ts0g="></latexit>

(nr
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Includes the others as subcases
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Other results

• Cauchy identities for metaplectic spherical Whittaker functions [Paper 4] 

• Partition functions as quantum Fock space vertex operators [Paper 0 & 4] 

• All values of (metaplectic) Iwahori Whittaker functions (previously only on 

torus arguments) and showed that any -component can easily be 

extracted from the -average) [Papers 2,3] 

• Parahoric Whittaker functions are Macdonald polynomials with 

prescribed symmetry [Paper 2] 

• Algorithms for computing Lascoux-Schützenberger keys (of interest in 

combinatorics) [Paper 1] 

• Constructing solvable lattice models via fusion of vertices [Papers 2 & 3]

σ

σ



Thank you!

https://hgustafsson.se

Slides are available at

http://hgustafsson.se
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Table 2. Relations between different Whittaker functions and associated special polynomials.

Whittaker function Special polynomial

Spherical Whittaker function Schur polynomial
q

wœW „w(z; È≠⁄) =
r

–œ∆+(1 ≠ vz
≠–)s⁄(z)

Li’s Whittaker function Hall-Littlewood polynomial
q

wœW (≠v)≠¸(w)„w(z; È≠⁄) = z
≠flP⁄+fl(z, v≠1)

Iwahori Whittaker function Non-symmetric Macdonald polynomial

„w1
(z; È≠⁄) = (≠v)¸(w)

z
≠flw0Ew0w(⁄+fl)(z; Œ, v)

Parahoric Whittaker function Macdonald polynomial with prescribed symmetry

ÂJ
1 (z; È≠⁄) = z

≠flS
(ÿ,J)
⁄+fl (z; 0, v≠1)a

(ÿ,J)
⁄+fl

References for each row is found in Table 1 in the same paper: arXiv:1906.04140

Special polynomials






