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Preamble
Based on the book: 
[FGKP]  "Eisenstein series and automorphic representations – 
With applications in string theory" (CUP, 2018) 
Philipp Fleig, HG, Axel Kleinschmidt, Daniel Persson 
Early version on arXiv:1511.04265. References to sections are for new version: TOC 

PDF of slides also designed as a guide to the literature – references are clickable.

Some books about string and field theory in general:

– Superstring theory [Green–Schwarz-Witten Vol 1, Vol 2]

– String theory [Polchinski Vol 1, Vol 2]

– Basic Concepts of String Theory [Blumenhagen–Lüst–Theisen]

– Quantum Fields and Strings : A Course for Mathematicians 
   [Deligne–Kazhdan–Etingof–Morgan–Freed–Morrison–Witten]

– Lectures on String Theory [Tong]

– Conformal Field Theory [Di Francesco–Mathieu–Sénéchal]

http://www.cambridge.org/core_title/gb/502216
https://arxiv.org/abs/1511.04265
https://assets.cambridge.org/97811071/89928/toc/9781107189928_toc.pdf
https://doi.org/10.1017/CBO9781139248563
https://doi.org/10.1017/CBO9781139248570
https://doi.org/10.1017/CBO9780511816079
https://doi.org/10.1017/CBO9780511618123
http://dx.doi.org/10.1007/978-3-642-29497-6
https://bookstore.ams.org/qft-2/
http://www.damtp.cam.ac.uk/user/tong/string.html
https://doi.org/10.1007/978-1-4612-2256-9


Outline – Part I

• Overview of different ways automorphic forms and modular 
forms appear in string theory. 

• Focus on: low-energy expansion of 4 graviton scattering 
amplitudes. 

• Why are the coefficients in this expansion automorphic? 

• Automorphic representations from supersymmetry (first look) 

• Extracting physics from Fourier coefficients in SL2 example 

• Automorphic forms and Fourier coefficients in the adelic 
framework



Outline – Part II
• Automorphic representations and the global wave-front set 

• Different parabolic subgroups and their interpretations in 
physics 

• BPS-orbits and character variety orbits 

• Computing Fourier coefficients 

• Langlands' constant term formula 

• Casselman–Shalika formula 

• The subgroup reduction formula 

• Some new results 

• Kac–Moody groups     (in preparation for the last two talks on Friday)



PART I



Automorphic and modular 
forms in string theory 

1. Generating functions for quantum state counting

#(states with charge �) = d(�2/2) where
1

�
=

1X

n=�1

d(n)qn

<latexit sha1_base64="DuZ9xKOTYZlczq1XqJ8/XTIYorM="></latexit>

2. Perturbative expansion (in orders of the string coupling constant gs)
<latexit sha1_base64="xcl2VtG54f4LRVqjQnAeInn0Y9c="></latexit>

3. Low-energy expansion (in orders of the string area scale ↵0)
<latexit sha1_base64="e3wU7HTQCeY1kuMTDJcpacZmt3c="></latexit>



Automorphic and modular 
forms in string theory 

2. Perturbative expansion (in orders of the string coupling constant gs)
<latexit sha1_base64="xcl2VtG54f4LRVqjQnAeInn0Y9c="></latexit>

3. Low-energy expansion (in orders of the string area scale ↵0)
<latexit sha1_base64="e3wU7HTQCeY1kuMTDJcpacZmt3c="></latexit>

1. Generating functions for quantum state counting

Order in ↵0
<latexit sha1_base64="EiQejdTVCVwcs9ALVy1qL0avDBs="></latexit>

Order in gs
<latexit sha1_base64="+S4/T4C3j3vRnjG74nHwTQeVzcs="></latexit>

+ + +  ...

+ + +  ...

+ + +  ...

Perturbative expansion

Low-energy expansion



Compactifications

<latexit sha1_base64="BXTfIn0Zjdgc1IuIVm73++1ab2Q="></latexit>

<latexit sha1_base64="kDbLBdn2ydlCLmaRdVMA9yz0470="></latexit>

X ⇥ R10�d Conserved supercharges Conserved supersymmetry spinors N

R10 32

T d ⇥ R10�d 32

T 6 ⇥ R4 32 N = 8

K3⇥ T 2 ⇥ R4 16 N = 4

CY 3⇥ R4 8 N = 2
<latexit sha1_base64="D3sEcIRqB5FZkUSY+q3MyaYVkAk="></latexit>

See details in [FGKP §15.4]

http://www.cambridge.org/core_title/gb/502216


Scattering data

p+1

�k3
<latexit sha1_base64="Vcm+PpjBTOqB4zQCa9vgwVlGpHw="></latexit>

�k4
<latexit sha1_base64="UH3dNURmPUOuoJTlHBvMjuQtvgY="></latexit>

k1
<latexit sha1_base64="eh4R29UQV/5Mvk15OadtdMSHvCE="></latexit>

k2
<latexit sha1_base64="3OcG+MI5S+QrHVCpLls9sbmWQCo="></latexit>

• Momenta
Mandelstam variables: s = �↵0

4 (k1 + k2)2, t = �↵0

4 (k1 + k3)2, u = �↵0

4 (k1 + k4)2

<latexit sha1_base64="3NX03eRi3ElxUtAbnQIVMtI8jcs="></latexit>

• Scalar parameters
String moduli: string coupling gs, parameters for X such as radii

<latexit sha1_base64="wRIEA6fbGnWWbbR99dNiOasgFMc="></latexit>

• Polarizations
✏1, . . . , ✏4

<latexit sha1_base64="J6mpm91bHR01lKRxSBSDMZmfloQ="></latexit>



Toroidal compactifications
• Scalar parameters

Toroidal compacti�cations X = T d: moduli space is G(R)/K(R)
<latexit sha1_base64="5k3azveDuy2fq7kuLt6XLXfxJn0="></latexit>

Maximal compact subgroup

D = 10� d G(R) K(R)

10 SL2(R) SO2(R)
9 SL2(R)⇥ R+ SO2(R)
8 SL3(R)⇥ SL2(R) SO3(R)⇥ SO2(R)
7 SL5(R) SO5(R)
6 Spin5,5(R)

�
Spin5(R)⇥ Spin5(R)

�
/Z2

5 E6(R) USp8(R)/Z2

4 E7(R) SU8(R)/Z2

3 E8(R) Spin16(R)/Z2

<latexit sha1_base64="LaiCkHakvaAHA+zVSFqgo0/Ek/M="></latexit>

T d ⇥ RD

<latexit sha1_base64="kJVYn1VFeJzOUGGXrpjRN4v7sq8="></latexit>

Split real form

[Cremmer–Julia 78]

http://dx.doi.org/10.1016/0370-2693(78)90303-9


Toroidal compactifications
Toroidal compacti�cations X = T d: moduli space is G(R)/K(R)

<latexit sha1_base64="5k3azveDuy2fq7kuLt6XLXfxJn0="></latexit>

D = 10� d G(R) K(R)

10 SL2(R) SO2(R)
9 SL2(R)⇥ R+ SO2(R)
8 SL3(R)⇥ SL2(R) SO3(R)⇥ SO2(R)
7 SL5(R) SO5(R)
6 Spin5,5(R)

�
Spin5(R)⇥ Spin5(R)

�
/Z2

5 E6(R) USp8(R)/Z2

4 E7(R) SU8(R)/Z2

3 E8(R) Spin16(R)/Z2

<latexit sha1_base64="LaiCkHakvaAHA+zVSFqgo0/Ek/M="></latexit>

1 3 4 5 6 7 8

2

G = Ed+1
<latexit sha1_base64="t5UhhJewweLjJ62dKNrhHqVrtPc="></latexit>



Low-energy expansion

A(D)(s, t, u, ✏i; g) =

 
3

�3
+
X

p�0

X

q�0

E (D)
(p,q)(g)�

p
2�

q
3

!
R4

<latexit sha1_base64="rwIJkoXoSZBqbX1OYQwBub1Vg64="></latexit>

�k = sk + tk + uk

<latexit sha1_base64="VCES+L2a8HEinM97W5UBfSYWdv4="></latexit>

Spherical functions on G(R) = Ed+1(R).
To be determined.

<latexit sha1_base64="cktdkA1PDDD7hUmlCofckqvIZgA="></latexit>

R4 = Rµ1µ2⌫1⌫2 · · ·Rµ7µ8⌫7⌫8t
µ1...µ8t⌫1...⌫8

<latexit sha1_base64="XbXfDyd1XVHDdNgQHUnR9nyQm8s="></latexit>

Linearized Riemann curvature tensor
for each graviton / kµ1✏µ2⌫1k⌫2 + permutations

<latexit sha1_base64="Is8nrBFZkwEmK5vV8tSF7S9UpeA="></latexit>

Standard rank 8 tensor such that, for antisymmetric matrixM :
tµ1...µ8Mµ1µ2 · · ·Mµ7µ8 = 4Tr(M4)� (Tr(M2))2

<latexit sha1_base64="0rBVDtLwKZC5HUwlOuC+ShYbbIA="></latexit>

(D = 10� d)
<latexit sha1_base64="mBO9T7Ux2DJcCHsH51GpAECx8II="></latexit>

4-graviton scattering amplitude on T d ⇥ RD

<latexit sha1_base64="arckbn+tTFpaW6dWcCzELUIO6gE="></latexit>



Low-energy expansion

momentum! @
<latexit sha1_base64="AMeFFQCdqcJtkq5VodvGS/R175s="></latexit>

�p
2�

q
3R4 ! r4p+6qR4

<latexit sha1_base64="hpKiuKYCfYCf7X7QfLWi6+vAVAU="></latexit>

S = SEH+

Z
dDx

p
�G

⇣
(↵0)3E (D)

(0,0)(g)R
4+(↵0)5E (D)

(1,0)(g)r
4R4+(↵0)6E (D)

(0,1)(g)r
6R4+. . .

⌘

<latexit sha1_base64="cCyAVkUzmmRQ3TtMnpmXclwP6tU="></latexit>

Einstein-Hilbert action in general relativity
SEH =

Z
dDx

p
�GR

<latexit sha1_base64="tLkpUeZC+oFIiltvgSfY6qFW9xw="></latexit>

Space-time metric

Same contraction but with full 
space-time Riemann curvature tensor

R4, D4R4, D6R4

<latexit sha1_base64="ux4WvCq8SZ8iJh3yNLenvHQdsgc="></latexit>

A convenient way to describe scattering amplitudes is by an effective 
action: a field theory whose classical interactions give rise to the same 
quantum corrected amplitudes obtained from string theory.

The classical solutions are given by the stationary points of the action functional.



Automorphic forms

• Automorphic invariance U-duality (G(Z)-invariance)
<latexit sha1_base64="OUxaEz9IUuzQD3VY6a3IffldpCQ="></latexit>

• K-�niteness
<latexit sha1_base64="RANvZDVZG+KANOeUHyUry5GcuUA="></latexit>

Spherical (K(R)-invariance)
<latexit sha1_base64="NoUMaGBj0r1CH+KsFamAHLIF/Ag="></latexit>

• Z-�niteness
<latexit sha1_base64="Pbdvxp1ewBBt9PWWMRPG9pfvjDw="></latexit>

Supersymmetry

• Growth condition String theory limits 
e.g. perturbation theory

In the next few slides we will list the conditions on the coefficient functions imposed 
by string theory and compare them to the definition of an automorphic form.



U-duality

E(p,q)(�gk) = E(p,q)(g) � 2 G(Z), k 2 K(R)
<latexit sha1_base64="iYuhZNiyFelVDeWRfVSXIgcnoNo="></latexit>

In string theory, U-duality implies that the coe�cients E(p,q)(g) in
the 4-graviton scattering amplitudes are invariant under right-
translations of G(Z) = Ed+1(Z)

<latexit sha1_base64="7kChhb3SEDESG0hj9BToCZy/EdA="></latexit>

Two physical theories are dual if they give the same physical
observables, such as scattering amplitudes.

<latexit sha1_base64="t5OLxEoIQhUMkiIN2jNiAReMWwQ="></latexit>

Why discrete? Should preserve the lattice of quantized charges.
<latexit sha1_base64="4vMiyBgd1IVuErlgrWCLzro3KBA="></latexit>

[Hull–Townsend 95, Obers–Pioline 99]

http://dx.doi.org/10.1016/0550-3213(94)00559-W
http://dx.doi.org/10.1016/0550-3213(94)00559-W


U-duality
E(p,q)(�gk) = E(p,q)(g) � 2 G(Z), k 2 K(R)

<latexit sha1_base64="iYuhZNiyFelVDeWRfVSXIgcnoNo="></latexit>

D = 10� d G(R) K(R) G(Z)

10 SL2(R) SO2(R) SL2(Z)
9 SL2(R)⇥ R+ SO2(R) SL2(Z)⇥ Z2

8 SL3(R)⇥ SL2(R) SO3(R)⇥ SO2(R) SL3(Z)⇥ SL2(Z)
7 SL5(R) SO5(R) SL5(Z)
6 Spin5,5(R)

�
Spin5(R)⇥ Spin5(R)

�
/Z2 Spin5,5(Z)

5 E6(R) USp8(R)/Z2 E6(Z)
4 E7(R) SU8(R)/Z2 E7(Z)
3 E8(R) Spin16(R)/Z2 E8(Z)

<latexit sha1_base64="bK5PBKvweMrYRJ5yDtLhrngYq20="></latexit>

[Hull–Townsend 95, Obers–Pioline 99]

See also [Becker–Becker–Schwarz 06, Polchinski 07, Blumenhagen–Lüst–Theisen 13]



Supersymmetry
There are similar expansions based on scattering amplitudes of
other particles which can be added to the e�ective action.
The di�erent coe�cients are related by supersymmetry.

<latexit sha1_base64="2BlfoVFNU6TfMbTELcrJLHnbTyU="></latexit>

Einstein gravity �! Supergravity
SEH �! SSUGRA

<latexit sha1_base64="qXsPRjoXaaDN0FizNUuih8XZqYQ="></latexit>

Requiring that the e�ective action is supersymmetric leads to
di�erential equations for the coe�cients E(p,q)(g)

<latexit sha1_base64="OzHweTZA6FcZWu5IUEJgP5XAicU="></latexit>

We will see later how these differential equations are connected 
to automorphic representations.

See the different results in later slides for references



Limits

Recall that the parameters for G(R)/K(R) include:
<latexit sha1_base64="Je1s9xtqj0GWrTrXAN6WtJwuCc4="></latexit>

• String coupling gs.
gs ! 0 determined by string perturbation theory.

<latexit sha1_base64="b9Sz5HtGkhkr5ysaQ30HZZ9sJuI="></latexit>

+ + +  ...

String theory also tells us how E(p,q)(g) behave in di�erent limits.
<latexit sha1_base64="yITwev2uQoB3dw9I0Is7m+pAw+s="></latexit>

• Radius r of compacti�ed dimension.
r ! 1 recovers scattering amplitude for dimension D + 1.

<latexit sha1_base64="46gzcb62aA8pgXCJWYNNQlJEc+Y="></latexit>



Example for D=10, G=SL2

E(p,q)(�(z)) = E(p,q)(z) �(z) =
az + b

cz + d
� =

✓
a b

c d

◆
2 SL2(Z)

<latexit sha1_base64="rVm/K6CCKJ7OwtpoamXzYMsulDc="></latexit>

E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

Relevant part of e�ective action:
<latexit sha1_base64="NE84fQAao/a/U/hnX/Ym8UdMcDA="></latexit>

⇣
E (10)
(p,q) = E(p,q)

⌘

<latexit sha1_base64="KIWWsz1gINIRaW+RuYj0T8btGzM="></latexit>

3 z = x+ iy
<latexit sha1_base64="2Mf1JqwOmSImZVIrtumSJZC/ROo="></latexit>

G(R)/K(R) = SL2(R)/SO2(R) ⇠= upper half-plane H
<latexit sha1_base64="g7N6iZK2iR9xojeZ2j+siNDQi4Y="></latexit>

• Supersymmetry gives di�erential equations:
<latexit sha1_base64="t8HY0j3R2/0VNloVpdCPlgUAWsM="></latexit>

• U-duality gives automorphic invariance:
<latexit sha1_base64="9A3j/sBtKJwRuJqHkXb0CWYN/FQ="></latexit>

(�H � 3
4)E(0,0)(z) = 0 (�H � 15

4 )E(1,0)(z) = 0 (�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="7f5KPVuvUupksfwQnm149FQiHkQ="></latexit>

�H = 4y2@z@z = y2(@2
x + @2

y)
<latexit sha1_base64="q8GdDgfxv2XObZYP1ZppyJNVJPE="></latexit>

[Green–Sethi 99, Sinha 02, Green–Vanhove 06]

Let us make the conditions more explicit in an example.

http://dx.doi.org/10.1103/PhysRevD.59.046006
http://dx.doi.org/10.1088/1126-6708/2002/08/017
http://dx.doi.org/10.1088/1126-6708/2006/01/093


Example for D=10, G=SL2

E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

E(p,q)(�(z)) = E(p,q)(z) �(z) =
az + b

cz + d
� =

✓
a b

c d

◆
2 SL2(Z)

<latexit sha1_base64="rVm/K6CCKJ7OwtpoamXzYMsulDc="></latexit>

(�H � 3
4)E(0,0)(z) = 0 (�H � 15

4 )E(1,0)(z) = 0 (�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="7f5KPVuvUupksfwQnm149FQiHkQ="></latexit>

�H = 4y2@z@z = y2(@2
x + @2

y)
<latexit sha1_base64="q8GdDgfxv2XObZYP1ZppyJNVJPE="></latexit>

• Supersymmetry gives di�erential equations:
<latexit sha1_base64="t8HY0j3R2/0VNloVpdCPlgUAWsM="></latexit>

• U-duality gives automorphic invariance:
<latexit sha1_base64="9A3j/sBtKJwRuJqHkXb0CWYN/FQ="></latexit>

• Perturbative expansion gives limit y�1 = gs ! 0:
<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

+ + +  ...

+ + +  ...

+ + +  ...



Example for D=10, G=SL2
• Perturbative expansion gives limit y�1 = gs ! 0:

<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

A / (Atree-level + g2sAone-loop + . . .)R4

<latexit sha1_base64="N+caCNPagTdbAkG34F5nRFwc8rM="></latexit>

Atree-level =
1

stu

�(1� s)�(1� t)�(1� u)

�(1 + s)�(1 + t)�(1 + u)
<latexit sha1_base64="+lSLIeuf0zh6OrmVqbmUuZZQJAI="></latexit>

+ + +  ...+ + +  ...

Aone-loop = 2⇡

Z

F

d2⌧

(Im ⌧)2
B1(s, t, u|⌧)

<latexit sha1_base64="JX2iZ0mscwm+zx+t9+lXIn3sQU8="></latexit>

B1(s, t, u|⌧) =
1

⌧ 42

4Y

i=1

Z

⌃1(⌧)

d2zi exp
⇣X

1ij4

sijG(zi � zj|⌧)
⌘

<latexit sha1_base64="GhXZ8AgMmY+qiliLQ7lqICszzY8="></latexit>

s12 = s34 = s

s13 = s24 = t

s14 = s23 = u
<latexit sha1_base64="xrj9HeyNfH991WIPnIJFJe5Hue4="></latexit>Torus with modulus ⌧

<latexit sha1_base64="UEEZ7i7x4b6/jq2WwXX7EsGtXpo="></latexit>

Fundamental domain of SL2(Z) acting on H
<latexit sha1_base64="FQEZj8LXDzxJxgMf7cqORewvXuQ="></latexit>

Modular invariant function in torus modulus ⌧ .
<latexit sha1_base64="3jig27hKmkCqsKXgIjnVOpzqOZI="></latexit>

Compare with z in the
SL2(Z)-invariant string
moduli space G(R)/K(R) ⇠= H

<latexit sha1_base64="dOBPXWaHPMpvww2VpfyfjaM7WuU="></latexit>

[Green–Schwarz–Witten 87, Green–Schwarz–Brink 82, Gross–Witten 86]

https://doi.org/10.1017/CBO9781139248563
http://dx.doi.org/10.1016/0550-3213(82)90336-4
http://dx.doi.org/10.1016/0550-3213(86)90429-3


Example for D=10, G=SL2
• Perturbative expansion gives limit y�1 = gs ! 0:

<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

E(0,0)(z) = 2⇣(3)y3/2 + 4⇣(2)y�1/2 + . . .

E(1,0)(z) = ⇣(5)y5/2 + . . .

E(0,1)(z) =
2

3
⇣(3)2y3 +

4

3
⇣(2)⇣(3)y + . . .

<latexit sha1_base64="wKNJwt6cdHR5X15KEVPJzGlE3x8="></latexit>

Atree-level =
1

stu

�(1� s)�(1� t)�(1� u)

�(1 + s)�(1 + t)�(1 + u)
<latexit sha1_base64="+lSLIeuf0zh6OrmVqbmUuZZQJAI="></latexit>

Aone-loop = 2⇡

Z

F

d2⌧

(Im ⌧)2
B1(s, t, u|⌧)

<latexit sha1_base64="JX2iZ0mscwm+zx+t9+lXIn3sQU8="></latexit>

=
3

�3
+ 2⇣(3) + ⇣(5)�2 +

2

3
⇣(3)2�3 +O(↵0 4)

<latexit sha1_base64="E2XtWSSeTpEZZwPxSe7oxXWocEc="></latexit>

= 4⇣(2) +
4

3
⇣(2)⇣(3)�3 +O(↵0 4)

<latexit sha1_base64="g4Kuwuc9MnFbTUAp2CTc5ugsHec="></latexit>

�k = sk + tk + uk = O(↵0 k)
<latexit sha1_base64="SapEsNLY0zFItY9xm93WuDEV8Nk="></latexit>

Collecting powers of ↵0 and switching from string frame to Einstein frame giving
extra powers of gs:

<latexit sha1_base64="UEuKABTrmK5UTHKAF47JW6ks1GQ="></latexit>

[Green–Russo–Vanhove 08, D’Hoker–Green–Vanhove 15]

http://dx.doi.org/10.1088/1126-6708/2008/02/020
http://dx.doi.org/10.1007/JHEP08(2015)041


Example for D=10, G=SL2

E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

E(p,q)(�(z)) = E(p,q)(z) �(z) =
az + b

cz + d
� =

✓
a b

c d

◆
2 SL2(Z)

<latexit sha1_base64="rVm/K6CCKJ7OwtpoamXzYMsulDc="></latexit>

(�H � 3
4)E(0,0)(z) = 0 (�H � 15

4 )E(1,0)(z) = 0 (�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="7f5KPVuvUupksfwQnm149FQiHkQ="></latexit>

�H = 4y2@z@z = y2(@2
x + @2

y)
<latexit sha1_base64="q8GdDgfxv2XObZYP1ZppyJNVJPE="></latexit>

• Supersymmetry gives di�erential equations:
<latexit sha1_base64="t8HY0j3R2/0VNloVpdCPlgUAWsM="></latexit>

• U-duality gives automorphic invariance:
<latexit sha1_base64="9A3j/sBtKJwRuJqHkXb0CWYN/FQ="></latexit>

• Perturbative expansion gives limit y�1 = gs ! 0:
<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

E(0,0)(z) = 2⇣(3)y3/2 + 4⇣(2)y�1/2 + . . .

E(1,0)(z) = ⇣(5)y5/2 + . . .

E(0,1)(z) =
2

3
⇣(3)2y3 +

4

3
⇣(2)⇣(3)y + . . .

<latexit sha1_base64="wKNJwt6cdHR5X15KEVPJzGlE3x8="></latexit>



Example for D=10, G=SL2

E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

(�H � 3
4)E(0,0)(z) = 0 (�H � 15

4 )E(1,0)(z) = 0 (�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="7f5KPVuvUupksfwQnm149FQiHkQ="></latexit>

• Supersymmetry gives di�erential equations:
<latexit sha1_base64="t8HY0j3R2/0VNloVpdCPlgUAWsM="></latexit>

• U-duality gives automorphic invariance:
<latexit sha1_base64="9A3j/sBtKJwRuJqHkXb0CWYN/FQ="></latexit>

• Perturbative expansion gives limit y�1 = gs ! 0:
<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

E(0,0)(z) and E(1,0)(z) are automorphic forms
<latexit sha1_base64="mcwy+Xt0KCXoS/jKLFH9s5NXjTk="></latexit>

E(0,1) is automorphic invariant, but not Z-�nite. Thus, strictly not an automorphic form.
<latexit sha1_base64="9epd32ABnE+bjND0kahI622JLOY=">AAAG/3icbVTfb9s2EJa71eu0X+n2uIcJS4J2gGdIbprlJUCGrEWKYkubJU1Rywgo6mwRpkiBpDp7LB/21+xt2Gv/lP03O1ppbSkVYIu67+478njfZRVn2sTxf71bH318u//JnU/Dzz7/4suvtu5+/ULLWlG4oJJL9TIjGjgTcGGY4fCyUkDKjMNlNj/2+OVrUJpJcW6WFUxKMhNsyigxaLraeptmMGPClkywiszA2f29uDIu3E </latexit>



Example for D=10, G=SL2

E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

E(0,0)(z) = 2⇣(3)E(32 ; z)
<latexit sha1_base64="xbaRUpXZsY4XM6YY8a9WSFC52XI="></latexit>

E(1,0)(z) = ⇣(5)E(52 ; z)
<latexit sha1_base64="aXfaGpAqEhrkR0L+o1qqe9JcdCI="></latexit>

B(Z) = ( ⇤ ⇤
0 ⇤ ) \ SL2(Z)

<latexit sha1_base64="nCK/lYiLJodELMEDYdbPc637jps="></latexit>

E(s; z) =
X

�2B(Z)\SL2(Z)

Im(�(z))s

<latexit sha1_base64="9KuKfCA7tUYOiA27YnvC/sSP6aQ="></latexit>

�HE(s; z) = s(s� 1)E(s; z)
<latexit sha1_base64="SA8RqAHvkLFJifxXozByW8s+OaM="></latexit>

[Green–Gutperle 97, Green–Vanhove 97, Green–Gutperle–Vanhove 97, Pioline 98]

Unique solutions:

(�H � 3
4)E(0,0)(z) = 0 (�H � 15

4 )E(1,0)(z) = 0 (�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="7f5KPVuvUupksfwQnm149FQiHkQ="></latexit>

• Supersymmetry gives di�erential equations:
<latexit sha1_base64="t8HY0j3R2/0VNloVpdCPlgUAWsM="></latexit>

• U-duality gives automorphic invariance:
<latexit sha1_base64="9A3j/sBtKJwRuJqHkXb0CWYN/FQ="></latexit>

• Perturbative expansion gives limit y�1 = gs ! 0:
<latexit sha1_base64="CshRFftWlxeAd2y64kToCZsK+YM="></latexit>

http://dx.doi.org/10.1016/S0550-3213(97)00269-1
http://dx.doi.org/10.1016/S0370-2693(97)00785-5
http://dx.doi.org/10.1016/S0370-2693(97)00931-3
http://dx.doi.org/10.1016/S0370-2693(98)00554-1


∇6R4-term in D=10
E(0,0)(z)R4 + (↵0)2E(1,0)(z)r4R4 + (↵0)3E(1,0)(z)r6R4

<latexit sha1_base64="k79LfqZ5tDD+HqksqKYT2ktjnoA="></latexit>

[Green–Miller–Vanhove 15, Green–Vanhove 06, Bossard–Verschinin 15,  
D’Hoker–Green–Pioline–Russo 15, Bossard–Kleinschmidt 16]

E(0,1)(z) = 2
3⇣(3)

2y3 + 4
3⇣(2)⇣(3)y + . . . as y ! 1

<latexit sha1_base64="rhyOJ+70J5aZLQYKCdgeflIeKwo="></latexit>

(�H � 12)E(0,1)(z) = �
�
E(0,0)(z)

�2
<latexit sha1_base64="HkdEHfiARklImpOe6OSH2rjSaQs="></latexit>

�(z) =
2

3
⇣(3)2y3 +

1

9
⇡2⇣(3)y +

X

n 6=0

cn(y)e
2⇡inx

<latexit sha1_base64="VcdEALvHwmRpII7mkLNFNlwxBfQ="></latexit>

Complicated expression 
involving Bessel functions 
and rational functions

Not a character as for 
Eisenstein seriesSolution:

E(0,1)(z) =
X

�2B(Z)\SL2(Z)

�(�(z))

<latexit sha1_base64="a/lCIn6jZCGfFRqaPKuBIww3Z/s="></latexit>

http://dx.doi.org/10.4310/CNTP.2015.v9.n2.a3
http://dx.doi.org/10.1088/1126-6708/2006/01/093
http://dx.doi.org/10.1007/JHEP07(2015)154
http://dx.doi.org/10.1007/JHEP01(2015)031
http://dx.doi.org/10.1007/JHEP01(2015)031


Physical interpretation of  
Fourier expansions

E(s; z) = ys+ ⇠(2s�1)
⇠(2s) y1�s+ 2y

1
2

⇠(2s)

X

m2Z\{0}

|m|s� 1
2�1�2s(m)Ks� 1

2
(2⇡|m|y)e2⇡imx

<latexit sha1_base64="fy3Lo3GlaLO6NV9Dg4BcjSk1NyM=">AAAHenicbVRtb9s2EJa7tem8t2b9uC9Ek6IxmhiS46QBigAeshUpgiFt1jTFIsegpLNNmBQFktrsMvwj+zX7uv2D/Zd92NHOakuJANnU3XN35MN7Lik40yYM/2nc++zz+w/WHn7R/PKrr7/59tH6d++1LFUK56nkUn1IqAbOcjg3zHD4UCigIuFwkUyOvP/iN1CayfydmRXQF3SUsyFLqUHTYL2xGycwYrkVLGcFHYGzu92wMK </latexit>

z = x+ iy ⇠(s) = ⇡�s/2�(s/2)⇣(s) �1�2s(m) =
X

d|m

d1�2s

<latexit sha1_base64="PjFtc3z+rXS306QG9DjpyrM1284="></latexit>

Modified Bessel function of the second kind

Poisson resummation gives:

E(s; z) =
X

�2B(Z)\SL2(Z)

Im(�(z))s

<latexit sha1_base64="9KuKfCA7tUYOiA27YnvC/sSP6aQ="></latexit>

E(s; z) =
1

2⇣(2s)

X

(c,d)2Z2

(c,d) 6=(0,0)

ys

|cz + d|2s

<latexit sha1_base64="tNK3s7XJ1qFsvh26RtIOd6rLo7E=">AAAHSnicbVRbb9s2FJa71u28W7o97oWYE9TBDENS0izAECBDtiJFMaTNmqZb5AQUdWwTpiiNpDY7LP/h9gP2N/Y27GWHtrNYSgVIps93bvzOJS0F1yYM/2rd++D+g/bDRx92Pvr4k08/23j8+RtdVIrBGStEod6mVIPgEs4MNwLelgpongo4T6dHHj//DZTmhXxt5iUMczqWfMQZNSi62vgzSWHMpc255CUdg7O7e2FpXCcZFd </latexit>

Rewrite SL2-Eisenstein series in terms of lattice:
<latexit sha1_base64="JWSLPzixH2Sp9AAElT9XbEY7SeY=">AAAHB3icbVTdbts2FJbb1eu0v3QDdrOLCXOD7sI1JDVNgwEBPGQrUnRD2rRpillGQFFHNmGKFEhqtcfqAbaX2d2w2z3G3mKPsEPLWSylAmxR5zvnO+THc05acqZNGP7Tu3HzvVv9929/4H/40ceffLpz57NXWlaKwhmVXKrXKdHAmYAzwwyH16UCUqQcztPFkcPPfwGlmRQvzaqEaUFmguWMEoOmi53fkxRmTNiCCVaSGdR2bz </latexit>

Constant term

| {z }
<latexit sha1_base64="4dh2MbQCV6tbfHmmGuqAP2cv4os="></latexit>

| {z }
<latexit sha1_base64="CtVmgPdwH4hgdhbQYHP1wW+98yA="></latexit>

Non-zero modes



Physical interpretation of  
Fourier expansions

E(s; z) = ys+ ⇠(2s�1)
⇠(2s) y1�s+ 2y

1
2

⇠(2s)

X

m2Z\{0}

|m|s� 1
2�1�2s(m)Ks� 1

2
(2⇡|m|y)e2⇡imx

<latexit sha1_base64="fy3Lo3GlaLO6NV9Dg4BcjSk1NyM=">AAAHenicbVRtb9s2EJa7tem8t2b9uC9Ek6IxmhiS46QBigAeshUpgiFt1jTFIsegpLNNmBQFktrsMvwj+zX7uv2D/Zd92NHOakuJANnU3XN35MN7Lik40yYM/2nc++zz+w/WHn7R/PKrr7/59tH6d++1LFUK56nkUn1IqAbOcjg3zHD4UCigIuFwkUyOvP/iN1CayfydmRXQF3SUsyFLqUHTYL2xGycwYrkVLGcFHYGzu92wMK </latexit>

z = x+ iy ⇠(s) = ⇡�s/2�(s/2)⇣(s) �1�2s(m) =
X

d|m

d1�2s

<latexit sha1_base64="PjFtc3z+rXS306QG9DjpyrM1284="></latexit>

Poisson resummation gives:

In perturbartive expansion limit y�1 ! 0:
<latexit sha1_base64="AoDflsFh2hKUZOifidRz9HoBRKw=">AAAHTHicbVRbb9s2FJbbxe20W7M97oVYEjTBUkNy0jQYEMBbhiJBMKTNmqaY5QUUdWwRpi4jqS4eyz+x1+037X3/Y2/DgB1abm0pFWCLOpfvIz+ec+JScKWD4O/OnbsfrHXv3f/Q/+jjTz797MH65y9VUUkGl6wQhXwVUwWC53CpuRbwqpRAs1jAVTw9dv6r1yAVL/IXelbCKKOTnI85oxpN1+udtSiGCc9NxnNe0glYs7cflN </latexit>

y
1
2Ks� 1

2
(2⇡ |m| y) = e�2⇡|m|y

⇣ 1

2
p
|m|

+O(y�1)
⌘

<latexit sha1_base64="V6VRIhR1jM2/kcNtn2RolQgxsYE="></latexit>

(gs ! 0)
<latexit sha1_base64="8VlyI5PTWHVmlckTayCJqH38wHA="></latexit>



Physical interpretation of  
Fourier expansions

E(0,0)(z) = 2⇣(3)y3/2+4⇣(2)y�1/2+2⇡
X

m2Z\{0}

p
|m|��2(m)e�Sinst(z)

⇣
1+O(y�1)

⌘

<latexit sha1_base64="T7u8YimreqHg2SgnQd2qc9hf1AY=">AAAI93icnVVdcxs1FN0mFIz5asoDD7wIMpna1HV3HSfkJTOBQEinw6RNm6aDZTzaXdnWeLXaStoSR9Fv4Y3hEX4O/4arXSfxbsLAsDO2tffjXN0jneswS5jSvv/XnZXVd+6++17j/eYHH3708Sf 31u6/UiKXET2JRCLk65AomrCUnmimE/o6k5TwMKGn4Wzf+U/fUqmYSF/qeUaHnExSNmYR0WAara38gUM6YanhLGUZmVBrNvt+pm0Tj0WqFZWMKpNYDCVopJ2t2Vyk0Dd5gfKVbSJ4MCd6GpHEfG9HpuV3/LZtnbfRLiq8PYTPqSatzTaa/2w2H/cseoj6C2OvMD4KSmsPZwxhlfORKTETkhmOWYrgoxW4qIbt5rAyPrbWguWN1AaTUBlevLIJJyPzqGdbvI0oQL8YFVCSG5Yq7TZm8Rf4WzZJWiiAmvho2iq2YNvImWW72PUGFsBeKElETdnHRtFqnsaXZvw2m5JUC25c3qRle5eNLvoENqCZUGkSzQzCeOB3tyI+RNb1+h8x+5c8XdL0z6AlI mDfaOCWnf4/oi/4RZ3kf+E4eLhEcMlvpQNoIOj60ADsH9M0Xr5bpeHqfo7urftdv3jQzUWwWKzv+V7xPBut3e3iWEQ5p6mGDpUaBL1MDw2RmkUJhYK5ohnsAtAHsEwJp2poCm1ZtAGWGI2FRO7uo8LaXE4xhCs15yGEuu5V3eeMt/kGuR7vDIGqLNc0jcpK4zxBWiCnVBQzCYpL5rAgkWSwWRRNCZykBj1Xqmg2O6+0YVw1LUSiquazMaTbyvYHMR2TPNEdBdKlu8Df0IiMpoqkLtnNFeUmSmyCbgCpFbyMSDVjWbVIKMRMgxRdHU5mlMBQ0rBnAKMaH1O85276GIDj0vSEV0xljtBTl/IdhSOT9Efo5yijEuzSAIY1x+7gbvU+4dbAp4lT+kskOCd </latexit>

Sinst(z) = 2⇡ |m| y � 2⇡imx
<latexit sha1_base64="3QTUup/rnlsY7T+V89T+dvA7ayk="></latexit>

amplitudes in presence of instantons

E(0,0)(z) = 2⇣(3)E(32 ; z)
<latexit sha1_base64="xbaRUpXZsY4XM6YY8a9WSFC52XI="></latexit>

The Fourier expansion of E(1,0) is very similar, but the one for E(0,1) is much more
complicated involving Kloosterman sums and nested integrals over Bessel functions.

<latexit sha1_base64="8gdU7BSLVf908IGifvyCrTUkYZg="></latexit>

+ + +  ...

| {z }
<latexit sha1_base64="t8mjPJSLzHJYC8D67d5kG4zjCIs="></latexit>

+ + +  ...

| {z }
<latexit sha1_base64="t8mjPJSLzHJYC8D67d5kG4zjCIs="></latexit>

perturbative
z }| {

<latexit sha1_base64="viHmqCVIBkf+rOx5sqEvkxlR8Bo="></latexit>

non-perturbative
z }| {

<latexit sha1_base64="PZhOFE1p4RA6W7JIWqpfUpnnknU="></latexit>

Exponentially suppressed in
perturbative limit y ! 1 (gs ! 0)

<latexit sha1_base64="G1usGOS+qjFP26fYXCoKdulI6Gw="></latexit>



Instantons
Supergravity (classical field theory)

String theory

Non-trivial, “localized” solutions to the equations of motion which give �nite values
for the supergravity action: Sinst(z) = 2⇡ |m| y � 2⇡imx

<latexit sha1_base64="hY++UgtMEVqjeIB7NSdN27PdkBA="></latexit>

Instanton charge

Path integral now includes summing over the number of open world-sheets and
their topologies weighted by the Euler characteristic as g��

s together with factors to
compensate for the interchange of identical world-sheets and boundaries.

<latexit sha1_base64="pNgBDhAxbg212tt+yYCXXW6TysA="></latexit>

1X

d1=0

1

d1!

⇣ 1

gs
h i

⌘d1
1X

d2=0

1

d2!

⇣ 1

2!
h i

⌘d2
· · · = exp

⇣ 1

gs
h i+ 1

2!
h i+ . . .

⌘

<latexit sha1_base64="hE/9n1u9SWLAuphV8F/FQAODbr4="></latexit>

More information in [Green 95, Green–Gutperle 97, Polchinski 94]

D-instantons, which are D-branes localized to a single point in space-time.
Need to include open world-sheets with boundaries attaching to these.

<latexit sha1_base64="sde1nGmPnAp6XvHqnHD72ZYWMbQ="></latexit>



Instantons

[Green–Gutperle 97]

z }| {
<latexit sha1_base64="9CyWNKDYYLBGmonZG4bnyervjpI="></latexit>

Arguments from previous slide motivates

z }| {
<latexit sha1_base64="ZqwjEQgrBFSo6rMZ4kWxdW9nFIw="></latexit>

?

Instanton measure

The divisor sum ��2(m) =
P

d|m d�2 suggests that we are
summing over di�erent states with the same value for the
action; a degeneracy.

<latexit sha1_base64="Z8e90kdKm9Ia0MuVBFrkteRxix8="></latexit>

Can be explained using a dual theory via T-duality.

E(0,0)(z) = 2⇣(3)y3/2+4⇣(2)y�1/2+2⇡
X

m2Z\{0}

p
|m|��2(m)e�Sinst(z)

⇣
1+O(y�1)

⌘

<latexit sha1_base64="PoaFjap6Z31r+FnNhkhu5tIBqyk="></latexit>

http://dx.doi.org/10.1016/S0550-3213(97)00269-1


Instantons

[Green–Gutperle 97]

E(0,0)(z) = 2⇣(3)y3/2+4⇣(2)z�1/2+2⇡
X

m2Z\{0}

p
|m|��2(m)e�Sinst

⇣
1+O(y�1)

⌘

<latexit sha1_base64="SOv9FlHNGSE98v0ox5MEdHh5SHA="></latexit>

Sinstanton = 2⇡ |nd| y � 2⇡i(nd)x
<latexit sha1_base64="7EE11JeNZzTJpNXJcI16jqYR9lg="></latexit>

Sparticle = . . .
<latexit sha1_base64="gDqEMm3qnUyciTYbUmKk4wyY7MU="></latexit>

Sinst(z) = 2⇡ |m| y � 2⇡imx
<latexit sha1_base64="TlM/+oiDlaBgkKBlaK3YQ+pThQw="></latexit>

D-particle with integer Ramond-Ramond charge n

and worldline wrapping the circle d times.
<latexit sha1_base64="pruNa6JC3siQge2GVByZ/eK+f5k=">AAAHFnicbVTfb9s2EJbb1eu8X+n6uBdibtA9uIbkuFleAmRIUaQohrRZ0xSLjJSizhZhihRIarHH6v/YX7O3YQ972ev+mx0te7GUCrBF3Xf3Hfnx7pJCcGPD8N/Onbuf3Ot+ev+z3udffPnV1zsPvnlrVKkZnDMllH6XUAOCSzi33Ap4V2igeSLgIpkfe/ziV9CGK/nGLguY5HQm+ZQzatF0tfN3nMCMS5dzyQs6g8qN98PCVr </latexit>

D-instanton with charge m = nd.
<latexit sha1_base64="DUdJgoJNbbg7MLCoEZOydJJg97w="></latexit>

Degeneracy = number of divisors of m
<latexit sha1_base64="Q1uxOIYSng1Z/NveMaN25gx/54A="></latexit>

T-dualityType IIA string theory on R9 ⇥ S1
(r)

<latexit sha1_base64="ZFpifHotPe/Meqx6R7UVvmMd8PM="></latexit>

Type IIB string theory on R9 ⇥ S1
(1/r)

<latexit sha1_base64="HdF337KyWJDNCSvmPzvbgksetjk="></latexit>

r ! 0
<latexit sha1_base64="KubRPcBaD+N1GImHwh3eI4JHQT0="></latexit>

Can be explained using a dual theory via T-duality.

http://dx.doi.org/10.1016/S0550-3213(97)00269-1


Instantons
E(0,0)(z) = 2⇣(3)y3/2+4⇣(2)z�1/2+2⇡

X

m2Z\{0}

p
|m|��2(m)e�Sinst

⇣
1+O(y�1)

⌘

<latexit sha1_base64="SOv9FlHNGSE98v0ox5MEdHh5SHA="></latexit>

It is possible to derive the appearance of the entire divisor sum ��2(m) in the instanton
measure directly from physics.

<latexit sha1_base64="L50PtvoqHxjmNzYIhTVVuVKiZiE="></latexit>

The arguments are based on relating the D-particles of the previous slide to Kaluza–
Klein modes of M-theory compacti�ed on a circle. These can then be counted by the
partition function of an SU(m) super Yang–Mills matrix model and the Witten index of
m D-particles.

<latexit sha1_base64="a9bqUA02VBHWuzaRyseSRs0rZ/g="></latexit>

For more information see [Kostov–Vanhove 98, Moore–Nekrasov–Shatashvili 00]



Lower dimensions – larger groups

D = 10� d G(R) K(R) G(Z)

10 SL2(R) SO2(R) SL2(Z)
9 SL2(R)⇥ R+ SO2(R) SL2(Z)⇥ Z2

8 SL3(R)⇥ SL2(R) SO3(R)⇥ SO2(R) SL3(Z)⇥ SL2(Z)
7 SL5(R) SO5(R) SL5(Z)
6 Spin5,5(R)

�
Spin5(R)⇥ Spin5(R)

�
/Z2 Spin5,5(Z)

5 E6(R) USp8(R)/Z2 E6(Z)
4 E7(R) SU8(R)/Z2 E7(Z)
3 E8(R) Spin16(R)/Z2 E8(Z)

<latexit sha1_base64="bK5PBKvweMrYRJ5yDtLhrngYq20="></latexit>

Space-time: T d ⇥ RD

<latexit sha1_base64="QJsNsUUntsQgNme0tlFMucaQD30="></latexit>

E(p,q)(�gk) = E(p,q)(g) � 2 G(Z), k 2 K(R)
<latexit sha1_base64="iYuhZNiyFelVDeWRfVSXIgcnoNo="></latexit>

✓



Lower dimensions – larger groups
Space-time: T d ⇥ RD

<latexit sha1_base64="QJsNsUUntsQgNme0tlFMucaQD30="></latexit>

[Green–Russo–Vanhove 10, Pioline 15]

Supersymmetry:

R4 :

✓
�G/K � 3(11�D)(D � 8)

D � 2

◆
E (D)
(0,0)(g) = 6⇡�D,8

r4R4 :

✓
�G/K � 5(12�D)(D � 7)

D � 2

◆
E (D)
(1,0)(g) = 40⇣(2)�D,7 + 7E (6)

(0,0)�D,6

r6R4 :

✓
�G/K � 6(14�D)(D � 6)

D � 2

◆
E (D)
(0,1)(g) = �

⇣
E (D)
(0,0)

⌘2

+ 40⇣(3)�D,6

+
55

3
E (5)
(0,0)�D,5 +

85

2⇡
E (4)
(1,0)�D,4

<latexit sha1_base64="Dmqiou/Y5gG5Yx/tbQ1hGtMHDD0="></latexit>

[Bossard–Verschinin 14, 15a ,15b]
For equations with other G-invariant di�erential operators:

<latexit sha1_base64="IEvdRgv45+9dAN15DhmRfPzXMrs="></latexit>

For discussions about the Kronecker deltas see [Pioline 15, Bossard–Kleinschmidt 15]

http://dx.doi.org/10.1007/JHEP04(2015)057
http://dx.doi.org/10.1007/JHEP08(2015)102


Lower dimensions – larger groups
Space-time: T d ⇥ RD

<latexit sha1_base64="QJsNsUUntsQgNme0tlFMucaQD30="></latexit>

R4 : E (D)
(0,0)(g) = 2⇣(3)E(�s=3/2, g),

r4R4 : E (D)
(1,0)(g) = ⇣(5)E(�s=5/2, g).

<latexit sha1_base64="8Cu+IJ7R7E5/DgBHtbxGBOpg3Dc="></latexit>

Weyl vector

�s = 2s⇤1 � ⇢
<latexit sha1_base64="H05n/ufsjbalKlIZwep0P9h66tQ="></latexit>

Borel subgroup

Usually written with parabolic Eisenstein series. See Proposition 5.30 in [FGKP]

1 3 4 5 6 7 8

2

Solutions for G =

8
>><

>>:

E6 (D = 5)

E7 (D = 4)

E8 (D = 3)
<latexit sha1_base64="RGzrntjOg9azoNgKxXyrkfEOt2E="></latexit>

E(�, g) =
X

�2B(Z)\G(Z)

|�g|�+⇢

<latexit sha1_base64="pEfwHpCDQKsx+HHXEJCYZ4P/L4s="></latexit>

��etH↵
���0

= |t|�
0(H↵)

<latexit sha1_base64="OdQ0BIaa88rbUDTYLY/gh0d8vgw="></latexit>

Character on B:
<latexit sha1_base64="apFwK7BvNYn/pJEXYo6wg/kQKqY="></latexit>

|nak|�
0
= |a|�

0
2 C

<latexit sha1_base64="nOQMbD7aZmeXBWBCqiDiDsXlIpQ="></latexit>

|a1a2|�
0
= |a1|�

0
|a2|�

0

<latexit sha1_base64="+VHCGvjYhndb5JKOHFDTJbsJbCE="></latexit>

G = BK = NAK
<latexit sha1_base64="xyP9YURL5jX6QpsJi/winKqfa38="></latexit>

N unipotent radical
<latexit sha1_base64="NZJBZfOHUG/y0AANodKfon9CDxA="></latexit>For details and other dimensions see: [Green–Russo–Vanhove 10a, 10b, Pioline 10, 

Green–Miller–Russo–Vanhove 10, Green–Miller–Vanhove 15].  
For D6R4 see [FGKP §15.1] and references therein.

http://www.cambridge.org/core_title/gb/502216
http://dx.doi.org/10.1103/PhysRevD.81.086008
https://doi.org/10.1016/j.jnt.2013.05.018
https://doi.org/10.1007/JHEP03(2010)116
http://dx.doi.org/10.4310/CNTP.2010.v4.n3.a2
https://doi.org/10.1016/j.jnt.2013.05.018
http://www.cambridge.org/core_title/gb/502216


Remarks

New non-perturbative terms 

Numerous consistency checks (also of new predictions). 
See list of references at end of §2.4.3 [HG, Thesis]

Two different viewpoints:

The Fourier coefficients of automorphic forms give us perturbative and non-
perturbative scattering amplitude corrections which are difficult to compute 
directly from string theory. 

Theoretical physicist have devised a complex machinery (involving path integrals 
over geometries, supersymmetry and vertex operators) that generate Fourier 
coefficients of automorphic forms.

https://research.chalmers.se/en/publication/?id=250854


Small representations
R4 : E (D)

(0,0)(g) = 2⇣(3)E(�s=3/2, g),

r4R4 : E (D)
(1,0)(g) = ⇣(5)E(�s=5/2, g).

<latexit sha1_base64="8Cu+IJ7R7E5/DgBHtbxGBOpg3Dc="></latexit>

[Green–Miller–Russo–Vanhove 10, Pioline 10, Green–Miller–Vanhove 15]

minimal representation

next-to-minimal representation

Irreducible 
representation

Closure of
nilpotent orbit in g

<latexit sha1_base64="l78jIOJXfgE3psJ8Hw9P8UeyO+c="></latexit>

Annihilator ideal of
universal env. alg. U(g)

<latexit sha1_base64="kqNh54nHAuOL94JdMjDy//rfQxo="></latexit>

[ Joseph 85, Green–Miller–Vanhove 15]

Differential operators

Partial ordering
min and ntm 

representations

The size of the representation is determined by: (real groups)

http://dx.doi.org/10.4310/CNTP.2010.v4.n3.a2
http://dx.doi.org/10.1007/JHEP03(2010)116
https://doi.org/10.1016/j.jnt.2013.05.018
https://doi.org/10.1016/0021-8693(85)90172-3
https://doi.org/10.1016/j.jnt.2013.05.018


Nilpotent orbits

For classical groups, nilpotent orbits are 
labeled by certain integer partitions. 
(with some caveats for Dn and very even partitions)

<latexit sha1_base64="e+0XJBvjOmq8ccwpfl+r13rfU2Q="></latexit>

(6)

(51)

(42)

(411) (33)

(321)

(3111) (222)

(2211)

(21111)

(111111)

SL6
<latexit sha1_base64="gNRJhyxdIxru64/uEcPPC40jHWw="></latexit>

O0

Omin

Ontm

For a nilpotent element X 2 g, let
<latexit sha1_base64="Y7NHkXZKGsMuZctmP2NSh8MfoI8="></latexit>

OX = {gXg�1 : g 2 G(C)}
<latexit sha1_base64="SraJ3xMPbFYowD6MoeI/Cgawm2s="></latexit>

Partial ordering:
(�1, . . . ,�N)  (µ1, . . . , µn)

()
kX

i=1

�i 
kX

i+1

µi for 1  k  N

<latexit sha1_base64="m8oBv+WXjnq3tO7ZC1z1ng2StSg="></latexit>

Closure: O =
[

O0O

O0

<latexit sha1_base64="WFomPRcG3deLuhL+NG2e1G01U38="></latexit> [Collingwood–McGovern 93]

N

=

http://doi.org/10.1201/9780203745809


Small representations

[Howe 78, Harish-Chandra 77, Barbasch–Vogan 80, Gourevitch–Sahi 18, §4]

Irreducible 
representation

Closure of
nilpotent orbit in g

<latexit sha1_base64="l78jIOJXfgE3psJ8Hw9P8UeyO+c="></latexit>

Annihilator ideal of
universal env. alg. U(g)

<latexit sha1_base64="49gqbRzg2OJL7TnW9y48J3O3EzU="></latexit>

Infinitesimal around identity

X

orbits O

cO(⇡)µO

<latexit sha1_base64="W76fF2cXoGQZscB4CZR4AK9no70="></latexit>

Character �⇡
<latexit sha1_base64="5qGhIhjFsF993LZnbwfZUYB1n0Y="></latexit>

Local wave-front set of representation ⇡ = ⇡v:
<latexit sha1_base64="hl/89ecmtkpA1xF0aD9ynyAe+IY="></latexit>

Fourier transforms of 
G-measures of orbits

=

WF(⇡)
<latexit sha1_base64="L/3DPJPdRNUAyUcGKrA3+g6Z6m4="></latexit>

WF(⇡) =
[

orbit O
cO(⇡) 6=0

O

<latexit sha1_base64="4eTPnF4THuN8XQ1I+vOnYBpqTQs="></latexit>

http://eudml.org/doc/162577
https://doi.org/10.1016/B978-0-12-080550-1.50018-4
https://doi.org/10.1016/0022-1236(80)90026-9
https://arxiv.org/abs/1808.00890


Small representations

Representation has implications for the vanishing 
properties of Fourier coefficients .

(Non-archimedean counterpart: [Mœglin–Waldspurger 87])

Irreducible 
representation

Closure of
nilpotent orbit in g

<latexit sha1_base64="l78jIOJXfgE3psJ8Hw9P8UeyO+c="></latexit>

Annihilator ideal of
universal env. alg. U(g)

<latexit sha1_base64="49gqbRzg2OJL7TnW9y48J3O3EzU="></latexit>

Archimedean (real): [Matumoto 87]
Global (adelic): [Ginzburg–Rallis–Soudry 03, Gomez–Gourevitch–Sahi 17,  
Jiang–Liu–Savin 16]

Automorphic forms in small representations 
have few non-vanishing Fourier coefficients 

=

WF(⇡)
<latexit sha1_base64="L/3DPJPdRNUAyUcGKrA3+g6Z6m4="></latexit>

http://dx.doi.org/10.1007/BF01200363
http://dx.doi.org/10.1007/BF01404678
http://dx.doi.org/10.1007/s00229-003-0355-7
http://dx.doi.org/10.1112/S0010437X16007788
http://dx.doi.org/10.1090/ert/490


Fourier coefficients

This will not always be possible for larger groups. To compute
Fourier coe�cients here we turn to the adelic framework.

<latexit sha1_base64="MOpqz7zIo0f7KNQ65K3ZrkD3BOs="></latexit>

To compute Fourier coe�cients when G = SL2 we had a
simpli�cation of the moduli space G(R)/K(R) ⇠= H and could
rewrite the Eisenstein series using a lattice sums (without extra
constraints).

<latexit sha1_base64="3zXtW/8tvLj5vYnhrAKj5V9Pr5I="></latexit>



The ring of adeles

Archimedean

Q
<latexit sha1_base64="WFLAi7TAXyHS5FAPMK+RaqT7IMM="></latexit>

p-adic norm |·|p
<latexit sha1_base64="1vXb144dZ+2a54GFKZOqk+sZeOk="></latexit>

Qp
<latexit sha1_base64="H8f7xVM4U0nH4Hk8z0ZYexcemRA="></latexit>

Non-archimedean

For each prime p there is another norm. With q 2 Q prime factorized as q = pk11 · · · pknn
we de�ne

|q|p =
(
p�ki
i if p = pi for any i
1 otherwise

<latexit sha1_base64="smHV0IiBOdKKlV+rol8FWuOEKbU="></latexit>

The p-adic completion of Z is: Zp = {x 2 Qp : |x|p  1}.
<latexit sha1_base64="aePDlFWphmHRXkELQ10CqkKm3CU="></latexit>

Ring of adeles:
A = R⇥

Y0

prime p

Qp

where the prime denotes a restriction to elements a = (a1; a2, a3, a5, a7, . . .) such that,
for all but a �nite number of primes p, ap 2 Zp.

<latexit sha1_base64="cE6GlYDjMum19swaeRrhd+Kz0PA="></latexit>

Completion of 
Cauchy sequences

Q
<latexit sha1_base64="WFLAi7TAXyHS5FAPMK+RaqT7IMM="></latexit>

R
<latexit sha1_base64="rnnusN1Qz72Q+SEBm+gLN86STsk="></latexit>Standard norm |·|

<latexit sha1_base64="2HOlR7EEKhvsuj+ZlOr9TVn9d/c="></latexit>

= Q1
<latexit sha1_base64="8APf4bW/hrHLIKVgLg43sJIrIww="></latexit>

This ensures that the global norm |a| =
Q

p1 |ap|p converges.
<latexit sha1_base64="0X4FbsCod6LfSXFVM5SfBkQADoQ="></latexit>



The ring of adeles
Q

<latexit sha1_base64="WFLAi7TAXyHS5FAPMK+RaqT7IMM="></latexit>

R
<latexit sha1_base64="rnnusN1Qz72Q+SEBm+gLN86STsk="></latexit>Standard norm |·|

<latexit sha1_base64="2HOlR7EEKhvsuj+ZlOr9TVn9d/c="></latexit>

Q
<latexit sha1_base64="WFLAi7TAXyHS5FAPMK+RaqT7IMM="></latexit>

p-adic norm |·|p
<latexit sha1_base64="1vXb144dZ+2a54GFKZOqk+sZeOk="></latexit>

Qp
<latexit sha1_base64="H8f7xVM4U0nH4Hk8z0ZYexcemRA="></latexit>

For each prime p there is another norm. With q 2 Q prime factorized as q = pk11 · · · pknn
we de�ne

|q|p =
(
p�ki
i if p = pi for any i
1 otherwise

<latexit sha1_base64="smHV0IiBOdKKlV+rol8FWuOEKbU="></latexit>

The p-adic completion of Z is: Zp = {x 2 Qp : |x|p  1}.
<latexit sha1_base64="aePDlFWphmHRXkELQ10CqkKm3CU="></latexit>

Ring of adeles:
A = R⇥

Y0

prime p

Qp

where the prime denotes a restriction to elements a = (a1; a2, a3, a5, a7, . . .) such that,
for all but a �nite number of primes p, ap 2 Zp.

<latexit sha1_base64="cE6GlYDjMum19swaeRrhd+Kz0PA="></latexit>

= Q1
<latexit sha1_base64="8APf4bW/hrHLIKVgLg43sJIrIww="></latexit>

This ensures that the global norm |a| =
Q

p1 |ap|p converges.
<latexit sha1_base64="0X4FbsCod6LfSXFVM5SfBkQADoQ="></latexit> Q is embedded diagonally in A, that is q 2 Q 7! (q; q, q, . . .) 2 A.

<latexit sha1_base64="lWh7Ts9rSKzdcdQ9mwp6hdEmZhc="></latexit>

Q is discrete in A.
<latexit sha1_base64="9Nw3pKBzt9tObXEPUHvYPl8mOU0="></latexit>

We also have that Q\A is compact



Adelization

Automorphic forms on G(R)
<latexit sha1_base64="PCz9k/hhPinD2dckZhtiAfji6XA=">AAAH+3icrVXNbhs3EN4kbZSqP3HaYy9ElSAOIAi7iuMaCAwocJE6CAonbhwH1QoGlzuSCPFnQXIbKcwCfZfeil77EH2EPkWv7a1DSYm8a/dSdAFpufPzzXBmPjIrBLcujv+4cvXaBx9eb934qP3xJ59+dnPr1ucvrS4NgxOmhTavMmpBcAUnjjsBrwoDVGYCTrPZQdCf/gjGcq1euEUBI0knio85ow5FZ1sszWDClZdc8YJOoP </latexit>

Automorphic forms on G(A)
<latexit sha1_base64="JGpcGgNPDoE6SvRRZhh/s7W+A00=">AAAH+XicrVXdbts2FFbbre68n6bb5W6IuUVTwDAkN80CFAFcZOhSFEParGmKWUZAUcc2Yf4IJLXaZQXsVXY37HYPsWfYQ+x2u92h7daRkt0ME2CLOj/fIT+ej8wKwa2L4z+uXL32wYfXWzc+an/8yaef3dy69flLq0vD4IRpoc2rjFoQXMGJ407Aq8IAlZmA02x2EPynP4KxXKsXblHASNKJ4mPOqEPT2RZNM5hw5SVXvKATqP </latexit>

Q\A-Fourier coe�cients
<latexit sha1_base64="c8cy29e+HGRnL84fDSulvVkhJA0="></latexit>

R\Z-Fourier coe�cients
<latexit sha1_base64="qUPkTMmXG8wHX2OLj6cJLKXzkss="></latexit>

Compute

Restriction g = (gR; 1, 1, . . .)
<latexit sha1_base64="w1tZFAS/xpYotkK0NJujfRpndGE="></latexit>

Adelization
G(Z)\G(R)

⇠=
G(Q)\G(A)/

Q
prime p

G(Zp)

<latexit sha1_base64="Le36Yxwb94QUPHsBu3KnDYWIvg4="></latexit>

For details see [FGKP §2, §6]

Z\R

http://www.cambridge.org/core_title/gb/502216


Adelization

Automorphic forms on G(R)
<latexit sha1_base64="PCz9k/hhPinD2dckZhtiAfji6XA=">AAAH+3icrVXNbhs3EN4kbZSqP3HaYy9ElSAOIAi7iuMaCAwocJE6CAonbhwH1QoGlzuSCPFnQXIbKcwCfZfeil77EH2EPkWv7a1DSYm8a/dSdAFpufPzzXBmPjIrBLcujv+4cvXaBx9eb934qP3xJ59+dnPr1ucvrS4NgxOmhTavMmpBcAUnjjsBrwoDVGYCTrPZQdCf/gjGcq1euEUBI0knio85ow5FZ1sszWDClZdc8YJOoP </latexit>

Automorphic forms on G(A)
<latexit sha1_base64="JGpcGgNPDoE6SvRRZhh/s7W+A00="></latexit>Adelization

ER(�, gR) = E(�, (gR; 1, 1, . . .))
<latexit sha1_base64="r0SuroeiR9pnkItQYmw8ltWlbqI="></latexit>

Z is discrete in R
<latexit sha1_base64="MBvVQmt/Esm182ZF1gl8eJc/+p4="></latexit>

Q is discrete in A
<latexit sha1_base64="VMdjPU7vnFybmL7kJZlS/QgF2wc="></latexit>

E(�, g) =
X

�2B(Q)\G(Q)

|�g|�+⇢

<latexit sha1_base64="/LwYQVpjlwOUQ02daa/YlkJBfnk="></latexit>

ER(�, gR) =
X

�2B(Z)\G(Z)

|�gR|�+⇢

<latexit sha1_base64="2L6bflEHEFEdTs6HfXy63Lj3KOo="></latexit>

In particular, for Eisenstein series:



Fourier coefficients

{z 2 C : |z| = 1}
<latexit sha1_base64="ui6l5/+7OOwJGgyf5vu3mcT9pCk="></latexit>

Let  be a unitary character on U(A), that is, a group
homomorphism U(A) ! U(1) trivial on U(Q).

<latexit sha1_base64="lIuBsuJ0XGgZDbUXHW2K5E1PKUM="></latexit>

Since  (u1u2) =  (u1) (u2) we only need to specify  on the
abelianization U(A)/[U,U ](A) supported on roots �(1)(u) =

�(u) \�([u, u]).
<latexit sha1_base64="HnaE8n2h9TXDDNFFVFL/mU1KfOw="></latexit>

m↵ 2 Q, charge or
mode number

<latexit sha1_base64="/nWxprrP5yFHmW7e2EOJRyK0sUs="></latexit>

 :
Y

↵2�(1)(u)

exp(u↵E↵) 7! e
⇣ X

↵2�(1)(u)

m↵u↵

⌘

<latexit sha1_base64="/WDWTr/EZAIvjQL3EB6RSU7HQbk="></latexit>

Let e be an additive character on A trivial on Q, let U be
a unipotent subgroup of G and ' an automorphic form
on G(A).

<latexit sha1_base64="RYMy+mLuDTYfOyf4mSTbtTbP/h0="></latexit>



Fourier coefficients
Let  be a unitary character on U(A), that is, a group
homomorphism U(A) ! U(1) trivial on U(Q).

<latexit sha1_base64="lIuBsuJ0XGgZDbUXHW2K5E1PKUM="></latexit>

Since  (u1u2) =  (u1) (u2) we only need to specify  on the
abelianization U(A)/[U,U ](A) supported on roots �(1)(u) =

�(u) \�([u, u]).
<latexit sha1_base64="HnaE8n2h9TXDDNFFVFL/mU1KfOw="></latexit>

The associated Fourier coe�cient:
<latexit sha1_base64="flt1kCenrs3FOeb4fP/0OyF1IXA="></latexit>

FU, ['](g) =

Z

U(Q)\U(A)

'(ug) �1(u) du

<latexit sha1_base64="ZWBvk8WJOfxO/AcKNS+9Jof/J2I="></latexit>

m↵ 2 Q, charge or
mode number

<latexit sha1_base64="/nWxprrP5yFHmW7e2EOJRyK0sUs="></latexit>

 :
Y

↵2�(1)(u)

exp(u↵E↵) 7! e
⇣ X

↵2�(1)(u)

m↵u↵

⌘

<latexit sha1_base64="/WDWTr/EZAIvjQL3EB6RSU7HQbk="></latexit>



Fourier coefficients
The associated Fourier coe�cient:

<latexit sha1_base64="flt1kCenrs3FOeb4fP/0OyF1IXA="></latexit>

FU, ['](g) =

Z

U(Q)\U(A)

'(ug) �1(u) du

<latexit sha1_base64="ZWBvk8WJOfxO/AcKNS+9Jof/J2I="></latexit>If U is abelian, then
<latexit sha1_base64="bHbfr7EESy8jSeUBy08ckWRVy7M="></latexit>

'(g) = FU,1['](g) +
X

 6=1

FU, ['](g)

<latexit sha1_base64="yZ0NI/JAiBeFoZC7HEqapn6myT8="></latexit>

Otherwise, let U (i+1) = [U (i), U (i)] with U (0) = U

and  (i) unitary character on U (i)(A). Then,
<latexit sha1_base64="MaINMlENQ3FBmpm0n2gJDl/8BPQ="></latexit>

'(g) = FU(0),1['](g)+
X

 (0) 6=1

FU(0), (0) ['](g)+
X

 (1) 6=1

FU(1), (1) ['](g)+· · ·

<latexit sha1_base64="+vFNQyZq2R9WYjDHB18wDep8TTA="></latexit>



Fourier coefficients

"Abelian coefficients"

| {z }
<latexit sha1_base64="QllgUC6hkX/lVBYReAJweW8w7ZM="></latexit>

Constant term

| {z }
<latexit sha1_base64="xUJyoo2NQ7i7UG+8NMFZdYA4lE8="></latexit>

"Non-abelian coefficients"

If U is abelian, then
<latexit sha1_base64="bHbfr7EESy8jSeUBy08ckWRVy7M="></latexit>

'(g) = FU,1['](g) +
X

 6=1

FU, ['](g)

<latexit sha1_base64="yZ0NI/JAiBeFoZC7HEqapn6myT8="></latexit>

For details see [FGKP §6]

Otherwise, let U (i+1) = [U (i), U (i)] with U (0) = U

and  (i) unitary character on U (i)(A). Then,
<latexit sha1_base64="MaINMlENQ3FBmpm0n2gJDl/8BPQ="></latexit>

'(g) = FU(0),1['](g)+
X

 (0) 6=1

FU(0), (0) ['](g)+
X

 (1) 6=1

FU(1), (1) ['](g)+· · ·

<latexit sha1_base64="+vFNQyZq2R9WYjDHB18wDep8TTA="></latexit>

http://www.cambridge.org/core_title/gb/502216


Whittaker pairs
When manipulating Fourier coe�cients it is convenient to
describe U and  with a pair (S, f) 2 g(Q)⇥ g(Q) as follows.

<latexit sha1_base64="Nt3d1U/6HR0aa0qGIbTQgDNuckE="></latexit>

Then, US,f is de�ned by the Lie algebra
uS,f = gS>1 � gS1 \ gf

where gf is the centralizer of f in g under the adjoint action.
<latexit sha1_base64="5VwLzZMq8sDbcF6n5H//NUmHfKc="></latexit>

[Gourevitch–Gomez–Sahi 17]

Let S 2 g(Q) be semisimple and such that ad(S) has rational
eigenvalues. For r 2 Q de�ne gSr = {x 2 g : ad(S)x = rx}
and let f 2 gS�2(Q) which is a nilpotent element.

<latexit sha1_base64="ddWdgLSs3HjiMZFqJuAchXwh240="></latexit>

Additionally, with h , i denoting the Killing form,  f is de�ned by
 f (u) = e(hf, log(u)i), u 2 US,f (A), e character on Q\A

<latexit sha1_base64="CJNqRlSvOua3Tj6q0FDWiFuzajA="></latexit>

http://dx.doi.org/10.1112/S0010437X16007788


Whittaker pairs

The associated Fourier coe�cient is then

FS,f ['](g) =

Z

US,f (Q)\US,f (A)

'(ug) f (u)
�1du

<latexit sha1_base64="LZeXdfVeBvRB9MxFWXMQVbL3RH8="></latexit>

[Gourevitch–Gomez–Sahi 17]

Then, US,f is de�ned by the Lie algebra
uS,f = gS>1 � gS1 \ gf

where gf is the centralizer of f in g under the adjoint action.
<latexit sha1_base64="5VwLzZMq8sDbcF6n5H//NUmHfKc="></latexit>

Let S 2 g(Q) be semisimple and such that ad(S) has rational
eigenvalues. For r 2 Q de�ne gSr = {x 2 g : ad(S)x = rx}
and let f 2 gS�2(Q) which is a nilpotent element.

<latexit sha1_base64="ddWdgLSs3HjiMZFqJuAchXwh240="></latexit>

Additionally, with h , i denoting the Killing form,  f is de�ned by
 f (u) = e(hf, log(u)i), u 2 US,f (A), e character on Q\A

<latexit sha1_base64="CJNqRlSvOua3Tj6q0FDWiFuzajA="></latexit>

http://dx.doi.org/10.1112/S0010437X16007788


PART II



Outline – Part II
• Automorphic representations and the global wave-front set 

• Different parabolic subgroups and their interpretations in 
physics 

• BPS-orbits and character variety orbits 

• Computing Fourier coefficients 

• Langlands' constant term formula 

• Casselman–Shalika formula 

• The subgroup reduction formula 

• Orbit methods 

• Kac–Moody groups     (in preparation for the last two talks on Friday)



Automorphic representations

[Bump 09, FGKP §5]

Let A denote the space of automorphic forms on G(A) and Gf =
Y0

p<1
G(Qp).

<latexit sha1_base64="nGsQbfgX7IGdbxOOWrCfoILhk/s="></latexit>

But the same right-regular action for g 2 G(R) does not preserve the K-�niteness
condition, and thus takes us outside the space of automorphic forms. We do however
have a right-regular action for k 2 K(R).

<latexit sha1_base64="/mBW4RUFUOFYWdXUz+wTbcvZHx8="></latexit>

gf 2 Gf acts on ' 2 A by the right-regular action: [⇡(gf )'](h) = '(hgf ) for h 2 G(A).
<latexit sha1_base64="CHlRefa3iquPJVTj25X267xnf4M="></latexit>

Besides the right-regular actions by Gf and K(R) we also have an action by the
universal enveloping algebra U(gR) as di�erential operators.

<latexit sha1_base64="2LnE8MFDLxdNGyov5e8kIvjMbPs="></latexit>

The actions by K(R) and U(gR) both commute with the action by Gf but not with
each other. Instead they give A the structure of a so called (gR, K(R))-module.

<latexit sha1_base64="VcRgSf9JbCdq3WKeHOUWXzKGavE="></latexit>

An automorphic representation is an irreducible component of A under the
simultaneous action by (gR, K(R))⇥Gf .

<latexit sha1_base64="a8D3+PDRv/kO3FKTkTKpxuPSOHQ="></latexit>

https://doi.org/10.1017/CBO9780511609572
http://www.cambridge.org/core_title/gb/502216


Global wave-front set

Jacobson–Morozov and Kostant:

Nilpotent orbits
1:1 Conjugacy classes of SL2-triples (f, h, e) in g

<latexit sha1_base64="ZCs8pQavDQnkVDLuaSq216LXTZs="></latexit>

Lemma 3.3.1 in [Gourevitch–HG–Kleinschmidt–Persson–Sahi]:
FS,f ['](g) = FAd(�)S,Ad(�)f ['](�g), � 2 G(Q)

<latexit sha1_base64="h4UDtlqqsTFLDZWayiT+JyaVfes="></latexit>

[Collingwood–McGovern 93] 
[Ginzburg–Rallis–Soudry 03, Gomez–Gourevitch–Sahi 17, Jiang–Liu– Savin 16]

WF(⇡) = {Oe : Fh,f ['] 6= 0 for any ' 2 ⇡ and triple (f, h, e)}
<latexit sha1_base64="09Z80CY7/ovo51cTIb/0irtKRVQ="></latexit>

For an (irreducible) automorphic representation ⇡
<latexit sha1_base64="HPxu9q3Z80qODaEC30Ny/I8UzgI="></latexit>

Lemma 2.2.4 in [Gourevitch–HG–Kleinschmidt–Persson–Sahi]: 
"The global notion supersedes the local notion. The former is not as restrictive."

In the adelic picture, the size of a representation is defined by the global wave-front set.

WF some

https://doi.org/10.1201/9780203745809
http://dx.doi.org/10.1007/s00229-003-0355-7
http://dx.doi.org/10.1112/S0010437X16007788
http://dx.doi.org/10.1090/ert/490
https://arxiv.org/abs/1811.05966


Global wave-front set

This has consequences for all Fourier coefficients:

That is, we only need to consider Fourier coe�cients with f in
the global wave-front set which is small for small automorphic
representations.

<latexit sha1_base64="QTAC911Sh6HENBKdc2l7/NiAI+Y="></latexit>

Theorem C, [Gomez–Gourevitch–Sahi 17]:

Let ' 2 ⇡ and f 2 O with O /2 WF(⇡). Then, FS,f ['] = 0 for any
Whittaker pair (S, f).

<latexit sha1_base64="VmzLa+LObih9CMj+VRr1Yemjnl0="></latexit>



Parabolic Fourier coefficients
We will often consider the case where U is the unipotent
radical of a parabolic subgroup P .

<latexit sha1_base64="BDpQOriRUpYIdTyhuequ4PRYjkQ="></latexit>

Levi decomposition: P = LU where L is semisimple.
<latexit sha1_base64="g3ccKGFoSOS1gJf0D6yK40GG2tc="></latexit>

In particular: maximal parabolic subgroup P↵ for a simple
root ↵ de�ned by L = GL1 ⇥M where M is the semisimple
subgroup obtained by removing ↵.

<latexit sha1_base64="p7PPDpD2Y6OoN4/qdf54uRM5Luw="></latexit>

Example: G = SL4, ↵ = ↵1
<latexit sha1_base64="0rP0UPn80HODTMTDQb7HxLRu01U="></latexit> 1 2 3

U =

⇢✓
1 ⇤ ⇤ ⇤
1
1
1

◆�

<latexit sha1_base64="3eSF+sRbdb9p2j6GsHwSbh7/yyQ="></latexit>

P =
n⇣ ⇤ ⇤ ⇤ ⇤

⇤ ⇤ ⇤
⇤ ⇤ ⇤
⇤ ⇤ ⇤

⌘o
\ SL4

<latexit sha1_base64="9l40SZnfIA/nV+m+hUk8hrXxJYA="></latexit>

L =
n⇣ ⇤

⇤ ⇤ ⇤
⇤ ⇤ ⇤
⇤ ⇤ ⇤

⌘o
\ SL4

<latexit sha1_base64="u99cjZA/+SaPndn6S+JS3UtBv3E="></latexit>

≈

reductive



Parabolic Fourier coefficients
In term of Whittaker pairs we can describe a Fourier coe�cient
onU for amaximal parabolic P↵ = LU by S↵ de�ned by ↵(S↵) = 2

and �(S↵) = 0 for all other simple roots.
<latexit sha1_base64="9xzVkxz6NtA6tL7X5UBWsKmv6es="></latexit>

These L-orbits are called character variety orbits and we will soon
see how they are related to BPS-orbits.

<latexit sha1_base64="xltkaYKdInTIIxqWfSxyoCNA2AI="></latexit>

Then L = exp(gS↵
0 ) and U = exp(gS↵

�2). We see that L normalizes U
(under conjugation), and, for f 2 gS↵

�2(Q) and � 2 L(Q),
<latexit sha1_base64="TSF77ghbTsgxJwzjT3ZGiTZPse0="></latexit>

FU, f
['](g) = FS↵,f ['](g) = FAd(�)S↵,Ad(�)f ['](�g) = FU, Ad(�)f

['](�g)
<latexit sha1_base64="1Y+PWd1IgiUSyrb8pyFhPxccwno=">AAAHinicfVRRb9s2EJa7de68bm22x70Ic4qmgGFITppmGAI4SBGkKIa0adMUswyDok4WYUokSDqzx+qf7HX7T/s3O1puYinZCEii7r77jjzex1hypk0Q/NO698WX979qP/i6883Db7979Hjr+w9azBWFCyq4UB9jooGzAi4MMxw+SgUkjzlcxrNj57+8AqWZKN6bpYRxTqYFSxklBk2TrdajKIYpK2zOCibJFEq7uxdIU3aiVB </latexit>



Different cusps and their 
physical interpretations

L = GL1 ⇥M
<latexit sha1_base64="kKyEkzuC6rdAI9dUicqYSgIyXDw="></latexit>

GL1
<latexit sha1_base64="XauxenfBoVwF0swnF95yjHvazYk="></latexit>

M
<latexit sha1_base64="AehNZbePUr9FFHGzBkVZupgc0NE="></latexit>

(visualized for E8)
<latexit sha1_base64="eTHDJb4aT6TBuGRAdCD9U1V33Q4="></latexit>

• String perturbation limit gs ! 0
<latexit sha1_base64="SUT6xw0Yv8qC2bR6+tv5YV1dnWE="></latexit>

• M-theory limit volume of M-theory torus! 1
<latexit sha1_base64="U5iKoFPFi6lF8KHVOkiifxurbXo="></latexit>

• Decompactification limit radius of S1 in X ! 1
<latexit sha1_base64="R0VBjSMkLq+6cii+srNARaZo4fk="></latexit>

Ed+1 ! Ed
<latexit sha1_base64="KReDDcmVqW9vDujI3eCjc8zK0bY="></latexit>

[Pioline 10, Green–Miller–Vanhove 15]

D-instantons, NS5-instantons

M2, M5-instantons

Higher-dimensional BPS states, black holes

http://dx.doi.org/10.1007/JHEP03(2010)116
http://dx.doi.org/10.1016/j.jnt.2013.05.018


Asymptotics of maximal 
parabolic Fourier coefficients

G = PK (not unique), P = UL, L = GL1 ⇥M
<latexit sha1_base64="guEcbPLw2d66ZE5BY9xT1qcx9oI="></latexit>

Let ' be a spherical automorphic form on G(R) that is an
eigenfunction to the Laplace–Beltrami operator �G/K on the
symmetric space G(R)/K(R) with a real eigenvalue.

<latexit sha1_base64="a62aQjExmlgKi5o6N41M6ovM1Ho="></latexit>

Then, for a suitable coordinate t for the GL1 factor in L, we have
the following asymptotic behavior of a Fourier coe�cient

<latexit sha1_base64="au9zdGPG2BIehJ8nE7U0xbZmMl8="></latexit>

FU [ ,'](ua(t)m)
t!0⇠ c (m)e�b /t (u), u 2 U, a(t) 2 GL1,m 2 M

<latexit sha1_base64="0QjBFPCkPAHfVoo2BYy8VLh4JCI="></latexit>

Non-perturbative in t
<latexit sha1_base64="5WRGjobR4tQwq7vQMx3CLXMzL5M="></latexit>

[FGKP §14.2.4]

http://www.cambridge.org/core_title/gb/502216


Different cusps and their 
physical interpretations

We will now focus on

• Decompactification limit radius of S1 in X ! 1
<latexit sha1_base64="R0VBjSMkLq+6cii+srNARaZo4fk="></latexit>

Ed+1 ! Ed
<latexit sha1_base64="KReDDcmVqW9vDujI3eCjc8zK0bY="></latexit>

Higher-dimensional BPS states, black holes

t = 1/r
<latexit sha1_base64="yKL3y1Yzr0twnDVhavBBODDGhsM="></latexit>

in the case where space-time is T 6⇥R4, that is, G = E7. This
will give us information about BPS-states in 5 dimensions.

<latexit sha1_base64="lTbZGxVqgjLw2t0bx+R/g8kH8NY="></latexit>



BPS-states
Dimension: 5 Preserved supercharges: 32 N = 8

<latexit sha1_base64="x6xrRvJKM0IINFBTlftaNdd13Do="></latexit>

[Ferrara–Maldacena 98, Becker–Becker–Schwarz 06, Green–Miller–Vanhove 15]

This is also a representation for the maximal compact subgroup USp8 which has a
unique cubic invariant I3 that is also E6 invariant.

<latexit sha1_base64="UBuAY8S6pS7PdfSRQ6+zC8ZQZVs="></latexit>

Type Conditions Dimension
1
8 -BPS I3 6= 0 27

1
4 -BPS I3 =

@I3
@qi 6= 0 26

1
2 -BPS

(
I3 =

@I3
@qi = 0

@2I3
@qi@qj 6= 0

17

<latexit sha1_base64="+EKGPecUAEau86A6h9rnmG2hGG0="></latexit>

BPS-states are classi�ed by (GL1⇥E6)-orbits of charges which are determined by I3:
<latexit sha1_base64="6JSOaKUqWB82gpl0PR7zg2Zqc3M="></latexit>

We have point particles whose electric charges qi furnish the
fundamental representation 27 of E6.

<latexit sha1_base64="0uouvjZlk5g/q46vUv/Er+OzWF4="></latexit>

0=   

https://doi.org/10.1088/0264-9381/15/4/004
https://doi.org/10.1017/CBO9780511816086
https://doi.org/10.1016/j.jnt.2013.05.018


BPS-orbits and character orbits 
These BPS-states in D = 5, when wrapped around a circle of
radius r, give rise to instanton contributions to E (D = 4)

(p,q) in D = 4.
<latexit sha1_base64="MEFQwZDTytUn1QMw63EpQMeQIyY="></latexit>

The contributions are non-perturbative in the limit r ! 1 and
appear in the Fourier coe�cients of E (D=4)

(p,q) corresponding to the
decompacti�cation limit where L = GL1 ⇥ E6.

<latexit sha1_base64="TJjgNgNKMtnI2Itbkd32qFB3lBw="></latexit>

Fourier coe�cients in L-orbits
(character variety orbits)

<latexit sha1_base64="H3a0qoI0cJp2vxyV6pviLrMcbbE="></latexit>

(GL1 ⇥ E6)-BPS orbits
<latexit sha1_base64="l2nJXopWlJSmU57c1LlYJbddfZs="></latexit>



BPS-orbits and character orbits 

Characters  f with f 2 gS↵
�2(Q)

dim(gS↵
�2) = 27

<latexit sha1_base64="CF1l3R7bVgThXKDxJ2L3KN9kiX8="></latexit>

Becomes Z
<latexit sha1_base64="Gei9JvaGTFxuqpfMK3yAMVriFz0="></latexit>

27 electric charges27 modes or charges m↵
<latexit sha1_base64="Q15rWAt8x02MJSK74Y6tRiN4Z+8="></latexit>

These BPS-states in D = 5, when wrapped around a circle of
radius r, give rise to instanton contributions to E (D = 4)

(p,q) in D = 4.
<latexit sha1_base64="MEFQwZDTytUn1QMw63EpQMeQIyY="></latexit>

The contributions are non-perturbative in the limit r ! 1 and
appear in the Fourier coe�cients of E (D=4)

(p,q) corresponding to the
decompacti�cation limit where L = GL1 ⇥ E6.

<latexit sha1_base64="TJjgNgNKMtnI2Itbkd32qFB3lBw="></latexit>

Fourier coe�cients in L-orbits
(character variety orbits)

<latexit sha1_base64="H3a0qoI0cJp2vxyV6pviLrMcbbE="></latexit>

(GL1 ⇥ E6)-BPS orbits
<latexit sha1_base64="l2nJXopWlJSmU57c1LlYJbddfZs="></latexit>



BPS-orbits and character orbits 

[Ferrara–Maldacena 98, Becker–Becker–Schwarz 06, Green–Miller–Vanhove 15]

[Miller–Sahi 12]

The E6 in L acts on the charges m↵ by the fundamental
representation 27 and the L-orbits of the (non-trivial) charges are
of dimensions 17, 26 and 27.

<latexit sha1_base64="rid1p/mwhpcllmH/GFHka+dOUBY="></latexit>

Type Conditions Dimension
1
8 -BPS I3 6= 0 27

1
4 -BPS I3 =

@I3
@qi 6= 0 26

1
2 -BPS

(
I3 =

@I3
@qi = 0

@2I3
@qi@qj 6= 0

17

<latexit sha1_base64="+EKGPecUAEau86A6h9rnmG2hGG0="></latexit>

Compare with:

0=   

https://doi.org/10.1088/0264-9381/15/4/004
https://doi.org/10.1017/CBO9780511816086
https://doi.org/10.1016/j.jnt.2013.05.018


BPS-orbits and character orbits 

[Miller–Sahi 12]

The E6 in L acts on the charges m↵ by the fundamental
representation 27 and the L-orbits of the (non-trivial) charges are
of dimensions 17, 26 and 27.

<latexit sha1_base64="rid1p/mwhpcllmH/GFHka+dOUBY="></latexit>

These L-orbits are part of the following (coarser) G-orbits:
OA1 , O2A1 , O(3A1)00 respectively expressed with Bala–Carter labels.

<latexit sha1_base64="lZdfe0wLD03D0hTQa4X7Gwp8xwg="></latexit>

O0

OA1 = Omin

O2A1 = Ontm

O(3A1)00

O(3A1)0

<latexit sha1_base64="fWdJxah/eJ9qgHG927op+JOvbR8="></latexit>

E7-orbits
<latexit sha1_base64="uwCx7mU0dNJqptGu16CRrz2dBaI="></latexit>

BPS/L-orbit dim(L-orbit) Intersecting G-orbit
1
2 -BPS 17 OA1 = Omin

1
4 -BPS 26 O2A1 = Ontm

1
8 -BPS 27 O(3A1)00

<latexit sha1_base64="o73jeHWNfdLAR2WQoGoaiLuVZ4M="></latexit>

https://doi.org/10.1016/j.jnt.2012.05.032


BPS-orbits and character orbits 

O0

OA1 = Omin

O2A1 = Ontm

O(3A1)00

O(3A1)0

<latexit sha1_base64="fWdJxah/eJ9qgHG927op+JOvbR8="></latexit>

E (D=4)
(0,0) (g)R4 + (↵0)2E (D=4)

(1,0) (g)r4R4 + (↵0)3E (D=4)
(1,0) (g)r6R4

<latexit sha1_base64="jgrIVa4JG+eOG2gz9vuKr1YWXtA="></latexit>

BPS/L-orbit dim(L-orbit) Intersecting G-orbit
1
2 -BPS 17 OA1 = Omin

1
4 -BPS 26 O2A1 = Ontm

1
8 -BPS 27 O(3A1)00

<latexit sha1_base64="o73jeHWNfdLAR2WQoGoaiLuVZ4M="></latexit>

1
8 -BPS contributions

<latexit sha1_base64="vdgG6OEKtUbWNE3NIL3U1yCVQVc="></latexit>

WF(E (D=4)
(0,1) ) ◆ O(3A1)00

<latexit sha1_base64="vWsswG2GWvao/tZ0XyXSniOF+nI="></latexit>

r6R4

<latexit sha1_base64="LYTwxg4w1EOkU57Kuse00h2SNBA="></latexit>

WF(E (D=4)
(0,0) ) = Omin

<latexit sha1_base64="jThOnxoFZ6E9aTCtpOLjkhhqXSM="></latexit>

1
2 -BPS contributions

<latexit sha1_base64="RXcPfqkzUtHWZ9z8zcO0tr4Zn2E="></latexit>

R4

<latexit sha1_base64="i1yuebW0LIOtTV8h5fFaF1l/ZFE="></latexit>

min rep

1
4 -BPS contributions

<latexit sha1_base64="svCA3jNKDvktaxoHTY5QeJJVfHo="></latexit>

WF(E (D=4)
(1,0) ) = Ontm

<latexit sha1_base64="6SgecRQfb+dyyN+E1AJ+CtFpt7E="></latexit>

r4R4

<latexit sha1_base64="wE2B+Kw9uC444YxhiCKXZFjR588="></latexit>

ntm rep



BPS degeneracies
Why do want to count all states that have a certain charge �?
The degeneracy d(�) is related to the entropy:

<latexit sha1_base64="/q5g2K3N5ubMUe8+OTO/7t2wVOk="></latexit>

S = kB log d(�)
<latexit sha1_base64="6x7wSugfBVO6M1mHSZF2s41mAOc="></latexit>

Boltzmann's constant

For details see [FGKP §15.4]

Relates microscopic quantum description to macroscopic thermodynamic quantity

= SBekenstein–Hawking + quantum corrections
<latexit sha1_base64="pn47HiMl1MxwR7AijN3q+Ztk57M="></latexit>

SBekenstein–Hawking =
Area
4

<latexit sha1_base64="ICJLx3iNOv6Nok/STt69CDqgnyw="></latexit>

As discussed in yesterday's overview talk, for BPS black holes in string theory we 
should count BPS states. We want to compare calculations done with a D=5 BPS 
index with degeneracies from D=4 Fourier coefficients.

http://www.cambridge.org/core_title/gb/502216


BPS degeneracies
We will now consider the Fourier coe�cients of the E7

automorphic form E (D=4)
(0,0) (g) = 2⇣(3)E(�s=3/2, g) with respect

to the decompacti�cation limit P↵7 = LU .
<latexit sha1_base64="Ksaybf7rXR+HZ89w0Ko/EYzdHSs="></latexit>

Will present results first and describe methods later.

Constant term contains amplitude from higher dimension.

Radius of compacti�ed circle.
Parameter for GL1 in L.

<latexit sha1_base64="OjqF0A9OsntjqFqLC7FSXnshYoQ="></latexit>

Constant term:Z

U(Z)\U(R)

E (D=4)
(0,0) (ug)du = r3E (D=5)

(0,0) (g) + 4⇡⇠(4)r6

<latexit sha1_base64="pnCDNmGtaEzIEvvYXzwqHEEAlMU="></latexit>

[Bossard–Pioline 17, Bossard–Kleinschmidt 16, FGKP §14.2.4]

https://doi.org/10.1007/JHEP01(2017)050
http://dx.doi.org/10.1007/JHEP01(2016)164
http://www.cambridge.org/core_title/gb/502216


BPS degeneracies

Recall: Fourier coe�cients in the same BPS/L-orbit are related by translation of the
argument so we only need to compute one case. We pick  f with f = kE�↵7 , k 2 Z.

<latexit sha1_base64="+Jw194RhH9vGeGZG0fe8tHaluvo="></latexit>

Norm invariant under K(R) = USp8(R)
<latexit sha1_base64="YnsfolnY2Za+HzkVmcsZCgYw56g="></latexit>

Since E (D=4)
(0,0) is in aminimal representation, the only other non-trivial, non-vanishing

Fourier modes are those attached to the minimal orbit Omin corresponding to 1
2 -BPS

contributions.
<latexit sha1_base64="HFjsuVa2ZNa+t2KONNAoKfvEIPk="></latexit>

g = ua(r)mk 2
�
U(GL1 ⇥M)K

�
(R)

<latexit sha1_base64="nMA7E8beQ943TuRi6EBhvVhC0UM="></latexit>

Z

U(Z)\U(R)

E (D=4)
(0,0) (u0g) f (u

0)�1du0 =
8⇡r9/2 |k|�3/2

km�1(f)k3/2
�3(k)K3/2(2⇡ |k| r

��m�1(f)
��) f (u)

<latexit sha1_base64="Ofc/uUf+KItflEJiPnqiq7dXT+E="></latexit>

[Bossard–Pioline 17, Bossard–Kleinschmidt 16, FGKP §14.2.4]

Constant term:Z

U(Z)\U(R)

E (D=4)
(0,0) (ug)du = r3E (D=5)

(0,0) (g) + 4⇡⇠(4)r6

<latexit sha1_base64="pnCDNmGtaEzIEvvYXzwqHEEAlMU="></latexit>

https://doi.org/10.1007/JHEP01(2017)050
http://dx.doi.org/10.1007/JHEP01(2016)164
http://www.cambridge.org/core_title/gb/502216


BPS degeneracies
Z

U(Z)\U(R)

E (D=4)
(0,0) (u0g) f (u

0)�1du0 =
8⇡r9/2 |k|�3/2

km�1(f)k3/2
�3(k)K3/2(2⇡ |k| r

��m�1(f)
��) f (u)

<latexit sha1_base64="Ofc/uUf+KItflEJiPnqiq7dXT+E="></latexit>

In all cases, the degeneracies given by the divisor sums 
match the corresponding BPS-index computed by a helicity 
supertrace.

[Bossard–Pioline 17].

The (abelian) Fourier coe�cients for E (D)
(0,0) and E (D)

(1,0)

corresponding to the decompacti�cation limit have been
computed for 3  D  10 in

<latexit sha1_base64="UeulD5FHb/oToo6eK13A+vCkCRw="></latexit>

[Bossard–Pioline 17]

However, method for computing Fourier coefficients was 
difficult to generalize to other maximal parabolic subgroups.

https://doi.org/10.1007/JHEP01(2017)050


BPS degeneracies

[Bossard–Cosnier-Horeau–Pioline 17]

The same BPS indices are found in the Fourier coe�cients for the decompacti�cation
limit of certain automorphic forms on SO8,24(R)/(SO8(R) ⇥ SO24(R)) that appear in
the D = 3 e�ective action.

<latexit sha1_base64="EUbWxhCHxHl0pxhvPR1nf3K3ZEc="></latexit>

The reciprocals of the discriminant ⌘24 and the unique weight 10 Siegel modular cusp
form �10, the Igusa cusp form, are generating functions for 1

2 -BPS and
1
4 -BPS indices

(degeneracies) respectively.
<latexit sha1_base64="HWT4JNJ/u6i0vHYrlZLpaWrhu0c="></latexit>

Similar story for half-maximal supersymmetry.

Space-time: (K3⇥ T 2)⇥ R4. Supersymmetry: N = 4
<latexit sha1_base64="/tUrp2ed5Vb8/8O3ipyFAKGGEAE="></latexit>

https://doi.org/10.1016/j.physletb.2016.12.035


Computing Fourier coefficients
Computing Fourier coe�cients of automorphic forms is, in general, very di�cult.
Because of their importance in string theory (as well as in the spectral decomposition
of L2(G(Q)\G(A))) we focus on Eisenstein series.

<latexit sha1_base64="xFZfPa2Bam4wbdI8XsmfC1U6xto="></latexit>

Previously we have had simplifying circumstances such as:
<latexit sha1_base64="EFc9nUNjD/a9wdICOPAe5j/jYLA="></latexit>

• Symmetric space with additional structure (e.g. SL2(R)/SO2(R) ⇠= H)
<latexit sha1_base64="lWJnUA2cj8v9o1Y8UakV0CTleMw="></latexit>

• Lattice sum representation which allows for Poisson resummation
<latexit sha1_base64="oLeY1emkKyFX7/pwH0MmlhEIjnc="></latexit>

• Input from “external” sources (such as string theory)
<latexit sha1_base64="4D3o2wWR0Qk/zL+Do0ORGYjUwJM="></latexit>

We will now take a more general approach using the adelic framework discussed in
previous slides.

<latexit sha1_base64="saUHWWBOR7WX7G/ZLYxgwx/kGps="></latexit>



Classification of Fourier 
coefficients

We have considered Fourier coe�cients with respect to the
unipotent radical U of di�erent parabolic subgroups P .

<latexit sha1_base64="sM40J9LSQ3WExX5YwhIjUmBbw78="></latexit>

The minimal parabolic subgroup is the Borel subgroup B (for
a �xed choice of simple roots) whose unipotent radical N is
a maximal unipotent subgroup.

<latexit sha1_base64="Sw514pAI+Ml9YHxMICBDeo10tVc="></latexit>

A Fourier coe�cient with respect to N and character  
will be denoted by W and is called a Whittaker coe�cients
because of its transformation property:

W ['](ng) =  (n)W ['](g), n 2 N(A)
<latexit sha1_base64="IRjd9bVMZYDafQanWAzzUMrE5Y4="></latexit>



Classification of Fourier 
coefficients

A Fourier coe�cient with respect to N and character  
will be denoted by W and is called a Whittaker coe�cients
because of its transformation property:

W ['](ng) =  (n)W ['](g), n 2 N(A)
<latexit sha1_base64="IRjd9bVMZYDafQanWAzzUMrE5Y4="></latexit>

These are easier to compute than Fourier coe�cients of smaller unipotent subgroups
<latexit sha1_base64="rnSiQSmRUV0yTjan2SvJaiybmBc="></latexit>

Short-hand notation: W [�] = W [E(�, ·)]
<latexit sha1_base64="MafiZZec2cQ+aae66n+PuN3MrsY="></latexit>

If ' is spherical, W ['](g) is then determined by W ['](a)

where g = nak.
<latexit sha1_base64="5K2Uk7aBSa6lT9XjrD9uA86rx5U="></latexit>



Classification of Fourier 
coefficients

(Assume ker(e) = Q)
<latexit sha1_base64="LwDTc62zK60fphHXQaoseL/lKdc="></latexit>

Character  on N is determined by m↵ 2 Q for simple roots ↵ 2 ⇧:
Y

↵2⇧

exp(n↵E↵) 7! e
⇣X

↵2⇧

m↵n↵

⌘

<latexit sha1_base64="YCHkiyp2gc5MFHWbyeIL1IlXexc=">AAAH3HicbVRbb9xEFPa2lC3m1tBHXkbEUVMprOzcGiFF2hKoUlWQNDRJRWaJxvbZ3dGOZ6yZ2ZJl6id4Q7zyF/g1vIL4N5zZS7N2Ysme8Tnf+c7MuaWl4MbG8X+tO3ffu/d++/4H4YcfffzJpw9WPjszaqwzOM2UUPp1ygwILuHUcivgdamBFamA83R04PXnb0AbruQrOymhV7CB5H2eMYuiy5VWl6Yw4NIVXPKSDaByW7txaa </latexit>

Condition Name

All m↵ = 0 Constant term
All m↵ = 1 Unrami�ed
All m↵ 6= 0 Generic
Otherwise Degenerate

<latexit sha1_base64="iLFaMuMtEcwJzG8j0s9xScRwUlQ="></latexit>



Langlands' constant term 
formula

Constant term ( = 1):
<latexit sha1_base64="5VI9WuTl3HKyWDeAy6O7G0lTzwI="></latexit>

[Langlands 76]

Z

N(Q)\N(A)

E(�, n0g) dn0 =
X

w2W

|a|w�+⇢ M(w,�)

<latexit sha1_base64="jFItZZwCd4w2ug0J/T6kxvjtNiU="></latexit>

g = nak

Weyl groupW
<latexit sha1_base64="Eiiw7GK379yFii1UXslCCOl+W/s="></latexit>

M(w,�) =
Y

↵>0
w↵<0

⇠(h�|↵i)
⇠(1 + h�|↵i)

<latexit sha1_base64="oQvDBleuAM1D1Mmxiw9g72u+qfA="></latexit>

Similar formula for the constant term for amaximal parabolic subgroup P↵ also exists
due to with an additional factor on the right-hand side:
an Eisenstein series onM in L = GL1 ⇥M .

<latexit sha1_base64="dzwNiGooqzWtZy9CyW+7aKjFqGg="></latexit>

[Mœglin–Waldspurger 95]

See also [FGKP §8.9]

https://doi.org/10.1007/BFb0079929


Generic Whittaker coefficients
Using the Bruhat decomposition

G(Q) =
[

w2W

B(Q)wB(Q)

<latexit sha1_base64="Nj9OubyychLLPSssFTHj8BmG3Gk="></latexit>

one can show that, for generic Whittaker coe�cients,

W [�](g) :=

Z

N(Q)\N(A)

E(�, ng) (n)�1dn =
Y

p1

Wp, [�](g)

<latexit sha1_base64="KN72OgeltLP8JpL5cMeWSD0iRFg="></latexit> Primes p where Q1 = R
<latexit sha1_base64="tCmCW4yLl5jN9ksNW5ZLsT+RG9I="></latexit>

Eulerian

Wp, [�](g) =

Z

N(Qp)

|wlongna|�+⇢p  p(n)
�1dn

<latexit sha1_base64="iw3ow7MiDjY8CFi4HUbaHRhc7aE="></latexit>

W1, needs to be computed by hand, but Wp, for p < 1 can be computed using
the Casselman–Shalika formula.

<latexit sha1_base64="c/HXTlvI8kcx76r/acgSRLC9uqE="></latexit>



Casselman–Shalika formula

Presented here for unramified character. See [FGKP §9] for generic case.

⇣(�) =
Y

↵>0

1

1� p�(h�|↵i+1)
✏(�) =

Y

↵>0

1

1� ph�|↵i
<latexit sha1_base64="pCEsUU3j7TUBDFHcfWLUXjV2hkU="></latexit>

Wp, [�](a) =

Z

N(Qp)

|wlongna|�+⇢p  p(n)
�1dn =

1

⇣(�)

X

w2W

✏(w�) |a|w�+⇢p

<latexit sha1_base64="kJtu3yZREcFcJx9rGvU133Ox0TM="></latexit>

[Casselman–Shalika 80]

http://www.cambridge.org/core_title/gb/502216
https://eudml.org/doc/89456


Reduction formula
Degenerate Whittaker coe�cients do not factorize in general and
the Casselman–Shalika formula cannot be used.

<latexit sha1_base64="NSLcwSXFstP1Ceft0HXhx3uJtv0="></latexit>

However, the coe�cient can be reduced to a generic Whittaker
coe�cient on a subgroup G0 with Weyl groupW 0. Using carefully
chosen representatives wcw0

long ofW/W 0:

W [�](a) =
X

wcw0
long2W/W 0

|a|(wcw0
long)

�1�+⇢M(w�1
c ,�)W 0

 a [�0](1)

<latexit sha1_base64="uxG1iToyAWj1eXnNMfjzmr45S+E="></latexit> Generic Whittaker coe�cient on G0
<latexit sha1_base64="EiBc6Xxoot17ajheZQic/t2rc1g="></latexit>

M(w,�) =
Y

↵>0
w↵<0

⇠(h�|↵i)
⇠(1 + h�|↵i)

<latexit sha1_base64="oQvDBleuAM1D1Mmxiw9g72u+qfA="></latexit>

 a(n) =  (ana�1)
<latexit sha1_base64="ROz+KscBSlu4KLn6pUoN+y3xAdQ="></latexit>

W a [�](1) = |a|�(wlong�+⇢) W (�, a)
<latexit sha1_base64="3AuMtnZHGyoE1fBKZgXBpG25irw="></latexit>

[Hashizume 82, Fleig–Kleinschmidt–Persson 14]

http://doi.org/10.32917/hmj/1206133751
http://dx.doi.org/10.4310/CNTP.2014.v8.n1.a2


Fourier coefficients in terms of 
Whittaker coefficients

[HG–Kleinschmidt–Persson 16] (G = SL3 or SL4)
<latexit sha1_base64="ocagEj+zgU/mOspO+EFdgY4pHHI="></latexit>

[Ahlén–HG–Kleinschmidt–Liu–Persson 18] (G = SLn, n � 5)
<latexit sha1_base64="a3m/IGPT13trciepP0koAX6KIXc="></latexit>

Let P↵m = LU be a maximal parabolic subgroup of G. Let 'min and 'ntm be
automorphic forms in a minimal and next-to-minimal representation of G(A)
respectively. Then, for

<latexit sha1_base64="JaLRi01n/zpL/23G0UKXsLhhRds="></latexit>

For G simply-laced we have the following results from
<latexit sha1_base64="V2V/8LxO3M9YPeAAeBWnS1Q/Hcc="></latexit> [Gourevitch–HG–Kleinschmidt–Persson–Sahi] which supersedes

• f /2 Omin :
<latexit sha1_base64="GGnWMSxajZFDaiHJ+W21DeXpnPo="></latexit>

FU, f
['min](g) = 0

<latexit sha1_base64="eBZDi8U6Ikg3yj7Tqtm5evohfCc="></latexit>

�0 2 L(Q) such that f 0 := Ad(�0)f 2 g�↵m

<latexit sha1_base64="TaOEqLCD0ptbLf9rFaHgstfrzjk="></latexit>

• f 2 Omin :
<latexit sha1_base64="JLeweQ55o3gcptkI4M1J34+YhrY="></latexit>

FU, f
['min](g) = W f 0 ['min](�0g)

<latexit sha1_base64="nbmPlc5k8seY9zDbEPC7iUtqbDo="></latexit>

https://arxiv.org/abs/1811.05966v1


Fourier coefficients in terms of 
Whittaker coefficients

Let P↵m = LU be a maximal parabolic subgroup of G. Let 'min and 'ntm be
automorphic forms in a minimal and next-to-minimal representation of G(A)
respectively. Then, for

<latexit sha1_base64="JaLRi01n/zpL/23G0UKXsLhhRds="></latexit>

[Gourevitch–HG–Kleinschmidt–Persson–Sahi]

• f 2 Omin :
<latexit sha1_base64="V+nKgllqVQYdyCWhFktl1aeOoKc="></latexit>

FU, f
['ntm](g) = W f 0 ['min](�0g) +

X

i2I?m

X

�2�i

X

f 002g⇥�↵i

W f 0+f 00 ['ntm](��0g)

<latexit sha1_base64="xwOvZcyj+qriZaxn0TtlVhM39BE="></latexit>

• f /2 Omin :
<latexit sha1_base64="GGnWMSxajZFDaiHJ+W21DeXpnPo="></latexit>

FU, f
['min](g) = 0

<latexit sha1_base64="eBZDi8U6Ikg3yj7Tqtm5evohfCc="></latexit>

• f 2 Omin :
<latexit sha1_base64="JLeweQ55o3gcptkI4M1J34+YhrY="></latexit>

FU, f
['min](g) = W f 0 ['min](�0g)

<latexit sha1_base64="nbmPlc5k8seY9zDbEPC7iUtqbDo="></latexit>

�0 2 L(Q) such that f 0 := Ad(�0)f 2 g�↵m

<latexit sha1_base64="TaOEqLCD0ptbLf9rFaHgstfrzjk="></latexit>

I?m = {i : ↵i ? ↵m}
<latexit sha1_base64="MSVKs8T+D5k3peDLrvEoTxqKnQI="></latexit>

Certain subsets of L(Q)
<latexit sha1_base64="tE3l7zVCImlY7ok8p9sJfXe3mGM="></latexit>

https://arxiv.org/abs/1811.05966v1


Fourier coefficients in terms of 
Whittaker coefficients

Let P↵m = LU be a maximal parabolic subgroup of G. Let 'min and 'ntm be
automorphic forms in a minimal and next-to-minimal representation of G(A)
respectively. Then, for

<latexit sha1_base64="JaLRi01n/zpL/23G0UKXsLhhRds="></latexit>

[Gourevitch–HG–Kleinschmidt–Persson–Sahi]

• f 2 Omin :
<latexit sha1_base64="V+nKgllqVQYdyCWhFktl1aeOoKc="></latexit>

FU, f
['ntm](g) = W f 0 ['min](�0g) +

X

i2I?m

X

�2�i

X

f 002g⇥�↵i

W f 0+f 00 ['ntm](��0g)

<latexit sha1_base64="xwOvZcyj+qriZaxn0TtlVhM39BE="></latexit>

• f /2 Omin :
<latexit sha1_base64="GGnWMSxajZFDaiHJ+W21DeXpnPo="></latexit>

FU, f
['min](g) = 0

<latexit sha1_base64="eBZDi8U6Ikg3yj7Tqtm5evohfCc="></latexit>

• f 2 Omin :
<latexit sha1_base64="JLeweQ55o3gcptkI4M1J34+YhrY="></latexit>

FU, f
['min](g) = W f 0 ['min](�0g)

<latexit sha1_base64="nbmPlc5k8seY9zDbEPC7iUtqbDo="></latexit>

• f 2 Ontm :
<latexit sha1_base64="e9C52/jYq+b9EtV6nMVo23vKxnM="></latexit>

FU, f
['ntm](g) =

Z

V (A)

W f̃
['ntm](v�̃0g)dv

<latexit sha1_base64="gUsu9xU9mJDILQKhniu3zUTRJ+E="></latexit>

�̃0 2 L(Q) such that f̃ := Ad(�0)f 2 �r
i=1g�↵i

<latexit sha1_base64="zL1YVbJrmkRoCIwXDpA8dYygo74="></latexit>

• f /2 Ontm :
<latexit sha1_base64="obl5ymCMow+olewGyHA5hsggtQo="></latexit>

FU, f
['ntm](g) = 0

<latexit sha1_base64="Kg7uQegBaotX0aXTXpsYbibn0I4="></latexit>

�0 2 L(Q) such that f 0 := Ad(�0)f 2 g�↵m

<latexit sha1_base64="TaOEqLCD0ptbLf9rFaHgstfrzjk="></latexit>

I?m = {i : ↵i ? ↵m}
<latexit sha1_base64="MSVKs8T+D5k3peDLrvEoTxqKnQI="></latexit>

ntm

https://arxiv.org/abs/1811.05966v1


Fourier coefficients in terms of 
Whittaker coefficients

[Gourevitch–HG–Kleinschmidt–Persson–Sahi]

The same paper also gives the full expansion of such automorphic 
forms in terms of Whittaker coefficients. Generalizes Piatetski-
Shapiro and Shalika formula for cusp forms to small automorphic 
representations.

For non-simply-laced groups, or larger automorphic representations, 
Whittaker coefficients are not always enough. 
We give a description of the set of Fourier coefficients that would 
replace these in theorems similar to above.

Finally, we present some sufficient conditions for a Fourier 
coefficient to be Eulerian.

https://arxiv.org/abs/1811.05966v1


Fourier coefficients in terms of 
Whittaker coefficients

[Gourevitch–HG–Kleinschmidt–Persson–Sahi]

By deformations S(t) = S + tZ of these pairs we could relate
Fourier coe�cients to the left and right of critical points ti where
the unipotent subgroup US(t) jumps.

<latexit sha1_base64="0e6Y/beWUR0EhpahPuDxHKIimk8="></latexit>

<latexit sha1_base64="9kRWYUHISQOPkNsb1FIYLNkMOvw="></latexit><latexit sha1_base64="9kRWYUHISQOPkNsb1FIYLNkMOvw="></latexit><latexit sha1_base64="9kRWYUHISQOPkNsb1FIYLNkMOvw="></latexit><latexit sha1_base64="9kRWYUHISQOPkNsb1FIYLNkMOvw="></latexit>

t
<latexit sha1_base64="GJXCXFGMQgW2TFg13grmM+4aCPI="></latexit>

t0
<latexit sha1_base64="4YIF09jHM4fe2V7ja5xk46PnT1w="></latexit>

t1
<latexit sha1_base64="m841t9mA2Q8D0wSlVwDxKGgeZfE="></latexit>

t2
<latexit sha1_base64="c3Ur6Kt/jOFslyl149LV0opg+Zc="></latexit>

US(0) = U
<latexit sha1_base64="Z6lxecovYetvZwe6j0kz5qqiJqE="></latexit>

FU, f

<latexit sha1_base64="sLSaIbzhQwXiRN/gZ7Z86l3BVGk="></latexit> US(1) = N
<latexit sha1_base64="OjHzkBb8xZ5xcm53xpIIqIzW/LI="></latexit>

W f 0

<latexit sha1_base64="t2Ha2puvanmtw0run2fYe4Fb1p4="></latexit>

Earlier papers for SLn relied on matrix manipulations. In this
paper for reductive groups we used Whittaker pairs (S, f) which
give a convenient way to describe both the unipotent subgroup
and the character.

<latexit sha1_base64="L4Fp1SmjtaR+Po+gWXGIKNMmUcE="></latexit>

https://arxiv.org/abs/1811.05966v1


Kac–Moody groups

D = 10� d G(R) K(R) G(Z)

10 SL2(R) SO2(R) SL2(Z)
9 SL2(R)⇥ R+ SO2(R) SL2(Z)⇥ Z2

8 SL3(R)⇥ SL2(R) SO3(R)⇥ SO2(R) SL3(Z)⇥ SL2(Z)
7 SL5(R) SO5(R) SL5(Z)
6 Spin5,5(R)

�
Spin5(R)⇥ Spin5(R)

�
/Z2 Spin5,5(Z)

5 E6(R) USp8(R)/Z2 E6(Z)
4 E7(R) SU8(R)/Z2 E7(Z)
3 E8(R) Spin16(R)/Z2 E8(Z)

<latexit sha1_base64="bK5PBKvweMrYRJ5yDtLhrngYq20="></latexit>

E10(R)
<latexit sha1_base64="WfqOG4uIC/TapVJJVkkL+mfksBg="></latexit>

E9(R)
<latexit sha1_base64="gu/1qJMItu156tSIjGNA/ibIMjc="></latexit>

E11(R)
<latexit sha1_base64="Kd5eZuM78xxm3jgDKnUWzOUn+UU="></latexit>



Kac–Moody groups
Eisenstein series can formally be defined in the same way for Kac–Moody groups 

However, B and B� are not conjugate (no longest Weyl word wlong) and there is no
known relationship between the corresponding Eisenstein series in the general case.

<latexit sha1_base64="qFCmSZHz9AefY+I64yGblivdTjI="></latexit>

E(�, g) =
X

�2B(Q)\G(Q)

|�g|�+⇢

<latexit sha1_base64="/LwYQVpjlwOUQ02daa/YlkJBfnk="></latexit>

Convergence is established for the affine case [Garland 06] and for rank 2 hyperbolic 
[Carbone–Lee–Liu 17], but open question for general case. 

https://projecteuclid.org/euclid.dmj/1161093264#info
http://dx.doi.org/10.1007/s00208-016-1428-8


Kac–Moody groups

Z

N(Q)\N(A)

E(�, n0g) dn0 =
X

w2W

|a|w�+⇢ M(w,�)
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M(w,�) =
Y

↵>0
w↵<0

⇠(h�|↵i)
⇠(1 + h�|↵i)
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Infinite order Infinitely many roots

String theory predicts a finite number of terms for the zero-mode, that is, a finite 
number of perturbative contributions. 

For � = �s = 2s⇤1⇢ with s = 3/2 and s = 5/2 (corresponding to the R4 and r4R4

coe�cients) the sum collapses to a �nite number of terms due toM(w,�) eventually
vanishing.
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Langlands' constant term formula generalized for affine case in [Garland 01]

This puzzle was resolved in [Fleig–Kleinschmidt 12]: 

http://dx.doi.org/10.1090/pspum/090/01526


Kac–Moody groups
Because of the lack of longest Weyl word, generic Whittaker coefficients vanish.

In the Kac–Moody case, one defines a corresponding coefficient by replacing the 
local factors with

Wp, [�](g) =

Z

N�(Qp)

|n0a|�+⇢p  p(n
0)�1dn0
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which allows for a generalization of the Casselman–Shalika formula in the affine case 
[Patnaik 17]

W [�](g) :=

Z

N(Q)\N(A)

E(�, ng) (n)�1dn =
Y

p1

Wp, [�](g)
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Wp, [�](g) =

Z

N(Qp)

|wlongna|�+⇢p  p(n)
�1dn
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Recall the following rewriting for a generic Whittaker coefficient in the finite case:

http://dx.doi.org/10.1353/ajm.2017.0003


Kac–Moody groups
In the same way as for the finite case, the computation of degenerate Whittaker 
coefficient reduces to that of generic coefficients on a subgroup. 

For the finite-dimensional case, this behavior is typical for an automorphic form 
in a minimal representation, but such a representation has not been defined for 
Kac–Moody groups. There is, for example, no notion of a minimal nilpotent orbit.

[Fleig–Kleinschmidt–Persson 14]In it was shown that the only non-vanishing (non-
zero mode) Whittaker coe�cients for E(�s) on E9, E10 and E11 with s = 3/2 are those
that aremaximally degenerate, that is, are generic on an SL2 subgroup.
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[Fleig–Kleinschmidt–Persson 14]

The story is similar for s = 5/2 with only Whittaker coe�cients that are generic on at
most an SL2 ⇥ SL2 subgroup are non-vanishing, which is typical for an automorphic
form in a next-to-minimal representation.
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Conjecture: These Eisenstein series generate a generalization of a minimal and 
next-to-minimal representation respectively.

http://dx.doi.org/10.4310/CNTP.2014.v8.n1.a2


Thank you!
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